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Maximum Likelihood Estimation
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Galton board
• Which Gaussian distribution 

best explains the data?

• Mean and Variance?
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Maximum Likelihood Estimation (MLE)
• MLE is used to find the probabilistic model that  

is most likely to have generated the observed data

• In works for both continuous data and categorial or discrete data

• As we are studying classification, we focus on discrete data

• Let’s start with simplest case where there is no x and we just 

observe discrete valued y 
• We will learn how to use MLE to find the best model, via examples 
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Example: coin with unknown bias p
• Data: y1,y2,….either H or T


• Model class: 

• Coin flip Y with probability p of being H,  

for some p in [0,1] 

• Goal: find the model parameter p that is most likely to 

have generated the data

• There are many ways to do it 

• MLE is on of the most popular, and principled way

• MLE finds the model parameter that maximizes the 

likelihood


• We assume each data is independently collected, so

!5

maximizep P(observed data | p is ground truth)
<latexit sha1_base64="b26j3vJfyoCBzCRfGGMCGDRMJBs="></latexit>

100 trials and 78 H’s and 22 T’s
<latexit sha1_base64="3gAQYEsG2gv7EkQWXVhdG6QhJ/c=">AAACCXicbZC7TsMwFIadcivlVmBksahQmaokDO1YwdKxSL1JbVQ5jtNadZzIPkGqoq4svAoLAwix8gZsvA3uZYCWX7L06T/n6Pj8fiK4Btv+tnJb2zu7e/n9wsHh0fFJ8fSso+NUUdamsYhVzyeaCS5ZGzgI1ksUI5EvWNef3M3r3QemNI9lC6YJ8yIykjzklICxhkXs2DYGxYnQmMgAV2u4UV6i6+JWWQ+LJbtiL4Q3wVlBCa3UHBa/BkFM04hJoIJo3XfsBLyMKOBUsFlhkGqWEDohI9Y3KEnEtJctLpnhK+MEOIyVeRLwwv09kZFI62nkm86IwFiv1+bmf7V+CmHNy7hMUmCSLheFqcAQ43ksOOCKURBTA4Qqbv6K6ZgoQsGEVzAhOOsnb0LHrTg3FffeLdVvV3Hk0QW6RNfIQVVURw3URG1E0SN6Rq/ozXqyXqx362PZmrNWM+foj6zPH2j5lvY=</latexit>

maximizep

NY

i=1

P(ŷi = yi | p is ground truth)
<latexit sha1_base64="RadHZBR7wUk+N4VfK2UeoMMwEuM="></latexit>

P(ŷi = H) = p
<latexit sha1_base64="cHm8L64MShQ5OOVBqOJC/rkczOM=">AAACBXicbVDLSsNAFJ34rPUVdamLwSLUTUmqoJtC0U2XFewDmhAm00k7dDIJMxMhhG7c+CtuXCji1n9w5984abPQ1gMXDufcy733+DGjUlnWt7Gyura+sVnaKm/v7O7tmweHXRklApMOjlgk+j6ShFFOOooqRvqxICj0Gen5k9vc7z0QIWnE71UaEzdEI04DipHSkmeeZE6I1Nj3YXtadcZIZenUo43WOWzA2DMrVs2aAS4TuyAVUKDtmV/OMMJJSLjCDEk5sK1YuRkSimJGpmUnkSRGeIJGZKApRyGRbjb7YgrPtDKEQSR0cQVn6u+JDIVSpqGvO/OT5aKXi/95g0QF125GeZwowvF8UZAwqCKYRwKHVBCsWKoJwoLqWyEeI4Gw0sGVdQj24svLpFuv2Re1+t1lpXlTxFECx+AUVIENrkATtEAbdAAGj+AZvII348l4Md6Nj3nrilHMHIE/MD5/APJ/l44=</latexit>

P(ŷi = T ) = 1� p
<latexit sha1_base64="n1F7dKJ+9+pODu/U2kiVk3dIWKU=">AAACB3icbVDLSsNAFJ3UV62vqEtBBotQF5akCropFN24rNAXNCFMppN26OTBzEQIITs3/oobF4q49Rfc+TdO2iy09cCFwzn3cu89bsSokIbxrZVWVtfWN8qbla3tnd09ff+gJ8KYY9LFIQv5wEWCMBqQrqSSkUHECfJdRvru9Db3+w+ECxoGHZlExPbROKAexUgqydGPU8tHcuK6sJ3VrAmSaZI5tNk5g01onkeOXjXqxgxwmZgFqYICbUf/skYhjn0SSMyQEEPTiKSdIi4pZiSrWLEgEcJTNCZDRQPkE2Gnsz8yeKqUEfRCriqQcKb+nkiRL0Tiu6ozP1osern4nzeMpXdtpzSIYkkCPF/kxQzKEOahwBHlBEuWKIIwp+pWiCeIIyxVdBUVgrn48jLpNermRb1xf1lt3RRxlMEROAE1YIIr0AJ3oA26AINH8AxewZv2pL1o79rHvLWkFTOH4A+0zx/xO5gM</latexit>



• We typically take logarithmic function of the objective and 
normalize by N


• log(P(xi|model)) is called likelihood , hence the name 
maximum likelihood estimation


• For the coin example, it is


• The optimal solution is 


• As the expected number of H is p, we are matching the 
expectation, which makes sense
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maximizep
NH

N
log p+

NT

N
log(1� p)

<latexit sha1_base64="tsp502kY3QTwQRtOa1MYJsjeOcU="></latexit>

p⇤ =
NH

N<latexit sha1_base64="3ndZ1/9R2zQr5xw5LXOt+lyTM/g=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEcVGSKigUoeimq1LBPqCJZTKdtEMnkzAzEUoIbvwVNy4UcetXuPNvnLZZaOuBC4dz7uXee7yIUaks69vILS2vrK7l1wsbm1vbO+buXkuGscCkiUMWio6HJGGUk6aiipFOJAgKPEba3uhm4rcfiJA05HdqHBE3QANOfYqR0lLPPIjuT6FTuXIqEDq+QDip92ppUk9hzyxaJWsKuEjsjBRBhkbP/HL6IY4DwhVmSMqubUXKTZBQFDOSFpxYkgjhERqQrqYcBUS6yfSFFB5rpQ/9UOjiCk7V3xMJCqQcB57uDJAaynlvIv7ndWPlX7oJ5VGsCMezRX7MoArhJA/Yp4JgxcaaICyovhXiIdJBKJ1aQYdgz7+8SFrlkn1WKt+eF6vXWRx5cAiOwAmwwQWoghpogCbA4BE8g1fwZjwZL8a78TFrzRnZzD74A+PzB7Jwlbc=</latexit>

maximizep
1

N

NX

i=1

log
�
P(ŷi = yi | p is ground truth)

�

<latexit sha1_base64="dU+2qMEawXehTyxkftr5BvuOk8M="></latexit>



Example: demand curve estimation
• Data:

• x1,x2,… : price of the item (changing over time)

• y1,y2,… : 1 if customer bought it, 0 if customer did not


• Model class: 

