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Boolean classification
• Supervised learning is training a predictor from labelled 

examples: 

• There are two types of supervised learning

• 1. Regression: the output variable y to be predicted is 

real valued scalar or a vector

• 2. Classification: the output variable y to be predicted is 

categorical

• 2.1 Boolean classification: there are two classes

• 2.2 Multi-class classification: multiple classes


• We study Boolean classification in this chapter

• We denote two classes by -1 and 1, often corresponding to 

{FALSE,TRUE}

•  

• A Boolean classifier predicts  label y given input x
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for a data point (xi, yi), the value yi 2 {�1, 1} is called the class or label
<latexit sha1_base64="hKtCMTzvvi7fclSYtji/69Xn31c="></latexit>



Classification

•  

• Red points have label yi=-1, blue points have label yi=1

• We want a predictor that maps any x into prediction 
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ŷ 2 {�1, 1}

<latexit sha1_base64="0txJmNqXU6Jl/xDibG5G8uyL5xI=">AAAB/XicbVDLSsNAFL2pr1pf8bFzE2wFF1qSutBl0Y3LCvYBTSiT6aQdnEzCzESIIfgrblwo4tb/cOffOG2z0NYDFw7n3Mu99/gxo1LZ9rdRWlpeWV0rr1c2Nre2d8zdvY6MEoFJG0csEj0fScIoJ21FFSO9WBAU+ox0/fvrid99IELSiN+pNCZeiEacBhQjpaWBeVBzx0hlae5S7mZnzqnj5rWBWbXr9hTWInEKUoUCrYH55Q4jnISEK8yQlH3HjpWXIaEoZiSvuIkkMcL3aET6mnIUEull0+tz61grQyuIhC6urKn6eyJDoZRp6OvOEKmxnPcm4n9eP1HBpZdRHieKcDxbFCTMUpE1icIaUkGwYqkmCAuqb7XwGAmElQ6sokNw5l9eJJ1G3TmvN24b1eZVEUcZDuEITsCBC2jCDbSgDRge4Rle4c14Ml6Md+Nj1loyipl9+APj8wcycpRl</latexit>

in this example xi 2 R2
<latexit sha1_base64="UaGBmVB9G+8+3UsO0fiSOvQGDEE=">AAACD3icbVC7TsNAEDzzDOEVoKQ5kYCoItsUUEbQUAZEHlJiovNlnZxyPlt3Z5TIyh/Q8Cs0FCBES0vH33BJXEDCSCuNZna1u+PHnClt29/W0vLK6tp6biO/ubW9s1vY26+rKJEUajTikWz6RAFnAmqaaQ7NWAIJfQ4Nf3A18RsPIBWLxJ0exeCFpCdYwCjRRuoUTpjAus8UhiEJYw64NOywthHTdkh03w/w7fjeLXUKRbtsT4EXiZORIspQ7RS+2t2IJiEITTlRquXYsfZSIjWjHMb5dqIgJnRAetAyVJAQlJdO/xnjY6N0cRBJU0Ljqfp7IiWhUqPQN52TI9W8NxH/81qJDi68lIk40SDobFGQcKwjPAkHd5kEqvnIEEIlM7di2ieSUG0izJsQnPmXF0ndLTtnZffGLVYuszhy6BAdoVPkoHNUQdeoimqIokf0jF7Rm/VkvVjv1sesdcnKZg7QH1ifP3r5m6c=</latexit>

x[1]
<latexit sha1_base64="G4qQjwHB5qu/snoWuKUhnnxkpFg=">AAAB7XicbVA9T8MwEL2Ur1K+CowsFi0SU5WUAcYKFsYi0Q8pjSrHdVpTx45sB1FF/Q8sDCDEyv9h49/gthmg5UknPb13p7t7YcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8tUEdoikkvVDbGmnAnaMsxw2k0UxXHIaScc38z8ziNVmklxbyYJDWI8FCxiBBsrtatPvhdU++WKW3PnQKvEy0kFcjT75a/eQJI0psIQjrX2PTcxQYaVYYTTaamXappgMsZD6lsqcEx1kM2vnaIzqwxQJJUtYdBc/T2R4VjrSRzazhibkV72ZuJ/np+a6CrImEhSQwVZLIpSjoxEs9fRgClKDJ9Ygoli9lZERlhhYmxAJRuCt/zyKmnXa95FrX5XrzSu8ziKcAKncA4eXEIDbqEJLSDwAM/wCm+OdF6cd+dj0Vpw8plj+APn8wdyRI5h</latexit>

x[2]
<latexit sha1_base64="+kGcMsx6YZr6dnzaJZGSu+hJC/s=">AAAB7XicbVA9T8MwEL2Ur1K+CowsFi0SU5WEAcYKFsYi0Q8pjSrHdVtTx45sB1FF/Q8sDCDEyv9h49/gthmg5UknPb13p7t7UcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRS8tUEdokkkvVibCmnAnaNMxw2kkUxXHEaTsa38z89iNVmklxbyYJDWM8FGzACDZWalWfAj+s9soVt+bOgVaJl5MK5Gj0yl/dviRpTIUhHGsdeG5iwgwrwwin01I31TTBZIyHNLBU4JjqMJtfO0VnVumjgVS2hEFz9fdEhmOtJ3FkO2NsRnrZm4n/eUFqBldhxkSSGirIYtEg5chINHsd9ZmixPCJJZgoZm9FZIQVJsYGVLIheMsvr5KWX/Muav6dX6lf53EU4QRO4Rw8uIQ63EIDmkDgAZ7hFd4c6bw4787HorXg5DPH8AfO5w9zyo5i</latexit>



Example: nearest neighbor

•  

• Red region is the set of x for which prediction is -1

• Blue region is the set of x for which prediction is 1

• Zero training error, but overfitting
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given x, let k = argmini kx� xik, then predict ŷ = yk
<latexit sha1_base64="ArFEaeh1u6ZKLriPwhO8H48xFiI="></latexit>

x[1]
<latexit sha1_base64="G4qQjwHB5qu/snoWuKUhnnxkpFg=">AAAB7XicbVA9T8MwEL2Ur1K+CowsFi0SU5WUAcYKFsYi0Q8pjSrHdVpTx45sB1FF/Q8sDCDEyv9h49/gthmg5UknPb13p7t7YcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8tUEdoikkvVDbGmnAnaMsxw2k0UxXHIaScc38z8ziNVmklxbyYJDWI8FCxiBBsrtatPvhdU++WKW3PnQKvEy0kFcjT75a/eQJI0psIQjrX2PTcxQYaVYYTTaamXappgMsZD6lsqcEx1kM2vnaIzqwxQJJUtYdBc/T2R4VjrSRzazhibkV72ZuJ/np+a6CrImEhSQwVZLIpSjoxEs9fRgClKDJ9Ygoli9lZERlhhYmxAJRuCt/zyKmnXa95FrX5XrzSu8ziKcAKncA4eXEIDbqEJLSDwAM/wCm+OdF6cd+dj0Vpw8plj+APn8wdyRI5h</latexit>

x[2]
<latexit sha1_base64="+kGcMsx6YZr6dnzaJZGSu+hJC/s=">AAAB7XicbVA9T8MwEL2Ur1K+CowsFi0SU5WEAcYKFsYi0Q8pjSrHdVtTx45sB1FF/Q8sDCDEyv9h49/gthmg5UknPb13p7t7UcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRS8tUEdokkkvVibCmnAnaNMxw2kkUxXHEaTsa38z89iNVmklxbyYJDWM8FGzACDZWalWfAj+s9soVt+bOgVaJl5MK5Gj0yl/dviRpTIUhHGsdeG5iwgwrwwin01I31TTBZIyHNLBU4JjqMJtfO0VnVumjgVS2hEFz9fdEhmOtJ3FkO2NsRnrZm4n/eUFqBldhxkSSGirIYtEg5chINHsd9ZmixPCJJZgoZm9FZIQVJsYGVLIheMsvr5KWX/Muav6dX6lf53EU4QRO4Rw8uIQ63EIDmkDgAZ7hFd4c6bw4787HorXg5DPH8AfO5w9zyo5i</latexit>

• Trained on  
100 samples



Example: linear classifier

• Treat it as linear regression problem on x 
• Which trains a linear model:  

on L2 loss, treating the labels as real values +1 and -1

• Then predicts: 

• 18% mis-classified in training data

• true positive=42,false negative=8,true negative=38,false negative=12
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x[1]
<latexit sha1_base64="G4qQjwHB5qu/snoWuKUhnnxkpFg=">AAAB7XicbVA9T8MwEL2Ur1K+CowsFi0SU5WUAcYKFsYi0Q8pjSrHdVpTx45sB1FF/Q8sDCDEyv9h49/gthmg5UknPb13p7t7YcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8tUEdoikkvVDbGmnAnaMsxw2k0UxXHIaScc38z8ziNVmklxbyYJDWI8FCxiBBsrtatPvhdU++WKW3PnQKvEy0kFcjT75a/eQJI0psIQjrX2PTcxQYaVYYTTaamXappgMsZD6lsqcEx1kM2vnaIzqwxQJJUtYdBc/T2R4VjrSRzazhibkV72ZuJ/np+a6CrImEhSQwVZLIpSjoxEs9fRgClKDJ9Ygoli9lZERlhhYmxAJRuCt/zyKmnXa95FrX5XrzSu8ziKcAKncA4eXEIDbqEJLSDwAM/wCm+OdF6cd+dj0Vpw8plj+APn8wdyRI5h</latexit>

x[2]
<latexit sha1_base64="+kGcMsx6YZr6dnzaJZGSu+hJC/s=">AAAB7XicbVA9T8MwEL2Ur1K+CowsFi0SU5WEAcYKFsYi0Q8pjSrHdVtTx45sB1FF/Q8sDCDEyv9h49/gthmg5UknPb13p7t7UcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRS8tUEdokkkvVibCmnAnaNMxw2kkUxXHEaTsa38z89iNVmklxbyYJDWM8FGzACDZWalWfAj+s9soVt+bOgVaJl5MK5Gj0yl/dviRpTIUhHGsdeG5iwgwrwwin01I31TTBZIyHNLBU4JjqMJtfO0VnVumjgVS2hEFz9fdEhmOtJ3FkO2NsRnrZm4n/eUFqBldhxkSSGirIYtEg5chINHsd9ZmixPCJJZgoZm9FZIQVJsYGVLIheMsvr5KWX/Muav6dX6lf53EU4QRO4Rw8uIQ63EIDmkDgAZ7hFd4c6bw4787HorXg5DPH8AfO5w9zyo5i</latexit>

• Trained on  
100 samples+1

-1

f(x) = w0 + w1x[1] + w2x[2]
<latexit sha1_base64="uOQjIDTcqUJ9drdYaNN234cQrRo=">AAACDXicbZDLSsNAFIYn9VbrLerSzWAVKkJJoqBQhKIblxXsBZIQJtNJO3RyYWaiLaUv4MZXceNCEbfu3fk2TtMstHpgho//P4eZ8/sJo0IaxpdWWFhcWl4prpbW1jc2t/TtnZaIU45JE8cs5h0fCcJoRJqSSkY6CSco9Blp+4Orqd++I1zQOLqVo4S4IepFNKAYSSV5+kFQGR5Bp3bh1OC9Z8BjdZtwaJtuhpZCy/X0slE1soJ/wcyhDPJqePqn041xGpJIYoaEsE0jke4YcUkxI5OSkwqSIDxAPWIrjFBIhDvOtpnAQ6V0YRBzdSIJM/XnxBiFQoxCX3WGSPbFvDcV//PsVAbn7phGSSpJhGcPBSmDMobTaGCXcoIlGylAmFP1V4j7iCMsVYAlFYI5v/JfaFlV86Rq3ZyW65d5HEWwB/ZBBZjgDNTBNWiAJsDgATyBF/CqPWrP2pv2PmstaPnMLvhV2sc3OQ+X3w==</latexit>

ŷ = sign(f(x))
<latexit sha1_base64="zi4yOBi05FyS9mlb4bKCNs/W9S8=">AAACBnicbVBNS8NAEN3Ur1q/oh5FWCxCeylJFRSKUPTisYJthSaUzXbTLt1swu5GDCEnL/4VLx4U8epv8Oa/cdvmoK0PBh7vzTAzz4sYlcqyvo3C0vLK6lpxvbSxubW9Y+7udWQYC0zaOGShuPOQJIxy0lZUMXIXCYICj5GuN76a+N17IiQN+a1KIuIGaMipTzFSWuqbh84IqTTJnMaF00gdEUBJhzyr+JWHahX2zbJVs6aAi8TOSRnkaPXNL2cQ4jggXGGGpOzZVqTcFAlFMSNZyYkliRAeoyHpacpRQKSbTt/I4LFWBtAPhS6u4FT9PZGiQMok8HRngNRIznsT8T+vFyv/3E0pj2JFOJ4t8mMGVQgnmcABFQQrlmiCsKD6VohHSCCsdHIlHYI9//Ii6dRr9kmtfnNabl7mcRTBATgCFWCDM9AE16AF2gCDR/AMXsGb8WS8GO/Gx6y1YOQz++APjM8fn76X6g==</latexit>



Example: sentiment analysis
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Sushi was 
great, the 
food was 

awesome, 
but the 

service was 
terrible. 

List of positive 
words

List of negative 
words

great, awesome, 
good, amazing,…

bad, terrible, 
disgusting, sucks,…xi

<latexit sha1_base64="AnldYOcwon+lYc+c5Gg4LTsSKLg=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsstCTaWGLigQlcyN6ywIa9vcvunJFc+A02Fhpj6w+y89+4wBUKvmSSl/dmMjMvTKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqxn0Wy1g/hNRwKRT3UaDkD4nmNAolb4fjm5nffuTaiFjd4yThQUSHSgwEo2glv/rUE9VeueLW3DnIKvFyUoEczV75q9uPWRpxhUxSYzqem2CQUY2CST4tdVPDE8rGdMg7lioacRNk82On5MwqfTKItS2FZK7+nshoZMwkCm1nRHFklr2Z+J/XSXFwFWRCJSlyxRaLBqkkGJPZ56QvNGcoJ5ZQpoW9lbAR1ZShzadkQ/CWX14lrXrNu6jV7+qVxnUeRxFO4BTOwYNLaMAtNMEHBgKe4RXeHOW8OO/Ox6K14OQzx/AHzucPGg+ONg==</latexit>

ŷi = sign(number of positive words � number of negative words )
<latexit sha1_base64="/IgY9D/Rk8HWanLLcEjdgDfc3gA="></latexit>

• If we have access to the list of positive and negative words,  
then we could count them to give a score f(x) and take the sign for 
estimating the sentiment in {positive,negative}



Example: sentiment analysis
• Linear classifier
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Sushi was 
great, the 
food was 

awesome, 
but the 

service was 
terrible. 

Word Weight
good 1.0
great 1.5
awesome 2.7
bad -1.0
terrible -2.1
awful -3.3
restaurant, the, we, where, … 0.0
… …

ŷi = sign(w0 + w1h1(x) + w2h2(x) + · · · )
<latexit sha1_base64="cCPbTO4431ZbX8EBavCzwVSSyvg="></latexit>

hj(x) = how many times the word appears
<latexit sha1_base64="nKWz9xswr6O6IF0dC2omu+GLOAs="></latexit>

wj = how positive is that word
<latexit sha1_base64="2LWbyjsjazGeQ+LcuKbSKkAL6tI=">AAACEXicbZA7SwNBFIVnfRtfq5Y2g4mQKuzGQhshaGOpYDSQhDA7uUnGzO4sM3cTw5K/YONfsbFQxNbOzn/j5FFo4oGBj3PuZbgniKUw6HnfzsLi0vLK6tp6ZmNza3vH3d27NSrRHMpcSaUrATMgRQRlFCihEmtgYSDhLuhejPK7HmgjVHSDgxjqIWtHoiU4Q2s13Hyu37inZzWEB0xpR/VprIxA0QMqDMUOQ9pXujnMNdysV/DGovPgTyFLprpquF+1puJJCBFyyYyp+l6M9ZRpFFzCMFNLDMSMd1kbqhYjFoKpp+OLhvTIOk3aUtq+COnY/b2RstCYQRjYyZBhx8xmI/O/rJpg67SeiihOECI++aiVSIqKjuqhTaGBoxxYYFzbIjjlHaYZR1tixpbgz548D7fFgn9cKF4Xs6XzaR1r5IAckjzxyQkpkUtyRcqEk0fyTF7Jm/PkvDjvzsdkdMGZ7uyTP3I+fwCigpzl</latexit>

• Without manually constructed list, we can use ML to learn the sentiment 
of the words ( parameters w), and then compute a score f(x)
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Confusion Matrix



Two types of error
• When measuring performance of a predictor on Boolean 

classification

•  

•  

• Only four possible combinations of            :

•  

•  

•  

•  
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each input data xi has a label yi 2 {�1, 1}
<latexit sha1_base64="TJ4DybxKfuw/zm+A/ix5groYZGs=">AAACG3icbVC7SgNBFJ31bXxFLW0Gs4KFht1YaBm0sVQwiZBdlruTGzM4O7vMzIphyX/Y+Cs2FopYCRb+jZNHodEDA4dz7uXOOXEmuDae9+XMzM7NLywuLZdWVtfWN8qbW02d5ophg6UiVdcxaBRcYsNwI/A6UwhJLLAV354N/dYdKs1TeWX6GYYJ3Eje5QyMlaJyDYH1KJdZbmgHDFD3PuIu7YGmQAXEKKjbj3jAZVAc+gd+MHCjcsWreiPQv8SfkAqZ4CIqfwSdlOUJSsMEaN32vcyEBSjDmcBBKcg1ZsBu4QbblkpIUIfFKNuA7lmlQ7upsk8aOlJ/bhSQaN1PYjuZgOnpaW8o/ue1c9M9CYtRcpRsfKibC2pSOiyKdrhCZkTfEmCK279S1gMFzNg6S7YEfzryX9KsVf2jau2yVqmfTupYIjtkl+wTnxyTOjknF6RBGHkgT+SFvDqPzrPz5ryPR2ecyc42+QXn8xt2YJ8o</latexit>

(ŷi, yi)
<latexit sha1_base64="sOTtqiZT4EVG4JVDWCVDR+TsaN4=">AAAB+nicbVDLSsNAFJ3UV62vVJduBluhgpSkLnRZdOOygn1AG8JkOmmHTh7M3Cgh9lPcuFDErV/izr9x2mahrQcuHM65l3vv8WLBFVjWt1FYW9/Y3Cpul3Z29/YPzPJhR0WJpKxNIxHJnkcUEzxkbeAgWC+WjASeYF1vcjPzuw9MKh6F95DGzAnIKOQ+pwS05Jrlam0wJpClU5efpy4/q7pmxapbc+BVYuekgnK0XPNrMIxoErAQqCBK9W0rBicjEjgVbFoaJIrFhE7IiPU1DUnAlJPNT5/iU60MsR9JXSHgufp7IiOBUmng6c6AwFgtezPxP6+fgH/lZDyME2AhXSzyE4EhwrMc8JBLRkGkmhAqub4V0zGRhIJOq6RDsJdfXiWdRt2+qDfuGpXmdR5HER2jE1RDNrpETXSLWqiNKHpEz+gVvRlPxovxbnwsWgtGPnOE/sD4/AEDjJMv</latexit>

true positive if ŷi = 1 and yi = 1
<latexit sha1_base64="p4TeKCPvxOFyZH56PKILrM3FU7M=">AAACGXicbZBLS8NAFIUn9V1fVZduBlvBVUnqQjeC6MZlBauFJpTJ9MYOTiZh5qYQQv+GG/+KGxeKuNSV/8Zp2oWvAwMf59zLcE+YSmHQdT+dytz8wuLS8kp1dW19Y7O2tX1tkkxz6PBEJrobMgNSKOigQAndVAOLQwk34d35JL8ZgTYiUVeYpxDE7FaJSHCG1urX3MIPI4o6A5omRqAYwZiKiDb8IcMiH/fFidegTA1oIy+5X6u7TbcU/QveDOpkpna/9u4PEp7FoJBLZkzPc1MMCqZRcAnjqp8ZSBm/Y7fQs6hYDCYoysvGdN86Axol2j6FtHS/bxQsNiaPQzsZMxya39nE/C/rZRgdB4VQaYag+PSjKJMUEzqpiQ6EBo4yt8C4tr1wyodMM462zKotwft98l+4bjW9w2brslU/PZvVsUx2yR45IB45IqfkgrRJh3ByTx7JM3lxHpwn59V5m45WnNnODvkh5+MLNuCfHQ==</latexit>