• y is coin flip with bias  

• What is the MLE?
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p = w0 + w1x
<latexit sha1_base64="XcErYsLJ3YKP/WJlLPEUTwg10CY=">AAAB+HicbVDLSsNAFL3xWeujUZduBosgCCWpgm6EohuXFewD2hAm00k7dDIJMxO1hn6JGxeKuPVT3Pk3TtsstPXAvRzOuZe5c4KEM6Ud59taWl5ZXVsvbBQ3t7Z3SvbuXlPFqSS0QWIey3aAFeVM0IZmmtN2IimOAk5bwfB64rfuqVQsFnd6lFAvwn3BQkawNpJvlxJ0iR58B52Y7qJH3y47FWcKtEjcnJQhR923v7q9mKQRFZpwrFTHdRLtZVhqRjgdF7upogkmQ9ynHUMFjqjysunhY3RklB4KY2lKaDRVf29kOFJqFAVmMsJ6oOa9ifif10l1eOFlTCSppoLMHgpTjnSMJimgHpOUaD4yBBPJzK2IDLDERJusiiYEd/7Li6RZrbinlertWbl2lcdRgAM4hGNw4RxqcAN1aACBFJ7hFd6sJ+vFerc+ZqNLVr6zD39gff4A1eyRQg==</latexit>

maximizew0,w1

1

N

NX

i=1

n
yi log(w0 + w1xi) + (1� yi) log(1� w0 � w2xi)

o

<latexit sha1_base64="Jrc9aUPAUzrwJ0r8TeCWnQA0mno="></latexit>

price
<latexit sha1_base64="MYQPvGeIg7YTyIbyLHm2Kela7iE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0nqQY9FLx4rmLbQhrLZTtqlm03Y3Qgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSq4Nq777ZQ2Nre2d8q7lb39g8Oj6vFJWyeZYuizRCSqG1KNgkv0DTcCu6lCGocCO+Hkbu53nlBpnshHM00xiOlI8ogzaqzkp4ozHFRrbt1dgKwTryA1KNAaVL/6w4RlMUrDBNW657mpCXKqDGcCZ5V+pjGlbEJH2LNU0hh1kC+OnZELqwxJlChb0pCF+nsip7HW0zi0nTE1Y73qzcX/vF5mopsg5zLNDEq2XBRlgpiEzD8nQ66QGTG1hDLF7a2EjamizNh8KjYEb/XlddJu1L2reuOhUWveFnGU4QzO4RI8uIYm3EMLfGDA4Rle4c2Rzovz7nwsW0tOMXMKf+B8/gDt547B</latexit>

$1,000
<latexit sha1_base64="mmlZk041jCZI8pW+zOJPlI3M8h4=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CVbBg5RsPeix6MVjBfsB7VKyabYNzSZLkhXK0h/hxYMiXv093vw3pu0etPXBwOO9GWbmhYngxmL87RXW1jc2t4rbpZ3dvf2D8uFRy6hUU9akSijdCYlhgkvWtNwK1kk0I3EoWDsc38389hPThiv5aCcJC2IylDzilFgntXtn/iXGuF+u4CqeA60SPycVyNHol796A0XTmElLBTGm6+PEBhnRllPBpqVealhC6JgMWddRSWJmgmx+7hSdO2WAIqVdSYvm6u+JjMTGTOLQdcbEjsyyNxP/87qpjW6CjMsktUzSxaIoFcgqNPsdDbhm1IqJI4Rq7m5FdEQ0odYlVHIh+Msvr5JWrepfVWsPtUr9No+jCCdwChfgwzXU4R4a0AQKY3iGV3jzEu/Fe/c+Fq0FL585hj/wPn8APJKOLw==</latexit>

$900
<latexit sha1_base64="5i+ZfuetXba9OTUSuWYh8lROg6A=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5pYkTss1I5oY4mJByRAyN6yBxv29i67cybkwm+wsdAYW3+Qnf/GBa5Q8CWTvLw3k5l5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoaeJUM+6zWMa6HVDDpVDcR4GStxPNaRRI3grGdzO/9cS1EbF6xEnCexEdKhEKRtFKfvfsxnX75Ypbdecgq8TLSQVyNPrlr+4gZmnEFTJJjel4boK9jGoUTPJpqZsanlA2pkPesVTRiJteNj92Ss6tMiBhrG0pJHP190RGI2MmUWA7I4ojs+zNxP+8TorhdS8TKkmRK7ZYFKaSYExmn5OB0JyhnFhCmRb2VsJGVFOGNp+SDcFbfnmVNGtV77Jae6hV6rd5HEU4gVO4AA+uoA730AAfGAh4hld4c5Tz4rw7H4vWgpPPHMMfOJ8/cSONxw==</latexit>

probability p
<latexit sha1_base64="rGYusU7/ZR6MoJRNy4+Kc7EH808=">AAAB+HicbVA9TwJBEJ3DL8QPUEubjWBiRe6w0JJoY4mJfCRwIXvLHmzY29vs7pmcF36JjYXG2PpT7Pw3LnCFgi+Z5OW9mczMCyRn2rjut1PY2Nza3inulvb2Dw7LlaPjjo4TRWibxDxWvQBrypmgbcMMpz2pKI4CTrvB9Hbudx+p0iwWDyaV1I/wWLCQEWysNKyUpYoDHDDOTIpqsjasVN26uwBaJ15OqpCjNax8DUYxSSIqDOFY677nSuNnWBlGOJ2VBommEpMpHtO+pQJHVPvZ4vAZOrfKCIWxsiUMWqi/JzIcaZ1Gge2MsJnoVW8u/uf1ExNe+xkTMjFUkOWiMOHIxGieAhoxRYnhqSWYKGZvRWSCFSbGZlWyIXirL6+TTqPuXdYb941q8yaPowincAYX4MEVNOEOWtAGAgk8wyu8OU/Oi/PufCxbC04+cwJ/4Hz+ACR1krw=</latexit>

1.0
<latexit sha1_base64="oNPurVWhA59NEq7R2d+L7Q6FXRE=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Ckk96LHoxWNF+wFtKJvtpF262YTdjVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXpoJr43nfztr6xubWdmmnvLu3f3BYOTpu6SRTDJssEYnqhFSj4BKbhhuBnVQhjUOB7XB8O/PbT6g0T+SjmaQYxHQoecQZNVZ68F2vX6l6rjcHWSV+QapQoNGvfPUGCctilIYJqnXX91IT5FQZzgROy71MY0rZmA6xa6mkMeogn586JedWGZAoUbakIXP190ROY60ncWg7Y2pGetmbif953cxE10HOZZoZlGyxKMoEMQmZ/U0GXCEzYmIJZYrbWwkbUUWZsemUbQj+8surpFVz/Uu3dl+r1m+KOEpwCmdwAT5cQR3uoAFNYDCEZ3iFN0c4L86787FoXXOKmRP4A+fzB1QsjSk=</latexit>

0.0
<latexit sha1_base64="CW9KpIZ06yOg9QD/tNzyuwosOQw=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmIzGxIndYYEm0scQoHwlcyN6yBxv29i67cybkwk+wsdAYW3+Rnf/GBa5Q8CW7eXlvJjPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJ28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPbhVd1Cu2H8Bsk68nFQgR3NQ/uoPY5ZGXCGT1Jie5yboZ1SjYJLPSv3U8ISyCR3xnqWKRtz42WLVGbmwypCEsbZPIVmovzsyGhkzjQJbGVEcm1VvLv7n9VIMr/1MqCRFrthyUJhKgjGZ302GQnOGcmoJZVrYXQkbU00Z2nRKNgRv9eR10q5Vvatq7b5WadzkcRThDM7hEjyoQwPuoAktYDCCZ3iFN0c6L86787EsLTh5zyn8gfP5A1KmjSg=</latexit>