true negative if ŷi = �1 and yi = �1
<latexit sha1_base64="3Gyhr0y+AmzWeiehI30wiatMWks=">AAACG3icbVDLSsNAFJ34tr6qLt0MtoIbSxIXuhGKblwqWBWaUCbTm3ZwMgkzN4UQ+h9u/BU3LhRxJbjwb5w+Fr4OXDhzzr3MvSfKpDDoup/OzOzc/MLi0nJlZXVtfaO6uXVt0lxzaPFUpvo2YgakUNBCgRJuMw0siSTcRHdnI/9mANqIVF1hkUGYsJ4SseAMrdSp+mUQxRR1DlRBz4oDGFIR03rQZ1gWw444OfDqlKkurReTR6dacxvuGPQv8aakRqa46FTfg27K8wQUcsmMaXtuhmHJNAouYVgJcgMZ43esB21LFUvAhOX4tiHds0qXxqm2pZCO1e8TJUuMKZLIdiYM++a3NxL/89o5xsdhKVSWIyg++SjOJcWUjoKiXaGBoywsYVwLuyvlfaYZRxtnxYbg/T75L7n2G95hw7/0a83TaRxLZIfskn3ikSPSJOfkgrQIJ/fkkTyTF+fBeXJenbdJ64wzndkmP+B8fAH0759r</latexit>

false positive of type I error if ŷi = 1 and yi = �1
<latexit sha1_base64="LCCGpFg6rFmXikaNpimahmohvR0="></latexit>

false negative of type II error if ŷi = �1 and yi = 1
<latexit sha1_base64="hygBBn0fJ5S1geDs6PbsMHy4D48="></latexit>

each corresponding prediction is ŷi 2 {�1, 1}
<latexit sha1_base64="gKI5O/HYi1uSfoZZRxw5sqcddyc="></latexit>



We can represent the performance with a confusion matrix

• Define the confusion matrix: (some people use the 
transpose of C)


•  


•  


•  


• Diagonal entries give numbers of correct prediction


• Off-diagonal entries give numbers of incorrect predictions
!11

C =


# true negatives # false negatives
# false negatives # true positives

�
=


Ctn Cfn

Cfp Ctp

�

<latexit sha1_base64="biCnw2ii9MpfdDKBb0Cb0GCbj+0="></latexit>

Ctn + Cfn + Cfp + Ctp = N
<latexit sha1_base64="6o+f4pbrJpqoFAgvxvW+Zyz8PUE=">AAACEnicbZDLSgMxFIYz9VbHW9Wlm2ArKEKZqQvdCMVuXEkFe4G2lEyaaUMzmSE5I5Shz+DGV3HjQhG3rtz5NqbtINr6Q+DjP+dwcn4vElyD43xZmaXlldW17Lq9sbm1vZPb3avrMFaU1WgoQtX0iGaCS1YDDoI1I8VI4AnW8IaVSb1xz5TmobyDUcQ6AelL7nNKwFjd3EnBrnQTkGN8ig34PxClAAYu8Y1d6ObyTtGZCi+Cm0Iepap2c5/tXkjjgEmggmjdcp0IOglRwKlgY7sdaxYROiR91jIoScB0J5meNMZHxulhP1TmScBT9/dEQgKtR4FnOgMCAz1fm5j/1Vox+BedhMsoBibpbJEfCwwhnuSDe1wxCmJkgFDFzV8xHRBFKJgUbROCO3/yItRLRfesWLot5ctXaRxZdIAO0TFy0Tkqo2tURTVE0QN6Qi/o1Xq0nq03633WmrHSmX30R9bHNwNamoc=</latexit>

Nn = Ctn + Cfp is the number of negative examples
<latexit sha1_base64="A5JnmqtfDNYd8LOvdtvbfr2HtGY="></latexit>

Np = Cfn + Ctp is the number of positive examples
<latexit sha1_base64="QS9IlZyj8jfxVdS2H2iidb7M3DY="></latexit>



Some Boolean classification measures
• Confusion matrix 


• The basic error measures are: 

• False positive rate is 

• False negative rate is                 (e.g. medical diagnosis)

• Error rate is 

• Accuracy is 


• High accuracy does not always mean good classifier

• For example, 99% population does not have cancer,  

and predicting always no cancer achieves accuracy 99%


• Error measures also used:

• True positive rate or sensitivity or recall is                      (=0 in the example)

• False alarm rate is                     (=0 in the example)

• Specificity or true negative rate is                   (=1 in the example)

• Precision is                                   (=0 in the example)

!12


Ctn Cfn

Cfp Ctp

�

<latexit sha1_base64="r5g3IH4KRcteLld4UUJscovSHZM=">AAACL3icbVDLSsNAFJ34Nr6qLt0MtoqrktSFLosFcalgVWhKmUxv6uBkEmZuxBLyR278lW5EFHHrXzh9gI96YZjDOfdw7z1hKoVBz3txZmbn5hcWl5bdldW19Y3S5taVSTLNockTmeibkBmQQkETBUq4STWwOJRwHd41hvr1PWgjEnWJ/RTaMespEQnO0FKd0mnFDULoCZWHMUMtHgqX0kYnR1Xs2y9SBQ2CMRWlIwrTgroBqO63o+J2SmWv6o2KTgN/AspkUued0iDoJjyLQSGXzJiW76XYzplGwSUUbpAZSBm/Yz1oWahYDKadj+4t6J5lujRKtH0K6Yj96chZbEw/Dm2nXfHW/NWG5H9aK8PouJ0LlWYIio8HRZmkmNBheLQrNHCUfQsY18LuSvkt04yjjXgYgv/35GlwVav6h9XaRa1cP5nEsUR2yC45ID45InVyRs5Jk3DySAbklbw5T86z8+58jFtnnIlnm/wq5/MLP9+nWw==</latexit>

Cfp/N
<latexit sha1_base64="ewGhJH8RUJhcHcP95FHO7WAIhgE=">AAAB8nicbVA9SwNBEN3zM8avqKXNYiJYxbtYaBlMYyURzAdcQtjb7CVL9naP3TkhHPkZNhaK2Ppr7Pw37iVXaOKDgcd7M8zMC2LBDbjut7O2vrG5tV3YKe7u7R8clo6O20YlmrIWVULpbkAME1yyFnAQrBtrRqJAsE4waWR+54lpw5V8hGnM+hEZSR5ySsBKfqUxSMN4dnlfKQ5KZbfqzoFXiZeTMsrRHJS+ekNFk4hJoIIY43tuDP2UaOBUsFmxlxgWEzohI+ZbKknETD+dnzzD51YZ4lBpWxLwXP09kZLImGkU2M6IwNgse5n4n+cnEN70Uy7jBJiki0VhIjAonP2Ph1wzCmJqCaGa21sxHRNNKNiUshC85ZdXSbtW9a6qtYdauX6bx1FAp+gMXSAPXaM6ukNN1EIUKfSMXtGbA86L8+58LFrXnHzmBP2B8/kDoAyQKQ==</latexit>

Cfn/N
<latexit sha1_base64="Qw1452oaIPT4u3SbqmCrWMH9+Jg=">AAAB8nicbVA9SwNBEN3zM8avqKXNYiJYxbtYaBlMYyURzAdcQtjb7CVL9naP3TkhHPkZNhaK2Ppr7Pw37iVXaOKDgcd7M8zMC2LBDbjut7O2vrG5tV3YKe7u7R8clo6O20YlmrIWVULpbkAME1yyFnAQrBtrRqJAsE4waWR+54lpw5V8hGnM+hEZSR5ySsBKfqUxSEM5u7yvFAelslt158CrxMtJGeVoDkpfvaGiScQkUEGM8T03hn5KNHAq2KzYSwyLCZ2QEfMtlSRipp/OT57hc6sMcai0LQl4rv6eSElkzDQKbGdEYGyWvUz8z/MTCG/6KZdxAkzSxaIwERgUzv7HQ64ZBTG1hFDN7a2YjokmFGxKWQje8surpF2relfV2kOtXL/N4yigU3SGLpCHrlEd3aEmaiGKFHpGr+jNAefFeXc+Fq1rTj5zgv7A+fwBnPqQJw==</latexit>

(Cfn + Cfp)/N
<latexit sha1_base64="vaI+zfGemQoVsfeX44dDDlW/8B8=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GWyFilCTutBlsRtXUsE+oA1hMp20QyeTMDMRagj+ihsXirj1P9z5N07aLLR64HIP59zL3DlexKhUlvVlFJaWV1bXiuuljc2t7R1zd68jw1hg0sYhC0XPQ5IwyklbUcVILxIEBR4jXW/SzPzuPRGShvxOTSPiBGjEqU8xUlpyzYNKtekmPk9PsxalJ2c3lZJrlq2aNQP8S+yclEGOlmt+DoYhjgPCFWZIyr5tRcpJkFAUM5KWBrEkEcITNCJ9TTkKiHSS2fUpPNbKEPqh0MUVnKk/NxIUSDkNPD0ZIDWWi14m/uf1Y+VfOgnlUawIx/OH/JhBFcIsCjikgmDFppogLKi+FeIxEggrHVgWgr345b+kU6/Z57X6bb3cuMrjKIJDcASqwAYXoAGuQQu0AQYP4Am8gFfj0Xg23oz3+WjByHf2wS8YH9/7/ZOe</latexit>

(Ctn + Ctp)/N
<latexit sha1_base64="Q9vAzur3byDd88HotABFZmB5HAA=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GWyFilCTutBlsRtXUsE+oA1hMp20QyeTMDMRagj+ihsXirj1P9z5N07aLLR64HIP59zL3DlexKhUlvVlFJaWV1bXiuuljc2t7R1zd68jw1hg0sYhC0XPQ5IwyklbUcVILxIEBR4jXW/SzPzuPRGShvxOTSPiBGjEqU8xUlpyzYNKtekmiqenWYvSk7ObSsk1y1bNmgH+JXZOyiBHyzU/B8MQxwHhCjMkZd+2IuUkSCiKGUlLg1iSCOEJGpG+phwFRDrJ7PoUHmtlCP1Q6OIKztSfGwkKpJwGnp4MkBrLRS8T//P6sfIvnYTyKFaE4/lDfsygCmEWBRxSQbBiU00QFlTfCvEYCYSVDiwLwV788l/Sqdfs81r9tl5uXOVxFMEhOAJVYIML0ADXoAXaAIMH8ARewKvxaDwbb8b7fLRg5Dv74BeMj28nopO6</latexit>

Ctp/Np
<latexit sha1_base64="CtpN5NcYKB7h9y25DpsOpKGrSIM=">AAAB9HicbVBNS8NAEJ34WetX1aOXxVbwVJN60GOxF09SwX5AG8Jmu2mXbjZxd1Moob/DiwdFvPpjvPlv3LQ5aOuDgcd7M8zM82POlLbtb2ttfWNza7uwU9zd2z84LB0dt1WUSEJbJOKR7PpYUc4EbWmmOe3GkuLQ57TjjxuZ35lQqVgkHvU0pm6Ih4IFjGBtJLfS8FIdzy7vvbhS9Eplu2rPgVaJk5My5Gh6pa/+ICJJSIUmHCvVc+xYuymWmhFOZ8V+omiMyRgPac9QgUOq3HR+9AydG2WAgkiaEhrN1d8TKQ6Vmoa+6QyxHqllLxP/83qJDm7clIk40VSQxaIg4UhHKEsADZikRPOpIZhIZm5FZIQlJtrklIXgLL+8Stq1qnNVrT3UyvXbPI4CnMIZXIAD11CHO2hCCwg8wTO8wps1sV6sd+tj0bpm5TMn8AfW5w9Bn5Ea</latexit>

Cfp/Nn
<latexit sha1_base64="u+6vYXTvG1hqHbwn/b3SMYR16y8=">AAAB9HicbVBNS8NAEJ34WetX1aOXxVbwVJN60GOxF09SwX5AG8Jmu2mXbjZxd1Moob/DiwdFvPpjvPlv3LQ5aOuDgcd7M8zM82POlLbtb2ttfWNza7uwU9zd2z84LB0dt1WUSEJbJOKR7PpYUc4EbWmmOe3GkuLQ57TjjxuZ35lQqVgkHvU0pm6Ih4IFjGBtJLfS8NIgnl3ee6JS9Eplu2rPgVaJk5My5Gh6pa/+ICJJSIUmHCvVc+xYuymWmhFOZ8V+omiMyRgPac9QgUOq3HR+9AydG2WAgkiaEhrN1d8TKQ6Vmoa+6QyxHqllLxP/83qJDm7clIk40VSQxaIg4UhHKEsADZikRPOpIZhIZm5FZIQlJtrklIXgLL+8Stq1qnNVrT3UyvXbPI4CnMIZXIAD11CHO2hCCwg8wTO8wps1sV6sd+tj0bpm5TMn8AfW5w8o65EK</latexit>

Ctn/Nn
<latexit sha1_base64="oFsv3zcHOAfa/QdemIAyddlMn5Y=">AAAB9HicbVBNS8NAEN34WetX1aOXxVbwVJN60GOxF09SwX5AG8Jmu2mXbjZxd1Ioob/DiwdFvPpjvPlv3LQ5aOuDgcd7M8zM82PBNdj2t7W2vrG5tV3YKe7u7R8clo6O2zpKFGUtGolIdX2imeCStYCDYN1YMRL6gnX8cSPzOxOmNI/kI0xj5oZkKHnAKQEjuZWGl4KcXd57slL0SmW7as+BV4mTkzLK0fRKX/1BRJOQSaCCaN1z7BjclCjgVLBZsZ9oFhM6JkPWM1SSkGk3nR89w+dGGeAgUqYk4Ln6eyIlodbT0DedIYGRXvYy8T+vl0Bw46ZcxgkwSReLgkRgiHCWAB5wxSiIqSGEKm5uxXREFKFgcspCcJZfXiXtWtW5qtYeauX6bR5HAZ2iM3SBHHSN6ugONVELUfSEntErerMm1ov1bn0sWtesfOYE/YH1+QM7fZEW</latexit>

Ctp/(Ctp + Cfp)
<latexit sha1_base64="yGajm2tZ1eZqtJufSdnp4FDraSk=">AAACAnicbVDLSsNAFJ3UV62vqCtxM9gKFaEmdaHLYjcuK9gHtCFMppN26CQZZiZCCcGNv+LGhSJu/Qp3/o2TNgttPTDcwzn3cucejzMqlWV9G4WV1bX1jeJmaWt7Z3fP3D/oyCgWmLRxxCLR85AkjIakrahipMcFQYHHSNebNDO/+0CEpFF4r6acOAEahdSnGCktueZRpekmiqcX1Xk918Xn6Vml5Jplq2bNAJeJnZMyyNFyza/BMMJxQEKFGZKyb1tcOQkSimJG0tIgloQjPEEj0tc0RAGRTjI7IYWnWhlCPxL6hQrO1N8TCQqknAae7gyQGstFLxP/8/qx8q+dhIY8ViTE80V+zKCKYJYHHFJBsGJTTRAWVP8V4jESCCudWhaCvXjyMunUa/ZlrX5XLzdu8jiK4BicgCqwwRVogFvQAm2AwSN4Bq/gzXgyXox342PeWjDymUPwB8bnD0pNlhA=</latexit>



Neyman-Pearson error
• Neyman-Pearson error over a data set is


• A scalarization of our two objectives,  
minimizing false positive and minimizing false negative rates


• A positive real values k is how much more false negative 
irritates us than false positives


• When k=1, the Neyman-Pearson error is the error rate 

• A common and flexible  measure of error
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Cfn/N + Cfp/N
<latexit sha1_base64="01DXAx8boF1+4hHRPxluNNc2QtQ=">AAACBnicbZDLSgMxFIYzXmu9jboUIdgKglBn6kKXxW5cSQV7gXYYMmmmDc1kQpIRytCVG1/FjQtF3PoM7nwbM9MutPWHwMd/zuHk/IFgVGnH+baWlldW19YLG8XNre2dXXtvv6XiRGLSxDGLZSdAijDKSVNTzUhHSIKigJF2MKpn9fYDkYrG/F6PBfEiNOA0pBhpY/n2Ubk3QkIgWPfTkE/Ob+FZjsJguejbJafi5IKL4M6gBGZq+PZXrx/jJCJcY4aU6rqO0F6KpKaYkUmxlygiEB6hAeka5CgiykvzMybwxDh9GMbSPK5h7v6eSFGk1DgKTGeE9FDN1zLzv1o30eGVl1IuEk04ni4KEwZ1DLNMYJ9KgjUbG0BYUvNXiIdIIqxNclkI7vzJi9CqVtyLSvWuWqpdz+IogENwDE6BCy5BDdyABmgCDB7BM3gFb9aT9WK9Wx/T1iVrNnMA/sj6/AEP9pbt</latexit>
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Commonly used loss functions for Classification



Linear (Boolean) classifier
•  You train a linear model of the form


• Prediction is 


• Ideally, we would like to find the weights w,  
that minimizes error rate or more generally  
Neyman-Pearson error

!15

Cfn + Cfp

N
=

<latexit sha1_base64="UNhycZnbTm9JrOiJUGGaARHGZbw=">AAACEHicbZDLSgMxFIYz9VbrrerSTbCIglBmqqBQhGI3rqSCvUBnKJk004ZmMiHJCGWYR3Djq7hxoYhbl+58GzNtF9r6Q+DjP+dwcn5fMKq0bX9buaXlldW1/HphY3Nre6e4u9dSUSwxaeKIRbLjI0UY5aSpqWakIyRBoc9I2x/Vs3r7gUhFI36vx4J4IRpwGlCMtLF6xWM3kAgn7ggJgWC9lwQ8hacTEClMk9vUrV651UKvWLLL9kRwEZwZlMBMjV7xy+1HOA4J15ghpbqOLbSXIKkpZiQtuLEiAuERGpCuQY5CorxkclAKj4zTh0EkzeMaTtzfEwkKlRqHvukMkR6q+Vpm/lfrxjq49BLKRawJx9NFQcygjmCWDuxTSbBmYwMIS2r+CvEQmYS0yTALwZk/eRFalbJzVq7cnZdq17M48uAAHIIT4IALUAM3oAGaAINH8AxewZv1ZL1Y79bHtDVnzWb2wR9Znz/g3pvS</latexit>

1

N

NX

i=1

n
I(sign(xi) = �1 and yi = 1) + I(sign(xi) = �1 and yi = 1)

o

<latexit sha1_base64="R8fcWH0/SmsKIvzrI1LRb7tbZNE="></latexit>

f(x) = w0 + w1h2(x) + w2hx(x) + · · ·
<latexit sha1_base64="/vlLhUl32A1pLqB+4dQMPknI4rU=">AAACGXicbVDLSgMxFM3UV62vqks3wSJUCmVmFBSKUHTjsoJ9QKcMmUymDc1MhiRjW4b+hht/xY0LRVzqyr8xfSy09UDg3HPu5eYeL2ZUKtP8NjIrq2vrG9nN3Nb2zu5efv+gIXkiMKljzrhoeUgSRiNSV1Qx0ooFQaHHSNPr30z85gMRkvLoXo1i0glRN6IBxUhpyc2bQXF4Cp3KlVOBA9eEpYFrwZ5rT9SSVmxdDGeFg32upJsvmGVzCrhMrDkpgDlqbv7T8TlOQhIpzJCUbcuMVSdFQlHMyDjnJJLECPdRl7Q1jVBIZCedXjaGJ1rxYcCFfpGCU/X3RIpCKUehpztDpHpy0ZuI/3ntRAWXnZRGcaJIhGeLgoRBxeEkJuhTQbBiI00QFlT/FeIeEggrHWZOh2AtnrxMGnbZOivbd+eF6vU8jiw4AsegCCxwAargFtRAHWDwCJ7BK3gznowX4934mLVmjPnMIfgD4+sHQZacIg==</latexit>

ŷ = sign
�
f(x)