P(ŷi = 1) = w0 + w1xi
<latexit sha1_base64="v6eE78b/FKD/OT1qFUoASFwwimc=">AAACDnicbVDLSsNAFJ3UV62vqEs3g6VQEUpSBd0Uim5cVrAPaEKYTCft0MmDmYk1hH6BG3/FjQtF3Lp25984abPQ1gMXDufcy733uBGjQhrGt1ZYWV1b3yhulra2d3b39P2DjghjjkkbhyzkPRcJwmhA2pJKRnoRJ8h3Gem64+vM794TLmgY3MkkIraPhgH1KEZSSY5eSS0fyZHrwta0ao2QTJOpQxvmCWzAiWOcThzzwaGOXjZqxgxwmZg5KYMcLUf/sgYhjn0SSMyQEH3TiKSdIi4pZmRasmJBIoTHaEj6igbIJ8JOZ+9MYUUpA+iFXFUg4Uz9PZEiX4jEd1VndrtY9DLxP68fS+/STmkQxZIEeL7IixmUIcyygQPKCZYsUQRhTtWtEI8QR1iqBEsqBHPx5WXSqdfMs1r99rzcvMrjKIIjcAyqwAQXoAluQAu0AQaP4Bm8gjftSXvR3rWPeWtBy2cOwR9onz8ZbJrZ</latexit>

P(ŷi = 0) = 1� w0 � w1xi
<latexit sha1_base64="XT+XbPgGc6zRm2w6o4xNWIrIkIw=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0WsC0tSBd0Uim5cVrAPaEKYTCft0MmDmYkaQj7Bjb/ixoUibl2682+ctFlo9cCFwzn3cu89bsSokIbxpZUWFpeWV8qrlbX1jc0tfXunK8KYY9LBIQt530WCMBqQjqSSkX7ECfJdRnru5DL3e7eECxoGNzKJiO2jUUA9ipFUkqMfppaP5Nh1YTurWWMk0yRzaNM4gk1oHt85hirz3qGOXjXqxhTwLzELUgUF2o7+aQ1DHPskkJghIQamEUk7RVxSzEhWsWJBIoQnaEQGigbIJ8JOpw9l8EApQ+iFXFUg4VT9OZEiX4jEd1Vnfr2Y93LxP28QS+/cTmkQxZIEeLbIixmUIczTgUPKCZYsUQRhTtWtEI8RR1iqDCsqBHP+5b+k26ibJ/XG9Wm1dVHEUQZ7YB/UgAnOQAtcgTboAAwewBN4Aa/ao/asvWnvs9aSVszsgl/QPr4BCmibTA==</latexit>



Probabilistic interpretation of logistic regression

• Data: x1,x2,… in any dimension 
         y1,y2,… in {+1,-1}


• Model: 

• Logistic model


• What is the MLE?
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wTx = w0 + w1x[1] + w2x[2] + · · ·
<latexit sha1_base64="CJw5KoxmDEn3osoR+bzVoVqBGgY=">AAACCnicbVDLSsNAFJ34rPUVdelmtAhCoSRR0I1QdOOyQl+QxjCZTNqhkwczE9sSunbjr7hxoYhbv8Cdf+O0zUJbD1zu4Zx7mbnHSxgV0jC+taXlldW19cJGcXNre2dX39tvijjlmDRwzGLe9pAgjEakIalkpJ1wgkKPkZbXv5n4rQfCBY2juhwlxAlRN6IBxUgqydWPBvf1IbyCA9coD1xzaJuO6tbQtpxyB/uxFK5eMirGFHCRmDkpgRw1V//q+DFOQxJJzJAQtmkk0skQlxQzMi52UkEShPuoS2xFIxQS4WTTU8bwRCk+DGKuKpJwqv7eyFAoxCj01GSIZE/MexPxP89OZXDpZDRKUkkiPHsoSBmUMZzkAn3KCZZspAjCnKq/QtxDHGGp0iuqEMz5kxdJ06qYZxXr7rxUvc7jKIBDcAxOgQkuQBXcghpoAAwewTN4BW/ak/aivWsfs9ElLd85AH+gff4AigOY6Q==</latexit>

P(ŷi = +1) =
1

1 + e�(w0+w1x[1]+w2x[2]+··· )
<latexit sha1_base64="jTewWekdK/fgStwJuoyP0rl2NGQ="></latexit>

P(ŷi = �1) =
1

1 + e(w0+w1x[1]+w2x[2]+··· )
<latexit sha1_base64="DrMHZ4fzKE4XoospabSSX3CqRcY="></latexit>

maximizew
1

N

NX

i=1

log
⇣ 1

1 + e�yiwT x

⌘

<latexit sha1_base64="E1xH2+w8kFm0ENi68CCE6sAgEjA="></latexit>



Logistic regression is MLE
• MLE written in a different form


• Notice that this is exactly the logistic regression without any 
regularizers and with k=1
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maximizew
1

N

X

i:yi=�1

log
⇣ 1

1 + ewT x

⌘
+

1

N

X

i:yi=1

log
⇣ 1

1 + e�wT x

⌘

<latexit sha1_base64="m8Z7IxWqTsIOhOxEbxIBmw4YPck="></latexit>

minimizew
1

N

X

i:yi=�1

log
⇣
1 + ew

T x
⌘
+ 

1

N

X

i:yi=1

log
⇣
1 + e�wT x

⌘

<latexit sha1_base64="qEJYB9JXQ+/nwzlzWIbEKHVOIEw="></latexit>

wTx
<latexit sha1_base64="PKBfTQZWYdCf7eCMwaDxarOrCag=">AAAB63icbVBNSwMxEJ31s9avqkcvwSJ4KrtV0GPRi8cK/YJ2Ldk024Ym2SXJqmXpX/DiQRGv/iFv/huz7R609cHA470ZZuYFMWfauO63s7K6tr6xWdgqbu/s7u2XDg5bOkoUoU0S8Uh1AqwpZ5I2DTOcdmJFsQg4bQfjm8xvP1ClWSQbZhJTX+ChZCEj2GTS433jqV8quxV3BrRMvJyUIUe9X/rqDSKSCCoN4VjrrufGxk+xMoxwOi32Ek1jTMZ4SLuWSiyo9tPZrVN0apUBCiNlSxo0U39PpFhoPRGB7RTYjPSil4n/ed3EhFd+ymScGCrJfFGYcGQilD2OBkxRYvjEEkwUs7ciMsIKE2PjKdoQvMWXl0mrWvHOK9W7i3LtOo+jAMdwAmfgwSXU4Bbq0AQCI3iGV3hzhPPivDsf89YVJ585gj9wPn8AGv+ORw==</latexit>

yi = �1
<latexit sha1_base64="pYqIBNq4gAhvJFzv6mc9mbSUtB8=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBi2W3CnoRil48VrAf0C4lm2bb2GyyJFlhWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvCDmTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKVloghtEsml6gRYU84EbRpmOO3EiuIo4LQdjG+nfvuJKs2keDBpTP0IDwULGcHGSq20z67PvH654lbdGdAy8XJSgRyNfvmrN5AkiagwhGOtu54bGz/DyjDC6aTUSzSNMRnjIe1aKnBEtZ/Nrp2gE6sMUCiVLWHQTP09keFI6zQKbGeEzUgvelPxP6+bmPDKz5iIE0MFmS8KE46MRNPX0YApSgxPLcFEMXsrIiOsMDE2oJINwVt8eZm0alXvvFq7v6jUb/I4inAEx3AKHlxCHe6gAU0g8AjP8ApvjnRenHfnY95acPKZQ/gD5/MHwYeOlg==</latexit>

`(wTx, yi = �1) = log(1 + ew
T x)

<latexit sha1_base64="TZzzEtNtYQX6iptGIQHFygPQz+0=">AAACDXicbVDJSgNBEO2JW4xb1KOXxigkqGEmCnoJBL14jJBFyDL0dCpJk56F7h51GPIDXvwVLx4U8erdm39jZzlo4oOCx3tVVNVzAs6kMs1vI7GwuLS8klxNra1vbG6lt3dq0g8FhSr1uS9uHSKBMw+qiikOt4EA4joc6s7gauTX70BI5nsVFQXQcknPY11GidKSnT5oAufZ+3bl4TiyWfHEyuEibnK/l7WOoB2PjGHOTmfMvDkGnifWlGTQFGU7/dXs+DR0wVOUEykblhmoVkyEYpTDMNUMJQSEDkgPGpp6xAXZisffDPGhVjq46wtdnsJj9fdETFwpI9fRnS5RfTnrjcT/vEaouhetmHlBqMCjk0XdkGPl41E0uMMEUMUjTQgVTN+KaZ8IQpUOMKVDsGZfnie1Qt46zRduzjKly2kcSbSH9lEWWegcldA1KqMqougRPaNX9GY8GS/Gu/ExaU0Y05ld9AfG5w9LopnO</latexit>



Overfitting in classification
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Example: adding more polynomial features

• data: x in 2-dimensions, y in {+1,-1}

• features: polynomials

• model: linear


• quality metric: logistic regression

!11

2

66666664

h0(x) = 1
h1(x) = x[1]
h2(x) = x[2]
h3(x) = x[1]2

h4(x) = x[2]2

...

3

77777775

<latexit sha1_base64="R8lT9YrTLdjF0zIJVePceYxnBEw="></latexit>

• features

f(x) = w0h0(x) + w1h1(x) + w2h2(x) + · · ·
<latexit sha1_base64="JUYZhM1SkEXYn6hp60bsVkxC6Bo=">AAACHnicbZDLSsNAFIYnXmu9RV26GSxCRShJVBSKUHTjsoK9QBPCZDpphk4uzEzUUvokbnwVNy4UEVzp2zhpI2jrDwPf/OccZs7vJYwKaRhf2tz8wuLScmGluLq2vrGpb203RZxyTBo4ZjFve0gQRiPSkFQy0k44QaHHSMvrX2b11i3hgsbRjRwkxAlRL6I+xUgqy9VP/PL9AbSr53YV3rlG4BrZ/VCxGbjmD1uBa03Yxt1YClcvGRVjLDgLZg4lkKvu6h92N8ZpSCKJGRKiYxqJdIaIS4oZGRXtVJAE4T7qkY7CCIVEOMPxeiO4r5wu9GOuTiTh2P09MUShEIPQU50hkoGYrmXmf7VOKv0zZ0ijJJUkwpOH/JRBGcMsK9ilnGDJBgoQ5lT9FeIAcYSlSrSoQjCnV56FplUxjyrW9XGpdpHHUQC7YA+UgQlOQQ1cgTpoAAwewBN4Aa/ao/asvWnvk9Y5LZ/ZAX+kfX4DTw6drQ==</latexit>

minimizew
1

N

NX

i=1

`(f(xi)| {z }
ŷi

, yi)

<latexit sha1_base64="972WeWPkUf/DEhRT+lxqXzlBkYo="></latexit>

`(ŷi, yi) = log(1 + e�yiŷi)
<latexit sha1_base64="KYLV50WlZvb4KDSFMrmqJe96wiU=">AAACGXicbVDJSgNBEO2JW4zbqEcvjUFIUMNMFPQiBL14jGAWyMShp1NJmvQsdPcIw5Df8OKvePGgiEc9+Td2FkQTHxQ83quiqp4XcSaVZX0ZmYXFpeWV7GpubX1jc8vc3qnLMBYUajTkoWh6RAJnAdQUUxyakQDiexwa3uBq5DfuQUgWBrcqiaDtk17AuowSpSXXtBzgvOD0iUqTocuOEpcV8QV2eNgr2Idwlx5rBf/4w6Jr5q2SNQaeJ/aU5NEUVdf8cDohjX0IFOVEypZtRaqdEqEY5TDMObGEiNAB6UFL04D4INvp+LMhPtBKB3dDoStQeKz+nkiJL2Xie7rTJ6ovZ72R+J/XilX3vJ2yIIoVBHSyqBtzrEI8igl3mACqeKIJoYLpWzHtE0Go0mHmdAj27MvzpF4u2Sel8s1pvnI5jSOL9tA+KiAbnaEKukZVVEMUPaAn9IJejUfj2Xgz3ietGWM6s4v+wPj8BuMhn5s=</latexit>



Learned decision boundary
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decision boundary

• Simple regression models had smooth predictors

• Simple classifier models have smooth decision boundaries

Feature Value Coefficient 
learnedh0(x) 1 0.23

h1(x) x[1] 1.12
h2(x) x[2] -1.07

3-d view

x[1]
<latexit sha1_base64="tI1dD7ifFzvm6NeEzfCF5mfwbWw=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7AekoWy2m3bp7ibsbsQS+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8MOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244uc397iNVmsXywUwTGgg8kixiBJtcevK9YFCtuXV3DrRKvILUoEBrUP3qD2OSCioN4Vhr33MTE2RYGUY4nVX6qaYJJhM8or6lEguqg2x+6wydWWWIoljZkgbN1d8TGRZaT0VoOwU2Y73s5eJ/np+a6DrImExSQyVZLIpSjkyM8sfRkClKDJ9agoli9lZExlhhYmw8FRuCt/zyKuk06t5FvXF/WWveFHGU4QRO4Rw8uIIm3EEL2kBgDM/wCm+OcF6cd+dj0Vpyiplj+APn8we5yo4H</latexit>

x[2]
<latexit sha1_base64="68KD07JPHpmYifnn3x19MRCCeNk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7AekoWy2m3bp7ibsbsQS+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8MOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244uc397iNVmsXywUwTGgg8kixiBJtcevIbwaBac+vuHGiVeAWpQYHWoPrVH8YkFVQawrHWvucmJsiwMoxwOqv0U00TTCZ4RH1LJRZUB9n81hk6s8oQRbGyJQ2aq78nMiy0norQdgpsxnrZy8X/PD810XWQMZmkhkqyWBSlHJkY5Y+jIVOUGD61BBPF7K2IjLHCxNh4KjYEb/nlVdJp1L2LeuP+sta8KeIowwmcwjl4cAVNuIMWtIHAGJ7hFd4c4bw4787HorXkFDPH8AfO5w+7T44I</latexit>