�
<latexit sha1_base64="D8OmAfUZqWtTvNVjvcxutsCzbO8=">AAACE3icbVDLSgMxFM34rPVVdekmWIRWSpmpgkIRim5cVrAPaErJpJk2NJMZkoxYhvkHN/6KGxeKuHXjzr8xbWehrQcunJxzL7n3uCFnStv2t7W0vLK6tp7ZyG5ube/s5vb2myqIJKENEvBAtl2sKGeCNjTTnLZDSbHvctpyR9cTv3VPpWKBuNPjkHZ9PBDMYwRrI/VyJ2iIdTxOIKpeoiqMkfShYgORIJcNCqjkFR6KqDR5FHu5vF22p4CLxElJHqSo93JfqB+QyKdCE46V6jh2qLsxlpoRTpMsihQNMRnhAe0YKrBPVTee3pTAY6P0oRdIU0LDqfp7Isa+UmPfNZ0+1kM1703E/7xOpL2LbsxEGGkqyOwjL+JQB3ASEOwzSYnmY0MwkczsCskQS0y0iTFrQnDmT14kzUrZOS1Xbs/ytas0jgw4BEegABxwDmrgBtRBAxDwCJ7BK3iznqwX6936mLUuWenMAfgD6/MHoGicuA==</latexit>



Notations
• So far we used the notation 

 
 
 
for the linear model, and  
 
 
 
for the (discrete) prediction 


• From now on, we will also use      to denote the 
continuous valued model:   
 
 
to not introduce additional notation


• It should be clear from context which one we mean by
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f(x) = w0 + w1h2(x) + w2hx(x) + · · ·
<latexit sha1_base64="/vlLhUl32A1pLqB+4dQMPknI4rU=">AAACGXicbVDLSgMxFM3UV62vqks3wSJUCmVmFBSKUHTjsoJ9QKcMmUymDc1MhiRjW4b+hht/xY0LRVzqyr8xfSy09UDg3HPu5eYeL2ZUKtP8NjIrq2vrG9nN3Nb2zu5efv+gIXkiMKljzrhoeUgSRiNSV1Qx0ooFQaHHSNPr30z85gMRkvLoXo1i0glRN6IBxUhpyc2bQXF4Cp3KlVOBA9eEpYFrwZ5rT9SSVmxdDGeFg32upJsvmGVzCrhMrDkpgDlqbv7T8TlOQhIpzJCUbcuMVSdFQlHMyDjnJJLECPdRl7Q1jVBIZCedXjaGJ1rxYcCFfpGCU/X3RIpCKUehpztDpHpy0ZuI/3ntRAWXnZRGcaJIhGeLgoRBxeEkJuhTQbBiI00QFlT/FeIeEggrHWZOh2AtnrxMGnbZOivbd+eF6vU8jiw4AsegCCxwAargFtRAHWDwCJ7BK3gznowX4934mLVmjPnMIfgD4+sHQZacIg==</latexit>

ŷ = sign
�
f(x)

�
<latexit sha1_base64="D8OmAfUZqWtTvNVjvcxutsCzbO8=">AAACE3icbVDLSgMxFM34rPVVdekmWIRWSpmpgkIRim5cVrAPaErJpJk2NJMZkoxYhvkHN/6KGxeKuHXjzr8xbWehrQcunJxzL7n3uCFnStv2t7W0vLK6tp7ZyG5ube/s5vb2myqIJKENEvBAtl2sKGeCNjTTnLZDSbHvctpyR9cTv3VPpWKBuNPjkHZ9PBDMYwRrI/VyJ2iIdTxOIKpeoiqMkfShYgORIJcNCqjkFR6KqDR5FHu5vF22p4CLxElJHqSo93JfqB+QyKdCE46V6jh2qLsxlpoRTpMsihQNMRnhAe0YKrBPVTee3pTAY6P0oRdIU0LDqfp7Isa+UmPfNZ0+1kM1703E/7xOpL2LbsxEGGkqyOwjL+JQB3ASEOwzSYnmY0MwkczsCskQS0y0iTFrQnDmT14kzUrZOS1Xbs/ytas0jgw4BEegABxwDmrgBtRBAxDwCJ7BK3iznqwX6936mLUuWenMAfgD6/MHoGicuA==</latexit>

ŷ = f(x) = w0 + w1h2(x) + w2hx(x) + · · ·
<latexit sha1_base64="UejWXEtX4DBIInSJZ4cB1hq24yU="></latexit>

ŷ
<latexit sha1_base64="MIQRtRNu2AtbSlq9aOk2tkcIifM=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGC/YA2lM120y7dbMLuRAihP8KLB0W8+nu8+W/ctjlo64OBx3szzMwLEikMuu63s7a+sbm1Xdop7+7tHxxWjo7bJk414y0Wy1h3A2q4FIq3UKDk3URzGgWSd4LJ3czvPHFtRKweMUu4H9GREqFgFK3U6Y8p5tl0UKm6NXcOskq8glShQHNQ+eoPY5ZGXCGT1Jie5ybo51SjYJJPy/3U8ISyCR3xnqWKRtz4+fzcKTm3ypCEsbalkMzV3xM5jYzJosB2RhTHZtmbif95vRTDGz8XKkmRK7ZYFKaSYExmv5Oh0JyhzCyhTAt7K2FjqilDm1DZhuAtv7xK2vWad1mrP1xVG7dFHCU4hTO4AA+uoQH30IQWMJjAM7zCm5M4L86787FoXXOKmRP4A+fzB7MPj84=</latexit>

ŷ
<latexit sha1_base64="MIQRtRNu2AtbSlq9aOk2tkcIifM=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGC/YA2lM120y7dbMLuRAihP8KLB0W8+nu8+W/ctjlo64OBx3szzMwLEikMuu63s7a+sbm1Xdop7+7tHxxWjo7bJk414y0Wy1h3A2q4FIq3UKDk3URzGgWSd4LJ3czvPHFtRKweMUu4H9GREqFgFK3U6Y8p5tl0UKm6NXcOskq8glShQHNQ+eoPY5ZGXCGT1Jie5ybo51SjYJJPy/3U8ISyCR3xnqWKRtz4+fzcKTm3ypCEsbalkMzV3xM5jYzJosB2RhTHZtmbif95vRTDGz8XKkmRK7ZYFKaSYExmv5Oh0JyhzCyhTAt7K2FjqilDm1DZhuAtv7xK2vWad1mrP1xVG7dFHCU4hTO4AA+uoQH30IQWMJjAM7zCm5M4L86787FoXXOKmRP4A+fzB7MPj84=</latexit>



Training a linear classifier
• Given a linear model 


• Neayman-Pearson error cannot be directly optimized (more 
on this later)


• Instead, in training classifiers, we minimize a loss of the form


• And find parameters w, that minimize a particular choice of 
loss function 


• The choice depends on the application

• One can use regularization: 
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L(w) =
1

N

NX

i=1

`( ŷi|{z}
wT x

, yi)

<latexit sha1_base64="L2ZYGRH0EHXjKTNvI7nRac+zCYM="></latexit>

`(ŷ, y)
<latexit sha1_base64="g6NowyO1DCwaSYMnGZj/dd/uLro=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEIFaQkVdBj0YvHCvYDmlA22227dLMJuxMhhv4SLx4U8epP8ea/cdvmoK0PBh7vzTAzL4gF1+A431ZhbX1jc6u4XdrZ3dsv2weHbR0lirIWjUSkugHRTHDJWsBBsG6sGAkDwTrB5Hbmdx6Z0jySD5DGzA/JSPIhpwSM1LfLHhOi6o0JZOn0PD3r2xWn5syBV4mbkwrK0ezbX94goknIJFBBtO65Tgx+RhRwKti05CWaxYROyIj1DJUkZNrP5odP8alRBngYKVMS8Fz9PZGRUOs0DExnSGCsl72Z+J/XS2B47WdcxgkwSReLhonAEOFZCnjAFaMgUkMIVdzciumYKELBZFUyIbjLL6+Sdr3mXtTq95eVxk0eRxEdoxNURS66Qg10h5qohShK0DN6RW/Wk/VivVsfi9aClc8coT+wPn8AUu6S3g==</latexit>

minimizew L(w) + � r(w)
<latexit sha1_base64="UCXqFw3PMsvHJgGit/tmsj8CjqM="></latexit>

ŷ = f(x) = w0 + w1h1(x) + w2h2(x) + · · ·
<latexit sha1_base64="0AU8bPz++mGG3Z2CF5fDNHk4q4Q="></latexit>



• Recipe for training classifiers

• 1. Train a continuous valued model, as if regression 

but with special choices of the loss

• 2. For prediction take sign(f(x))

• 3. The score f(x) tells us how confident we are in the prediction
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training 
data

feature 
extraction model

algorithm

quality 
metric

x
<latexit sha1_base64="SA3OFMuv+cjJ4ea4NbMJ9Maec3g=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsstCSxscQoYAIXsrfMwYa9vcvunpFc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSATXxnW/ncLa+sbmVnG7tLO7t39QPjxq6zhVDFssFrF6CKhGwSW2DDcCHxKFNAoEdoLx9czvPKLSPJb3ZpKgH9Gh5CFn1FjprvpU7Zcrbs2dg6wSLycVyNHsl796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwis/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdKu17yLWv22Xmk08jiKcAKncA4eXEIDbqAJLWAwhGd4hTdHOC/Ou/OxaC04+cwx/IHz+QOeBo1Y</latexit> ŷ

<latexit sha1_base64="NOtFbCySmaz5THWHFtHl7pHeqIg=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tDhPBKtzFQsuAjWUE8yHJEfY2e8mS3b1jd04IR36FjYUitv4cO/+Nm+QKTXww8Hhvhpl5YSK4Qc/7dgobm1vbO8Xd0t7+weFR+fikbeJUU9aisYh1NySGCa5YCzkK1k00IzIUrBNObud+54lpw2P1gNOEBZKMFI84JWilx2p/TDCbzqqDcsWreQu468TPSQVyNAflr/4wpqlkCqkgxvR8L8EgIxo5FWxW6qeGJYROyIj1LFVEMhNki4Nn7oVVhm4Ua1sK3YX6eyIj0pipDG2nJDg2q95c/M/rpRjdBBlXSYpM0eWiKBUuxu78e3fINaMoppYQqrm91aVjoglFm1HJhuCvvrxO2vWaf1Wr39crjUYeRxHO4BwuwYdraMAdNKEFFCQ8wyu8Odp5cd6dj2VrwclnTuEPnM8fbRCQJg==</latexit>

f
<latexit sha1_base64="1BY1I1n/EGX6x8JNhh+lPlv2kMI=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFhPBKtzFQsuAjWVE8wHJEfY2e8mSvb1jd04IR36CjYUitv4iO/+Nm+QKTXww8Hhvhpl5QSKFQdf9dgobm1vbO8Xd0t7+weFR+fikbeJUM95isYx1N6CGS6F4CwVK3k00p1EgeSeY3M79zhPXRsTqEacJ9yM6UiIUjKKVHqphdVCuuDV3AbJOvJxUIEdzUP7qD2OWRlwhk9SYnucm6GdUo2CSz0r91PCEsgkd8Z6likbc+Nni1Bm5sMqQhLG2pZAs1N8TGY2MmUaB7Ywojs2qNxf/83ophjd+JlSSIldsuShMJcGYzP8mQ6E5Qzm1hDIt7K2EjammDG06JRuCt/ryOmnXa95VrX5frzQaeRxFOINzuAQPrqEBd9CEFjAYwTO8wpsjnRfn3flYthacfOYU/sD5/AGCrI1G</latexit>

2

6664

h0(x)
h1(x)

...
hD(x)

3

7775

<latexit sha1_base64="btZlbj0jQHvcIeOkyAi5dCQr5r8=">AAACKHicbZDLSsNAFIYnXmu8VV26CRahbkpSBd1Z1IXLCvYCTQiTyWk7dDIJM5PSEvo4bnwVNyKKdOuTOL0g2vrDwMd/zmHO+YOEUalse2ysrK6tb2zmtsztnd29/fzBYV3GqSBQIzGLRTPAEhjlUFNUMWgmAnAUMGgEvdtJvdEHIWnMH9UwAS/CHU7blGClLT9/7QbQoTwLIqwEHYzMrm8XB2euq8GZgdsPYyWnzp12TBd4+NPv5wt2yZ7KWgZnDgU0V9XPv7lhTNIIuCIMS9ly7ER5GRaKEgYj000lJJj0cAdaGjmOQHrZ9NCRdaqd0GrHQj+urKn7eyLDkZTDKNCder+uXKxNzP9qrVS1r7yM8iRVwMnso3bKLBVbk9SskAogig01YCKo3tUiXSwwUTpbU4fgLJ68DPVyyTkvlR8uCpWbeRw5dIxOUBE56BJV0D2qohoi6Am9oHf0YTwbr8anMZ61rhjzmSP0R8bXN8VwpTI=</latexit>

sign(ŷ)
<latexit sha1_base64="TItBtiWhIhspcYUdtcx+ilZhl9Y=">AAAB/HicbVBNS8NAEJ3Ur1q/oj16WSxCvZSkCnosevFYwdZCE8pmu2mXbjZhdyOEUP+KFw+KePWHePPfuG1z0NYHA4/3ZpiZFyScKe0431ZpbX1jc6u8XdnZ3ds/sA+PuipOJaEdEvNY9gKsKGeCdjTTnPYSSXEUcPoQTG5m/sMjlYrF4l5nCfUjPBIsZARrIw3sau7JCCk2EtO6N8Y6z6ZnA7vmNJw50CpxC1KDAu2B/eUNY5JGVGjCsVJ910m0n2OpGeF0WvFSRRNMJnhE+4YKHFHl5/Pjp+jUKEMUxtKU0Giu/p7IcaRUFgWmM8J6rJa9mfif1091eOXnTCSppoIsFoUpRzpGsyTQkElKNM8MwUQycysiYywx0SavignBXX55lXSbDfe80by7qLWuizjKcAwnUAcXLqEFt9CGDhDI4Ble4c16sl6sd+tj0Vqyipkq/IH1+QOyj5TM</latexit>

ŷ
<latexit sha1_base64="NOtFbCySmaz5THWHFtHl7pHeqIg=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tDhPBKtzFQsuAjWUE8yHJEfY2e8mS3b1jd04IR36FjYUitv4cO/+Nm+QKTXww8Hhvhpl5YSK4Qc/7dgobm1vbO8Xd0t7+weFR+fikbeJUU9aisYh1NySGCa5YCzkK1k00IzIUrBNObud+54lpw2P1gNOEBZKMFI84JWilx2p/TDCbzqqDcsWreQu468TPSQVyNAflr/4wpqlkCqkgxvR8L8EgIxo5FWxW6qeGJYROyIj1LFVEMhNki4Nn7oVVhm4Ua1sK3YX6eyIj0pipDG2nJDg2q95c/M/rpRjdBBlXSYpM0eWiKBUuxu78e3fINaMoppYQqrm91aVjoglFm1HJhuCvvrxO2vWaf1Wr39crjUYeRxHO4BwuwYdraMAdNKEFFCQ8wyu8Odp5cd6dj2VrwclnTuEPnM8fbRCQJg==</latexit>

y 2 {�1, 1}
<latexit sha1_base64="OWcYR/u+64Yev04BneNtUwkVRFU=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ40JJUQY9FLx4r2A9oQtlsN+3SzWbZ3Qgh9G948aCIV/+MN/+N2zYHbX0w8Hhvhpl5oeRMG9f9dlZW19Y3Nktb5e2d3b39ysFhWyepIrRFEp6obog15UzQlmGG065UFMchp51wfDf1O09UaZaIR5NJGsR4KFjECDZW8jOfCT+/8M49f9KvVN2aOwNaJl5BqlCg2a98+YOEpDEVhnCsdc9zpQlyrAwjnE7KfqqpxGSMh7RnqcAx1UE+u3mCTq0yQFGibAmDZurviRzHWmdxaDtjbEZ60ZuK/3m91EQ3Qc6ETA0VZL4oSjkyCZoGgAZMUWJ4ZgkmitlbERlhhYmxMZVtCN7iy8ukXa95l7X6w1W1cVvEUYJjOIEz8OAaGnAPTWgBAQnP8ApvTuq8OO/Ox7x1xSlmjuAPnM8fE26RDQ==</latexit>



Loss function for Boolean classification
• We need to design loss function


• Note that 

•  

•  


• So in order to specify             ,  
we only need to give two functions (of scalar       )

•  

•  


• typically, one chooses those two functions to be 
symmetric, but appropriately scaled to reflect that false 
negatives irritates us factor k more than false positives:
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`(ŷ, y)
<latexit sha1_base64="g6NowyO1DCwaSYMnGZj/dd/uLro=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEIFaQkVdBj0YvHCvYDmlA22227dLMJuxMhhv4SLx4U8epP8ea/cdvmoK0PBh7vzTAzL4gF1+A431ZhbX1jc6u4XdrZ3dsv2weHbR0lirIWjUSkugHRTHDJWsBBsG6sGAkDwTrB5Hbmdx6Z0jySD5DGzA/JSPIhpwSM1LfLHhOi6o0JZOn0PD3r2xWn5syBV4mbkwrK0ezbX94goknIJFBBtO65Tgx+RhRwKti05CWaxYROyIj1DJUkZNrP5odP8alRBngYKVMS8Fz9PZGRUOs0DExnSGCsl72Z+J/XS2B47WdcxgkwSReLhonAEOFZCnjAFaMgUkMIVdzciumYKELBZFUyIbjLL6+Sdr3mXtTq95eVxk0eRxEdoxNURS66Qg10h5qohShK0DN6RW/Wk/VivVsfi9aClc8coT+wPn8AUu6S3g==</latexit>

prediction ŷ = wTx can take any values
<latexit sha1_base64="6tydLJ/1WQm2FkZ+3WnYewUR24w=">AAACFnicbVC7TgMxEPTxJrwClDQWAYmG6C4U0CAhaChBIoCUhGjP2RArPt/J3gucTvkKGn6FhgKEaBEdf4MTUvAaydJ4Zlb2Tpgoacn3P7yx8YnJqemZ2cLc/MLiUnF55dzGqRFYFbGKzWUIFpXUWCVJCi8TgxCFCi/C7tHAv+ihsTLWZ5Ql2IjgWsu2FEBOaha3XbolxeDCN+odoDzr799cnd1ucAGaE3SRg854D1SKtlks+WV/CP6XBCNSYiOcNIvv9VYs0gg1CQXW1gI/oUYOhqRQ2C/UU4sJiC5cY81RDRHaRj5cq883ndLi7di4o4kP1e8TOUTWZlHokhFQx/72BuJ/Xi2l9l4jlzpJCbX4eqidKk4xH3TEW9KgIJU5AsJI91cuOmBAkGuy4EoIfq/8l5xXysFOuXJaKR0cjuqYYWtsnW2xgO2yA3bMTliVCXbHHtgTe/buvUfvxXv9io55o5lV9gPe2yfKr58f</latexit>

but y can only take +1 or �1
<latexit sha1_base64="UYHtjKZNYjJxoFCBzCd8KErRRBE=">AAACC3icbVC7TgJBFJ31ifhatbSZwJqYGMkuFloSbSwxkUcChMwOszBhdmYzc9eEEHobf8XGQmNs/QE7/8YBtlDwVCfn3Jt7zwkTwQ34/rezsrq2vrGZ28pv7+zu7bsHh3WjUk1ZjSqhdDMkhgkuWQ04CNZMNCNxKFgjHN5M/cYD04YreQ+jhHVi0pc84pSAlbpuIUwBeyMPUyKxkmKEgQwZ9s4CDyuNvfPA67pFv+TPgJdJkJEiylDtul/tnqJpzCRQQYxpBX4CnTHRwKlgk3w7NSwhdEj6rGWpJDEznfEsywSfWKWHI3s7UhLwTP29MSaxMaM4tJMxgYFZ9Kbif14rheiqM+YySYFJOj8UpQKDwtNicI9rRsEW0OOEam5/xXRANKFg68vbEoLFyMukXi4FF6XyXblYuc7qyKFjVECnKECXqIJuURXVEEWP6Bm9ojfnyXlx3p2P+eiKk+0coT9wPn8A0EmXsQ==</latexit>