f(x) = w0 + w1x[1] + w2x[2]
<latexit sha1_base64="OhcY2F7Kh/dVA/LxiIP9xgba30Q=">AAACA3icbVDLSsNAFJ34rPUVdaebwSJUCiWJgm6EohuXFewD0hAm00k7dDIJMxPbEgpu/BU3LhRx60+482+cPhbaeuDC4Zx7ufeeIGFUKsv6NpaWV1bX1nMb+c2t7Z1dc2+/LuNUYFLDMYtFM0CSMMpJTVHFSDMRBEUBI42gdzP2Gw9ESBrzezVMiBehDqchxUhpyTcPw+Lg9KrvW7AE+749cG2v1Pedget4vlmwytYEcJHYM1IAM1R986vVjnEaEa4wQ1K6tpUoL0NCUczIKN9KJUkQ7qEOcTXlKCLSyyY/jOCJVtowjIUuruBE/T2RoUjKYRTozgiprpz3xuJ/npuq8NLLKE9SRTieLgpTBlUMx4HANhUEKzbUBGFB9a0Qd5FAWOnY8joEe/7lRVJ3yvZZ2bk7L1SuZ3HkwBE4BkVggwtQAbegCmoAg0fwDF7Bm/FkvBjvxse0dcmYzRyAPzA+fwCN9ZWN</latexit>

https://www.google.com/search?ei=Wxu9XPS3BYmt0gLrkoyYDQ&q=0.23+1.12x+-1.07y&oq=0.23+1.12x+-1.07y&gs_l=psy-ab.3...11199.11199..11397...0.0..0.33.33.1......0....1..gws-wiz.......0i71.J2TOrs9fhMw


Learned decision boundary
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decision boundary

• Simple regression models had smooth predictors

• Simple classifier models have smooth decision boundaries

Feature Value Coefficient 
learnedh0(x) 1 0.23

h1(x) x[1] 1.12
h2(x) x[2] -1.07

3-d view

x[2]
<latexit sha1_base64="68KD07JPHpmYifnn3x19MRCCeNk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7AekoWy2m3bp7ibsbsQS+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8MOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244uc397iNVmsXywUwTGgg8kixiBJtcevIbwaBac+vuHGiVeAWpQYHWoPrVH8YkFVQawrHWvucmJsiwMoxwOqv0U00TTCZ4RH1LJRZUB9n81hk6s8oQRbGyJQ2aq78nMiy0norQdgpsxnrZy8X/PD810XWQMZmkhkqyWBSlHJkY5Y+jIVOUGD61BBPF7K2IjLHCxNh4KjYEb/nlVdJp1L2LeuP+sta8KeIowwmcwjl4cAVNuIMWtIHAGJ7hFd4c4bw4787HorXkFDPH8AfO5w+7T44I</latexit>

f(x) = w0 + w1x[1] + w2x[2]
<latexit sha1_base64="OhcY2F7Kh/dVA/LxiIP9xgba30Q=">AAACA3icbVDLSsNAFJ34rPUVdaebwSJUCiWJgm6EohuXFewD0hAm00k7dDIJMxPbEgpu/BU3LhRx60+482+cPhbaeuDC4Zx7ufeeIGFUKsv6NpaWV1bX1nMb+c2t7Z1dc2+/LuNUYFLDMYtFM0CSMMpJTVHFSDMRBEUBI42gdzP2Gw9ESBrzezVMiBehDqchxUhpyTcPw+Lg9KrvW7AE+749cG2v1Pedget4vlmwytYEcJHYM1IAM1R986vVjnEaEa4wQ1K6tpUoL0NCUczIKN9KJUkQ7qEOcTXlKCLSyyY/jOCJVtowjIUuruBE/T2RoUjKYRTozgiprpz3xuJ/npuq8NLLKE9SRTieLgpTBlUMx4HANhUEKzbUBGFB9a0Qd5FAWOnY8joEe/7lRVJ3yvZZ2bk7L1SuZ3HkwBE4BkVggwtQAbegCmoAg0fwDF7Bm/FkvBjvxse0dcmYzRyAPzA+fwCN9ZWN</latexit>

x[1]
<latexit sha1_base64="tI1dD7ifFzvm6NeEzfCF5mfwbWw=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7AekoWy2m3bp7ibsbsQS+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8MOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244uc397iNVmsXywUwTGgg8kixiBJtcevK9YFCtuXV3DrRKvILUoEBrUP3qD2OSCioN4Vhr33MTE2RYGUY4nVX6qaYJJhM8or6lEguqg2x+6wydWWWIoljZkgbN1d8TGRZaT0VoOwU2Y73s5eJ/np+a6DrImExSQyVZLIpSjkyM8sfRkClKDJ9agoli9lZExlhhYmw8FRuCt/zyKuk06t5FvXF/WWveFHGU4QRO4Rw8uIIm3EEL2kBgDM/wCm+OcF6cd+dj0Vpyiplj+APn8we5yo4H</latexit>

https://www.google.com/search?ei=Wxu9XPS3BYmt0gLrkoyYDQ&q=0.23+1.12x+-1.07y&oq=0.23+1.12x+-1.07y&gs_l=psy-ab.3...11199.11199..11397...0.0..0.33.33.1......0....1..gws-wiz.......0i71.J2TOrs9fhMw


Learned decision boundary
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decision boundary

• Simple regression models had smooth predictors

• Simple classifier models have smooth decision boundaries

Feature Value Coefficient 
learnedh0(x) 1 0.23

h1(x) x[1] 1.12
h2(x) x[2] -1.07

3-d view

x[1]
<latexit sha1_base64="tI1dD7ifFzvm6NeEzfCF5mfwbWw=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7AekoWy2m3bp7ibsbsQS+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8MOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244uc397iNVmsXywUwTGgg8kixiBJtcevK9YFCtuXV3DrRKvILUoEBrUP3qD2OSCioN4Vhr33MTE2RYGUY4nVX6qaYJJhM8or6lEguqg2x+6wydWWWIoljZkgbN1d8TGRZaT0VoOwU2Y73s5eJ/np+a6DrImExSQyVZLIpSjkyM8sfRkClKDJ9agoli9lZExlhhYmw8FRuCt/zyKuk06t5FvXF/WWveFHGU4QRO4Rw8uIIm3EEL2kBgDM/wCm+OcF6cd+dj0Vpyiplj+APn8we5yo4H</latexit>

x[2]
<latexit sha1_base64="68KD07JPHpmYifnn3x19MRCCeNk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7AekoWy2m3bp7ibsbsQS+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8MOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244uc397iNVmsXywUwTGgg8kixiBJtcevIbwaBac+vuHGiVeAWpQYHWoPrVH8YkFVQawrHWvucmJsiwMoxwOqv0U00TTCZ4RH1LJRZUB9n81hk6s8oQRbGyJQ2aq78nMiy0norQdgpsxnrZy8X/PD810XWQMZmkhkqyWBSlHJkY5Y+jIVOUGD61BBPF7K2IjLHCxNh4KjYEb/nlVdJp1L2LeuP+sta8KeIowwmcwjl4cAVNuIMWtIHAGJ7hFd4c4bw4787HorXkFDPH8AfO5w+7T44I</latexit>