`(ŷ, y)
<latexit sha1_base64="g6NowyO1DCwaSYMnGZj/dd/uLro=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEIFaQkVdBj0YvHCvYDmlA22227dLMJuxMhhv4SLx4U8epP8ea/cdvmoK0PBh7vzTAzL4gF1+A431ZhbX1jc6u4XdrZ3dsv2weHbR0lirIWjUSkugHRTHDJWsBBsG6sGAkDwTrB5Hbmdx6Z0jySD5DGzA/JSPIhpwSM1LfLHhOi6o0JZOn0PD3r2xWn5syBV4mbkwrK0ezbX94goknIJFBBtO65Tgx+RhRwKti05CWaxYROyIj1DJUkZNrP5odP8alRBngYKVMS8Fz9PZGRUOs0DExnSGCsl72Z+J/XS2B47WdcxgkwSReLhonAEOFZCnjAFaMgUkMIVdzciumYKELBZFUyIbjLL6+Sdr3mXtTq95eVxk0eRxEdoxNURS66Qg10h5qohShK0DN6RW/Wk/VivVsfi9aClc8coT+wPn8AUu6S3g==</latexit>

ŷ
<latexit sha1_base64="x2nMYs/41x6tEL0kY/PL/zaAd4k=">AAAB8HicbVA9TwJBEJ3DL8Qv1NLmIphYkTsstCTaWGIioIEL2VsW2LC7d9mdM7lc+BU2Fhpj68+x89+4wBUKvmSSl/dmMjMvjAU36HnfTmFtfWNzq7hd2tnd2z8oHx61TZRoylo0EpF+CIlhgivWQo6CPcSaERkK1gknNzO/88S04ZG6xzRmgSQjxYecErTSY7U3Jpil02q/XPFq3hzuKvFzUoEczX75qzeIaCKZQiqIMV3fizHIiEZOBZuWeolhMaETMmJdSxWRzATZ/OCpe2aVgTuMtC2F7lz9PZERaUwqQ9spCY7NsjcT//O6CQ6vgoyrOEGm6GLRMBEuRu7se3fANaMoUksI1dze6tIx0YSizahkQ/CXX14l7XrNv6jV7+qVxnUeRxFO4BTOwYdLaMAtNKEFFCQ8wyu8Odp5cd6dj0VrwclnjuEPnM8fbaqQKA==</latexit>

`(ŷ,�1) is how much ŷ irritates us when y = �1
<latexit sha1_base64="o7Wk/MbFSuow9M1q9i24B6KvK5w="></latexit>

`(ŷ, 1) is how much ŷ irritates us when y = 1
<latexit sha1_base64="gdsxJkN+hLKyW9P6O+kUHxRyNPE="></latexit>

`(ŷ, 1) =  `(�ŷ,�1)
<latexit sha1_base64="jzZWEjGv/2wkOLsNVxacZ4kEdZ8=">AAACGHicbVBNS0JBFJ1nX2ZfVss2QxooqL1ni9oEUpuWBvkBPpH7xnk6OO+DmXmBPPwZbforbVoU0dZd/6bxaVDagQuHc+7l3nuckDOpTPPLSK2tb2xupbczO7t7+wfZw6OmDCJBaIMEPBBtByTlzKcNxRSn7VBQ8BxOW87odua3HqmQLPAf1DikXQ8GPnMZAaWlXvY8b1POC/YQVDyelKwivsb2CMIQsF3CiVf+MctWMd/L5syKmQCvEmtBcmiBei87tfsBiTzqK8JByo5lhqobg1CMcDrJ2JGkIZARDGhHUx88Krtx8tgEn2mlj91A6PIVTtTfEzF4Uo49R3d6oIZy2ZuJ/3mdSLlX3Zj5YaSoT+aL3IhjFeBZSrjPBCWKjzUBIpi+FZMhCCBKZ5nRIVjLL6+SZrViXVSq99Vc7WYRRxqdoFNUQBa6RDV0h+qogQh6Qi/oDb0bz8ar8WF8zltTxmLmGP2BMf0GX8qddQ==</latexit>



Neyman-Pearson loss
• Neayman-Pearson loss is


• Neayman-Pearson loss computed on the training data is 
(training) Neayman-Pearson error
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`(ŷ,�1) =

⇢
1 ŷ � 0
0 ŷ < 0

<latexit sha1_base64="8QPOdB82BDXSWgR+KBYhuZPyChk="></latexit>

`(ŷ,�1) =

⇢
1 ŷ � 0
0 ŷ < 0

<latexit sha1_base64="8QPOdB82BDXSWgR+KBYhuZPyChk="></latexit>

`(ŷ, 1) =

⇢
0 ŷ � 0
 ŷ < 0

<latexit sha1_base64="hMmVfrBG7lbOCNtqL4/7/qS+7qo="></latexit>

`(ŷ, 1) =

⇢
0 ŷ � 0
 ŷ < 0

<latexit sha1_base64="hMmVfrBG7lbOCNtqL4/7/qS+7qo="></latexit>

true 
negative

false 
Positive

false 
negative

true 
positive



Problem with Neyman-Pearson loss
• Neyman-Pearson loss is not differentiable, or even 

continuous (And certainly not convex)


• Its gradient is zero or does not exist


• Gradient based optimizer does not know how to improve 
the model
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Ideas of proxy loss
• We get better results using proxy losses that 


• approximate, or captures the flavor of, the Neyman-
Pearson loss 


•  Is more easily optimized (e.g. convex or non-zero 
derivatives)


• concretely, we want proxy loss function

•  

•  

•  Which has other nice characteristics, e.g., 

differentiable or convex

!22

with `(ŷ,�1) small when ŷ < 0 and larger when ŷ > 0
<latexit sha1_base64="Ye8A6Yf0RfRi+v4zjJTnAxqs56c="></latexit>

with `(ŷ, 1) small when ŷ > 0 and larger when ŷ < 0
<latexit sha1_base64="FPK/cEAUSYhH2bAZlkPbi0NO30g="></latexit>



Sigmoid loss
• Differentiable approximation of Neyman-Pearson loss

• But not convex in 

• The two losses sum to one, if k=1

• Softer (or smoothed) version of the N-P loss

!23

`(ŷ,�1) = 1
1+e�ŷ

<latexit sha1_base64="aCMdFQxhW8LtlLpgLq9WEDOM0Ps=">AAACGHicbVDLSgNBEJyNrxhfUY9eBhMhosbdeNCLEPTiMYJ5QDaG2UlvMmT2wcysEJb9DC/+ihcPinjNzb9xkuxBEwsaiqpuuruckDOpTPPbyCwtr6yuZddzG5tb2zv53b2GDCJBoU4DHoiWQyRw5kNdMcWhFQognsOh6QxvJ37zCYRkgf+gRiF0PNL3mcsoUVrq5s+LNnBesgdExaPk9Mw6xtfYdgWhsZXE1gk8xmepmSRFnOvmC2bZnAIvEislBZSi1s2P7V5AIw98RTmRsm2ZoerERChGOSQ5O5IQEjokfWhr6hMPZCeePpbgI630sBsIXb7CU/X3REw8KUeeozs9ogZy3puI/3ntSLlXnZj5YaTAp7NFbsSxCvAkJdxjAqjiI00IFUzfiumA6FSUznISgjX/8iJpVMrWRblyXylUb9I4sugAHaISstAlqqI7VEN1RNEzekXv6MN4Md6MT+Nr1pox0pl99AfG+Ae+lJ5X</latexit>

`(ŷ, 1) = 
1+eŷ

<latexit sha1_base64="ee+zTh0mmiIvoJdpnwcIZghhvu8=">AAACG3icbVA9SwNBEN2LXzF+RS1tFqOgKOEuFtoIoo2lgkmEXAxzm7lkyd4Hu3tCOO5/2PhXbCwUsRIs/DdukivU+GDg8d4MM/O8WHClbfvLKszMzs0vFBdLS8srq2vl9Y2GihLJsM4iEclbDxQKHmJdcy3wNpYIgSew6Q0uRn7zHqXiUXijhzG2A+iF3OcMtJE65dqOi0LsuX3Q6TA7dPbpKXV9CSx1BxDHkKXOAd6luZ9lO7TUKVfsqj0GnSZOTiokx1Wn/OF2I5YEGGomQKmWY8e6nYLUnAnMSm6iMAY2gB62DA0hQNVOx79ldNcoXepH0lSo6Vj9OZFCoNQw8ExnALqv/noj8T+vlWj/pJ3yME40hmyyyE8E1REdBUW7XCLTYmgIMMnNrZT1wSSjTZyjEJy/L0+TRq3qHFVr17XK2XkeR5FskW2yRxxyTM7IJbkidcLIA3kiL+TVerSerTfrfdJasPKZTfIL1uc3RXigUw==</latexit>

ŷ
<latexit sha1_base64="MIQRtRNu2AtbSlq9aOk2tkcIifM=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGC/YA2lM120y7dbMLuRAihP8KLB0W8+nu8+W/ctjlo64OBx3szzMwLEikMuu63s7a+sbm1Xdop7+7tHxxWjo7bJk414y0Wy1h3A2q4FIq3UKDk3URzGgWSd4LJ3czvPHFtRKweMUu4H9GREqFgFK3U6Y8p5tl0UKm6NXcOskq8glShQHNQ+eoPY5ZGXCGT1Jie5ybo51SjYJJPy/3U8ISyCR3xnqWKRtz4+fzcKTm3ypCEsbalkMzV3xM5jYzJosB2RhTHZtmbif95vRTDGz8XKkmRK7ZYFKaSYExmv5Oh0JyhzCyhTAt7K2FjqilDm1DZhuAtv7xK2vWad1mrP1xVG7dFHCU4hTO4AA+uoQH30IQWMJjAM7zCm5M4L86787FoXXOKmRP4A+fzB7MPj84=</latexit>

true 
negative

false 
Positive

false 
negative

true 
positive



Logistic loss
• Differentiable and convex in 

• approximation of Neyman-Pearson
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`(ŷ, 1) =  log(1 + e�ŷ)
<latexit sha1_base64="aK9rDmopyvipHpGc1r6PiHPrLyQ=">AAACGnicbVDLTgJBEJzFF+IL9ehlIphAVLKLB72YEL14xEQeCYukd2hgwuwjM7MmZMN3ePFXvHjQGG/Gi3/jAntQsJJOKlXd6e5yAsGVNs1vI7W0vLK6ll7PbGxube9kd/fqyg8lwxrzhS+bDigU3MOa5lpgM5AIriOw4QyvJ37jAaXivnenRwG2Xeh7vMcZ6FjqZK28jUIU7AHoaDQ+sYr0ktpDCAKgtvD7BesY76PTxB4X8zTTyebMkjkFXSRWQnIkQbWT/bS7Pgtd9DQToFTLMgPdjkBqzgSOM3aoMAA2hD62YuqBi6odTV8b06NY6dKeL+PyNJ2qvycicJUauU7c6YIeqHlvIv7ntULdu2hH3AtCjR6bLeqFgmqfTnKiXS6RaTGKCTDJ41spG4AEpuM0JyFY8y8vknq5ZJ2VyrflXOUqiSNNDsghKRCLnJMKuSFVUiOMPJJn8krejCfjxXg3PmatKSOZ2Sd/YHz9AHLDnp0=</latexit>