f(x) = w0 + w1x[1] + w2x[2]
<latexit sha1_base64="OhcY2F7Kh/dVA/LxiIP9xgba30Q=">AAACA3icbVDLSsNAFJ34rPUVdaebwSJUCiWJgm6EohuXFewD0hAm00k7dDIJMxPbEgpu/BU3LhRx60+482+cPhbaeuDC4Zx7ufeeIGFUKsv6NpaWV1bX1nMb+c2t7Z1dc2+/LuNUYFLDMYtFM0CSMMpJTVHFSDMRBEUBI42gdzP2Gw9ESBrzezVMiBehDqchxUhpyTcPw+Lg9KrvW7AE+749cG2v1Pedget4vlmwytYEcJHYM1IAM1R986vVjnEaEa4wQ1K6tpUoL0NCUczIKN9KJUkQ7qEOcTXlKCLSyyY/jOCJVtowjIUuruBE/T2RoUjKYRTozgiprpz3xuJ/npuq8NLLKE9SRTieLgpTBlUMx4HANhUEKzbUBGFB9a0Qd5FAWOnY8joEe/7lRVJ3yvZZ2bk7L1SuZ3HkwBE4BkVggwtQAbegCmoAg0fwDF7Bm/FkvBjvxse0dcmYzRyAPzA+fwCN9ZWN</latexit>

https://www.google.com/search?ei=Wxu9XPS3BYmt0gLrkoyYDQ&q=0.23+1.12x+-1.07y&oq=0.23+1.12x+-1.07y&gs_l=psy-ab.3...11199.11199..11397...0.0..0.33.33.1......0....1..gws-wiz.......0i71.J2TOrs9fhMw


Adding quadratic features

• Adding more features gives more complex models

• Decision boundary becomes more complex!15

Feature Value Coefficient 
 learnedh0(x) 1 1.68

h1(x) x[1] 1.39
h2(x) x[2] -0.59
h3(x) (x[1])2 -0.17
h4(x) (x[2])2 -0.96
h5(x) x[1]x[2] Omitted
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Adding quadratic features

• Adding more features gives more complex models

• Decision boundary becomes more complex!17

Feature Value Coefficient 
 learnedh0(x) 1 1.68

h1(x) x[1] 1.39
h2(x) x[2] -0.59
h3(x) (x[1])2 -0.17
h4(x) (x[2])2 -0.96
h5(x) x[1]x[2] Omitted



Adding higher degree polynomial features

!18

Overfitting leads to  
non-generalization

Feature Value Coefficient
learned

h0(x) 1 21.6
h1(x) x[1] 5.3
h2(x) x[2] -42.7
h3(x) (x[1])2 -15.9
h4(x) (x[2])2 -48.6
h5(x) (x[1])3 -11.0
h6(x) (x[2])3 67.0
h7(x) (x[1])4 1.5
h8(x) (x[2])4 48.0
h9(x) (x[1])5 4.4
h10(x) (x[2])5 -14.2
h11(x) (x[1])6 0.8
h12(x) (x[2])6 -8.6

Coefficient values 
getting large
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Overfitting leads to  
non-generalization

Feature Value Coefficient
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Adding higher degree polynomial features
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Overfitting leads to  
non-generalization

Feature Value Coefficient
learned

h0(x) 1 21.6
h1(x) x[1] 5.3
h2(x) x[2] -42.7
h3(x) (x[1])2 -15.9
h4(x) (x[2])2 -48.6
h5(x) (x[1])3 -11.0
h6(x) (x[2])3 67.0
h7(x) (x[1])4 1.5
h8(x) (x[2])4 48.0
h9(x) (x[1])5 4.4
h10(x) (x[2])5 -14.2
h11(x) (x[1])6 0.8
h12(x) (x[2])6 -8.6

Coefficient values 
getting large

• Overfitting leads to very large values of
f(x) = w0h0(x) + w1h1(x) + w2h2(x) + · · ·

<latexit sha1_base64="JUYZhM1SkEXYn6hp60bsVkxC6Bo=">AAACHnicbZDLSsNAFIYnXmu9RV26GSxCRShJVBSKUHTjsoK9QBPCZDpphk4uzEzUUvokbnwVNy4UEVzp2zhpI2jrDwPf/OccZs7vJYwKaRhf2tz8wuLScmGluLq2vrGpb203RZxyTBo4ZjFve0gQRiPSkFQy0k44QaHHSMvrX2b11i3hgsbRjRwkxAlRL6I+xUgqy9VP/PL9AbSr53YV3rlG4BrZ/VCxGbjmD1uBa03Yxt1YClcvGRVjLDgLZg4lkKvu6h92N8ZpSCKJGRKiYxqJdIaIS4oZGRXtVJAE4T7qkY7CCIVEOMPxeiO4r5wu9GOuTiTh2P09MUShEIPQU50hkoGYrmXmf7VOKv0zZ0ijJJUkwpOH/JRBGcMsK9ilnGDJBgoQ5lT9FeIAcYSlSrSoQjCnV56FplUxjyrW9XGpdpHHUQC7YA+UgQlOQQ1cgTpoAAwewBN4Aa/ao/asvWnvk9Y5LZ/ZAX+kfX4DTw6drQ==</latexit>



!21

Feature Value Coefficient 
 learnedh0(x) 1 8.7

h1(x) x[1] 5.1
h2(x) x[2] 78.7
… … …

h11(x) (x[1])6 -7.5
h12(x) (x[2])6 3803
h13(x) (x[1])7 21.1
h14(x) (x[2])7 -2406

… … …
h37(x) (x[1])19 -2*10-6

h38(x) (x[2])19 -0.15
h39(x) (x[1])20 -2*10-8

h40(x) (x[2])20 0.03

Even higher degree polynomial features



Overfitting in classification

!22

Model complexity

Er
ro

r =
 

Cl
as

sif
ica

tio
n 

Er
ro

r
Test error

Train error

small �
<latexit sha1_base64="3itEmT7zrRMN+hahPSBimyThdmY=">AAACAXicbVDLSgMxFL3js9bXqBvBTbAIrspMFRTcFN24rGAf0BlKJpNpQ5OZIckIZagbf8WNC0Xc+hfu/BvTdhbaekLgcM49JPcEKWdKO863tbS8srq2Xtoob25t7+zae/stlWSS0CZJeCI7AVaUs5g2NdOcdlJJsQg4bQfDm4nffqBSsSS+16OU+gL3YxYxgrWRevZh7kmBlMCcozHyrszhJh3inl1xqs4UaJG4BalAgUbP/vLChGSCxppwrFTXdVLt51hqRjgdl71M0RSTIe7TrqExFlT5+XSDMToxSoiiRJobazRVfydyLJQaicBMCqwHat6biP953UxHl37O4jTTNCazh6KMI52gSR0oZJISzUeGYCKZ+SsiAywx0aa0sinBnV95kbRqVfesWrs7r9SvizpKcATHcAouXEAdbqEBTSDwCM/wCm/Wk/VivVsfs9Elq8gcwB9Ynz9m0ZY2</latexit>

large �
<latexit sha1_base64="dhnWVZe6AKaZ5Ftvu+MyrILjO1U=">AAACAXicbVDLSgMxFM34rPU16kZwEyyCqzJTBQU3RTcuK9gHdIaSydxpQzOZIckIZagbf8WNC0Xc+hfu/BvTdhbaekLgcM49JPcEKWdKO863tbS8srq2Xtoob25t7+zae/stlWSSQpMmPJGdgCjgTEBTM82hk0ogccChHQxvJn77AaRiibjXoxT8mPQFixgl2kg9+zD3ZIw5kX3AY+xdmcNNOiQ9u+JUnSnwInELUkEFGj37ywsTmsUgNOVEqa7rpNrPidSMchiXvUxBSuiQ9KFrqCAxKD+fbjDGJ0YJcZRIc4XGU/V3IiexUqM4MJMx0QM1703E/7xupqNLP2cizTQIOnsoyjjWCZ7UgUMmgWo+MoRQycxfMR0QSag2pZVNCe78youkVau6Z9Xa3Xmlfl3UUUJH6BidIhddoDq6RQ3URBQ9omf0it6sJ+vFerc+ZqNLVpE5QH9gff4AULKWKA==</latexit>



Over-confident predictions

!23



Logistic regression
• Recall the probabilistic interpretation of  

the trained linear model  
under logistic regression

!24

(
1

1 + e�wT x
| {z }
P(yi=+1|xi)

,
1

1 + ewT x
| {z }
P(yi=�1|xi)

)

<latexit sha1_base64="v2hVfOx7Dflcc3ic2iErTr3IKFw="></latexit>

wTx
<latexit sha1_base64="PKBfTQZWYdCf7eCMwaDxarOrCag=">AAAB63icbVBNSwMxEJ31s9avqkcvwSJ4KrtV0GPRi8cK/YJ2Ldk024Ym2SXJqmXpX/DiQRGv/iFv/huz7R609cHA470ZZuYFMWfauO63s7K6tr6xWdgqbu/s7u2XDg5bOkoUoU0S8Uh1AqwpZ5I2DTOcdmJFsQg4bQfjm8xvP1ClWSQbZhJTX+ChZCEj2GTS433jqV8quxV3BrRMvJyUIUe9X/rqDSKSCCoN4VjrrufGxk+xMoxwOi32Ek1jTMZ4SLuWSiyo9tPZrVN0apUBCiNlSxo0U39PpFhoPRGB7RTYjPSil4n/ed3EhFd+ymScGCrJfFGYcGQilD2OBkxRYvjEEkwUs7ciMsIKE2PjKdoQvMWXl0mrWvHOK9W7i3LtOo+jAMdwAmfgwSXU4Bbq0AQCI3iGV3hzhPPivDsf89YVJ585gj9wPn8AGv+ORw==</latexit>

• Overfitting leads to large w’s

• Resulting            changes rapidly having  

very positive/negative values

• class probability (for one class) approaches 1 

and class probability of the other class approaches 0

• Such model is called over-confident in its predictions

wTx
<latexit sha1_base64="PKBfTQZWYdCf7eCMwaDxarOrCag=">AAAB63icbVBNSwMxEJ31s9avqkcvwSJ4KrtV0GPRi8cK/YJ2Ldk024Ym2SXJqmXpX/DiQRGv/iFv/huz7R609cHA470ZZuYFMWfauO63s7K6tr6xWdgqbu/s7u2XDg5bOkoUoU0S8Uh1AqwpZ5I2DTOcdmJFsQg4bQfjm8xvP1ClWSQbZhJTX+ChZCEj2GTS433jqV8quxV3BrRMvJyUIUe9X/rqDSKSCCoN4VjrrufGxk+xMoxwOi32Ek1jTMZ4SLuWSiyo9tPZrVN0apUBCiNlSxo0U39PpFhoPRGB7RTYjPSil4n/ed3EhFd+ymScGCrJfFGYcGQilD2OBkxRYvjEEkwUs7ciMsIKE2PjKdoQvMWXl0mrWvHOK9W7i3LtOo+jAMdwAmfgwSXU4Bbq0AQCI3iGV3hzhPPivDsf89YVJ585gj9wPn8AGv+ORw==</latexit>



w0 0
w#awesome +6

w#awful -6

1

1
+

e�
w

>
h
(x

)

#awesome - #awful

Effect of size of the weight on confidence
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Input x: #awesome=2, #awful=1

w0 0
w#awesome +2

w#awful -2
1

1
+

e�
w

>
h
(x

)

#awesome - #awful

w0 0
w#awesome +1

w#awful -1

1

1
+

e�
w

>
h
(x

)

#awesome - #awful

0.73
0.88 0.997

• Over-fitted model gives higher confidence for same data point
#awesome-#awful = 1

Large weightSmall weight



Plotting the prediction
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P (y = +1 | x,w) =
1

1 + e�w>h(x)

Degree 1 Degree 2

Degree 6 Degree 20
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Regularization



Optimizing with regularizers

!28

• data: x in 2-dimensions, y in {+1,-1}

• features: polynomials

• model: linear


• quality metric: logistic regression


• regularizer: regularizer

f(x) = w0h0(x) + w1h1(x) + w2h2(x) + · · ·
<latexit sha1_base64="JUYZhM1SkEXYn6hp60bsVkxC6Bo=">AAACHnicbZDLSsNAFIYnXmu9RV26GSxCRShJVBSKUHTjsoK9QBPCZDpphk4uzEzUUvokbnwVNy4UEVzp2zhpI2jrDwPf/OccZs7vJYwKaRhf2tz8wuLScmGluLq2vrGpb203RZxyTBo4ZjFve0gQRiPSkFQy0k44QaHHSMvrX2b11i3hgsbRjRwkxAlRL6I+xUgqy9VP/PL9AbSr53YV3rlG4BrZ/VCxGbjmD1uBa03Yxt1YClcvGRVjLDgLZg4lkKvu6h92N8ZpSCKJGRKiYxqJdIaIS4oZGRXtVJAE4T7qkY7CCIVEOMPxeiO4r5wu9GOuTiTh2P09MUShEIPQU50hkoGYrmXmf7VOKv0zZ0ijJJUkwpOH/JRBGcMsK9ilnGDJBgoQ5lT9FeIAcYSlSrSoQjCnV56FplUxjyrW9XGpdpHHUQC7YA+UgQlOQQ1cgTpoAAwewBN4Aa/ao/asvWnvk9Y5LZ/ZAX+kfX4DTw6drQ==</latexit>

`(ŷi, yi) = log(1 + e�yiŷi)
<latexit sha1_base64="KYLV50WlZvb4KDSFMrmqJe96wiU=">AAACGXicbVDJSgNBEO2JW4zbqEcvjUFIUMNMFPQiBL14jGAWyMShp1NJmvQsdPcIw5Df8OKvePGgiEc9+Td2FkQTHxQ83quiqp4XcSaVZX0ZmYXFpeWV7GpubX1jc8vc3qnLMBYUajTkoWh6RAJnAdQUUxyakQDiexwa3uBq5DfuQUgWBrcqiaDtk17AuowSpSXXtBzgvOD0iUqTocuOEpcV8QV2eNgr2Idwlx5rBf/4w6Jr5q2SNQaeJ/aU5NEUVdf8cDohjX0IFOVEypZtRaqdEqEY5TDMObGEiNAB6UFL04D4INvp+LMhPtBKB3dDoStQeKz+nkiJL2Xie7rTJ6ovZ72R+J/XilX3vJ2yIIoVBHSyqBtzrEI8igl3mACqeKIJoYLpWzHtE0Go0mHmdAj27MvzpF4u2Sel8s1pvnI5jSOL9tA+KiAbnaEKukZVVEMUPaAn9IJejUfj2Xgz3ietGWM6s4v+wPj8BuMhn5s=</latexit>

L(w) =
1

N

NX

i=1

`(f(xi)| {z }
ŷi

, yi)

<latexit sha1_base64="bm92FVS2538L6Zr40/atjE/E06k="></latexit>

minimizew L(w) + � r(w)|{z}
kwk2 or kwk1

<latexit sha1_base64="PCHKsGb4+bhwWyomkX9GgQY52Hk="></latexit>

square regularizer: kwk2 = w2
1 + · · ·+ w2

d
<latexit sha1_base64="pwKcl2uxms3alAYnSwJh0rQG2CU="></latexit>

absolute regularizer: kwk1 = |w1|+ · · ·+ |wd|
<latexit sha1_base64="At1Qzl9tmjhNixt3SyCK3/hnpO4="></latexit>



Regularization λ = 0 λ = 0.00001 λ = 0.001 λ = 1

Range of 
coefficients -3170 to 3803 -8.04 to 12.14 -0.70 to 1.25 -0.13 to 0.57

Learned 
probabilities

Example: degree-20 polynomial features

• Trade-off between regularization and model complexity

• Adding regularizer with appropriate lambda avoids 

over-fitting
!29

Regularization λ = 0 λ = 0.00001 λ = 0.001 λ = 1 λ = 10

Range of 
coefficients -3170 to 3803 -8.04 to 12.14 -0.70 to 1.25 -0.13 to 0.57 -0.05 to 0.22

Decision 
boundary



Regularization path

• Absolute regularizer (a.k.a L1 regularizer) gives sparse 
parameters, which is desired for interpretability, feature 
selection, and efficiency
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square regularizer: kwk2 = w2
1 + · · ·+ w2

d
<latexit sha1_base64="pwKcl2uxms3alAYnSwJh0rQG2CU="></latexit>

absolute regularizer: kwk1 = |w1|+ · · ·+ |wd|
<latexit sha1_base64="At1Qzl9tmjhNixt3SyCK3/hnpO4="></latexit>
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Multi-class classification



How do we encode categorical data y?
• So far, we considered Boolean case where there are two categories

• Encoding y is simple: {+1,-1}, as there is not much difference


• Multi-class classification predicts categorial y 
• Taking values in V={v1,v2,…,vK} 
• Vi’s are called classes or labels

• examples:


• A K-class classifier predicts y given x

!32

Country of birth
(Argentina, Brazil, USA,...)

Zipcode
(10005, 98195,...)

All English words



Embedding vi in real values
• For optimization we need to embed raw categorial vi’s 

into real valued vectors

• There are many ways to embed categorial data

• Trua->1, False->-1

• Yes->1, Maybe->0, No->-1

• Yes->(1,0), Maybe->(0,0), No->(0,1)

• Apple->(1,0,0), Orange->(0,1,0), Banana->(0,0,1)

• Ordering: (Horse 3, Horse 1, Horse 2) -> (3,1,2)


• We use one-hot embedding (a.k.a. one-hot encoding)

• Each class is a standard basis vector in K dimension

!33

Country of birth
(Argentina, Brazil, USA,...)

x =

196 categories

1-hot 
encoding x h1(x) h2(x) … h195(x) h196(x)

Brazil
Zimbabwe

196 features

1
1



Multi-class logistic regression

!34

• data: categorical y in {v1,v2,…,vK} with K categories

• model: linear

f(xi) =

2

6664

f1(xi)
f2(xi)

...
fK�1(xi)

3

7775
=

2

6664

w1,0 + w1,1h1(x) + w1,2h2(x) + · · ·
w2,0 + w2,1h1(x) + w2,2h2(x) + · · ·

...
wK�1,0 + wK�1,1h1(x) + wK�1,2h2(x) + · · ·

3

7775
= WT h(x)

<latexit sha1_base64="Ra4/w6e1vjlA/QR0b+dZcZS3G10="></latexit>



• quality metric: logistic regression

!35

P(ŷi = v1) =
ef1(xi)

1 + ef1(xi) + · · ·+ efK�1(xi)

P(ŷi = v2) =
ef2(xi)

1 + ef1(xi) + · · ·+ efK�1(xi)

...

P(ŷi = vK�1) =
efK�1(xi)

1 + ef1(xi) + · · ·+ efK�1(xi)

P(ŷi = vK) =
1

1 + ef1(xi) + · · ·+ efK�1(xi)
<latexit sha1_base64="8cUFgZ+hYKaH3bnL85cKQDJlxZw="></latexit>

P(ŷi = �1) =
ef(xi)

1 + ef(xi)

P(ŷi = +1) =
1

1 + ef(xi)
<latexit sha1_base64="GzRzHhYcAKaCCk3NqWhV5Iyim6M="></latexit>

2 classes K classes

maximizew
1

N

NX

i=1

log
⇣
P(ŷi = yi)

⌘

<latexit sha1_base64="YzyZWld46S5kbndQMux4S1Yfy2o="></latexit>

minimizew
1

N

NX

i=1

log
⇣
1 + e�yif(xi)

⌘

| {z }
logistic loss

<latexit sha1_base64="s9u/OtTW6EvI1v8dgukTJJFkm9E="></latexit>

minimizew
1

N

NX

i=1

log
⇣
(1 + ef1(xi) + · · ·+ efK�1(xi))e�fyi (xi)

⌘

| {z }
logistic loss

<latexit sha1_base64="f9wmFdBrrdCEexsEp1p24h67Zec="></latexit>

Maximum Likelihood Estimator
<latexit sha1_base64="obyMf5CLUC8LFJMMYsPnTNbfIwI=">AAACBXicbVC7SgNBFJ31GeNr1VKLwSBYhd1YaBkUwUIhgnlAsoTZ2dlkyDyWmVkxLGls/BUbC0Vs/Qc7/8ZJsoUmHhg4nHPvnXtPmDCqjed9OwuLS8srq4W14vrG5ta2u7Pb0DJVmNSxZFK1QqQJo4LUDTWMtBJFEA8ZaYaDi7HfvCdKUynuzDAhAUc9QWOKkbFS1z24QQ+Upxxe04Ed0pcygpfaUI6MVF235JW9CeA88XNSAjlqXferE0mcciIMZkjrtu8lJsiQMhQzMip2Uk0ShAeoR9qWCsSJDrLJFSN4ZJUIxlLZJwycqL87MsS1HvLQVtrt+nrWG4v/ee3UxGdBRkWSGiLw9KM4ZdBIOI4ERlQRbNjQEoQVtbtC3EcKYWODK9oQ/NmT50mjUvZPypXbSql6nsdRAPvgEBwDH5yCKrgCNVAHGDyCZ/AK3pwn58V5dz6mpQtO3rMH/sD5/AGUm5if</latexit>