`(ŷ,�1) = log(1 + eŷ)
<latexit sha1_base64="dfDuPaHuglh+tIV/Off0fWMs5Eo=">AAACFHicbVDLSsNAFJ3UV62vqEs3g63QUi1JXehGKLpxWcE+oIllMr1th04ezEyEEPoRbvwVNy4UcevCnX9j0mah1QMXDufcy733OAFnUhnGl5ZbWl5ZXcuvFzY2t7Z39N29tvRDQaFFfe6LrkMkcOZBSzHFoRsIIK7DoeNMrlK/cw9CMt+7VVEAtktGHhsySlQi9fVqyQLOy9aYqDiaHp+YFXyBscX9Udmswl2cGdNKCRf6etGoGTPgv8TMSBFlaPb1T2vg09AFT1FOpOyZRqDsmAjFKIdpwQolBIROyAh6CfWIC9KOZ09N8VGiDPDQF0l5Cs/UnxMxcaWMXCfpdIkay0UvFf/zeqEantsx84JQgUfni4Yhx8rHaUJ4wARQxaOEECpYciumYyIIVUmOaQjm4st/SbteM09r9Zt6sXGZxZFHB+gQlZGJzlADXaMmaiGKHtATekGv2qP2rL1p7/PWnJbN7KNf0D6+AYY2m/g=</latexit>

ŷ
<latexit sha1_base64="MIQRtRNu2AtbSlq9aOk2tkcIifM=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGC/YA2lM120y7dbMLuRAihP8KLB0W8+nu8+W/ctjlo64OBx3szzMwLEikMuu63s7a+sbm1Xdop7+7tHxxWjo7bJk414y0Wy1h3A2q4FIq3UKDk3URzGgWSd4LJ3czvPHFtRKweMUu4H9GREqFgFK3U6Y8p5tl0UKm6NXcOskq8glShQHNQ+eoPY5ZGXCGT1Jie5ybo51SjYJJPy/3U8ISyCR3xnqWKRtz4+fzcKTm3ypCEsbalkMzV3xM5jYzJosB2RhTHZtmbif95vRTDGz8XKkmRK7ZYFKaSYExmv5Oh0JyhzCyhTAt7K2FjqilDm1DZhuAtv7xK2vWad1mrP1xVG7dFHCU4hTO4AA+uoQH30IQWMJjAM7zCm5M4L86787FoXXOKmRP4A+fzB7MPj84=</latexit>



Hinge loss
• Non-differentiable but convex approximation of Neyman-

Pearson loss

!25

`(ŷ,�1) = [1 + ŷ]+
<latexit sha1_base64="XZifSA0ZLb55QFNLOcG35WxZP6g=">AAACEHicbVDLSsNAFJ3UV62vqEs3g61YqZakLnQjFN24rGAfkMQymU7boZNJmJkIIeQT3Pgrblwo4talO//GpM1CqwcuHM65l3vvcQNGpTKML62wsLi0vFJcLa2tb2xu6ds7HemHApM29pkvei6ShFFO2ooqRnqBIMhzGem6k6vM794TIanPb1UUEMdDI06HFCOVSn39sGITxqr2GKk4So5PzCN4AaFl1uJcSpy7WgWW+nrZqBtTwL/EzEkZ5Gj19U974OPQI1xhhqS0TCNQToyEopiRpGSHkgQIT9CIWCnlyCPSiacPJfAgVQZw6Iu0uIJT9edEjDwpI89NOz2kxnLey8T/PCtUw3MnpjwIFeF4tmgYMqh8mKUDB1QQrFiUEoQFTW+FeIwEwirNMAvBnH/5L+k06uZpvXHTKDcv8ziKYA/sgyowwRlogmvQAm2AwQN4Ai/gVXvUnrU37X3WWtDymV3wC9rHN410ml8=</latexit>

`(ŷ, 1) = [1� ŷ]+
<latexit sha1_base64="HkNfDiAMCcEu/m0RLzRWMsJrs2I=">AAACFnicbVDLSsNAFJ3UV62vqEs3g61Q0ZakLnQjFN24rGAf0MRyM522QycPZiZCCfkKN/6KGxeKuBV3/o1Jm4W2HrhwOOde7r3HCTiTyjC+tdzS8srqWn69sLG5tb2j7+61pB8KQpvE577oOCApZx5tKqY47QSCgutw2nbG16nffqBCMt+7U5OA2i4MPTZgBFQi9fRKyaKcl60RqGgSn5rH+BJjawxBALhrVqLMiO37kxIu9PSiUTWmwIvEzEgRZWj09C+r75PQpZ4iHKTsmkag7AiEYoTTuGCFkgZAxjCk3YR64FJpR9O3YnyUKH088EVSnsJT9fdEBK6UE9dJOl1QIznvpeJ/XjdUgws7Yl4QKuqR2aJByLHycZoR7jNBieKThAARLLkVkxEIICpJMg3BnH95kbRqVfOsWrutFetXWRx5dIAOURmZ6BzV0Q1qoCYi6BE9o1f0pj1pL9q79jFrzWnZzD76A+3zB1tunPk=</latexit>

where [x]+ = max{0, x}
<latexit sha1_base64="po+trxOdff3cdlFy/8nA3Vd53Cg=">AAACCHicbVDJSgNBEO2JW4zbqEcPNiaCoISZeFAIQtCLxwhmgcwYejqVpEnPQnePJgw5evFXvHhQxKuf4M2/sbMcNPFBweO9KqrqeRFnUlnWt5FaWFxaXkmvZtbWNza3zO2dqgxjQaFCQx6KukckcBZARTHFoR4JIL7Hoeb1rkZ+7R6EZGFwqwYRuD7pBKzNKFFaapr7D10QgHONvnt3jJ3ihVPEjk/6TmKd9J1hrmlmrbw1Bp4n9pRk0RTlpvnltEIa+xAoyomUDduKlJsQoRjlMMw4sYSI0B7pQEPTgPgg3WT8yBAfaqWF26HQFSg8Vn9PJMSXcuB7utMnqitnvZH4n9eIVfvcTVgQxQoCOlnUjjlWIR6lgltMAFV8oAmhgulbMe0SQajS2WV0CPbsy/OkWsjbp/nCTSFbupzGkUZ76AAdIRudoRK6RmVUQRQ9omf0it6MJ+PFeDc+Jq0pYzqzi/7A+PwB1geX8A==</latexit>



Square loss
• Not only is it convex, square loss is easy to minimize 

 (has a closed form solution)

!26

`(ŷ, 1) = (1� ŷ)2
<latexit sha1_base64="X3LqHrWGBg/wxce6EjUJqYXxgOs=">AAACFnicbVDLSsNAFJ3UV62vqEs3g63Qgi1JXOhGKLpxWcE+oKnlZjpth04ezEyEEPoVbvwVNy4UcSvu/BuTNgttPXDhcM693HuPE3AmlWF8a7mV1bX1jfxmYWt7Z3dP3z9oST8UhDaJz33RcUBSzjzaVExx2gkEBdfhtO1MrlO//UCFZL53p6KA9lwYeWzICKhE6uvVkk05L9tjUHE0PTUr+BJjewJBALhsVuPMmFburRIu9PWiUTNmwMvEzEgRZWj09S974JPQpZ4iHKTsmkagejEIxQin04IdShoAmcCIdhPqgUtlL569NcUniTLAQ18k5Sk8U39PxOBKGblO0umCGstFLxX/87qhGl70YuYFoaIemS8ahhwrH6cZ4QETlCgeJQSIYMmtmIxBAFFJkmkI5uLLy6Rl1cyzmnVrFetXWRx5dISOURmZ6BzV0Q1qoCYi6BE9o1f0pj1pL9q79jFvzWnZzCH6A+3zB8WNnJk=</latexit>

`(ŷ,�1) = (1 + ŷ)2
<latexit sha1_base64="eYqOnj0FPKWRj8NbTqyiJf7HgWg=">AAACEXicbVDLSsNAFJ3UV62vqEs3g62QopYkLnQjFN24rGAf0MQymU7aoZMHMxMhhPyCG3/FjQtF3Lpz59+YtFlo64ELh3Pu5d57nJBRIXX9WyktLa+srpXXKxubW9s76u5eRwQRx6SNAxbwnoMEYdQnbUklI72QE+Q5jHSdyXXudx8IFzTw72QcEttDI5+6FCOZSQNVq1mEMc0aI5nE6cmpUYeXEELNOE4KLa3fmzVYGahVvaFPAReJUZAqKNAaqF/WMMCRR3yJGRKib+ihtBPEJcWMpBUrEiREeIJGpJ9RH3lE2Mn0oxQeZcoQugHPypdwqv6eSJAnROw5WaeH5FjMe7n4n9ePpHthJ9QPI0l8PFvkRgzKAObxwCHlBEsWZwRhTrNbIR4jjrDMQsxDMOZfXiQds2GcNcxbs9q8KuIogwNwCDRggHPQBDegBdoAg0fwDF7Bm/KkvCjvysestaQUM/vgD5TPH1Xwmik=</latexit>
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Commonly used Boolean classifiers



Squared loss classifier
• Uses sum of squares loss (a.k.a. L2 loss, Mean Squared 

Error (MSE), Residual Sum of Squares (RSS) ) 
 
 
 
 
 
together with a choice of your regularizer


• This is particularly easy to optimize, if the regularizer is 
also L2 regularizer

!28

minimizew L(w) =
1

N

⇣ X

i:yi=�1

(1 + ŷi)
2 + 

X

i:yi=1

(1� ŷi)
2
⌘

<latexit sha1_base64="VGF0Vs3vBBArj51cXld91GiovuI="></latexit>



Logistic regression
• Uses logistic loss 

 
 
 
 
 
with a choice of a regularizer


• Is a convex optimization if the regularizer is convex, and 
the minimizer can be found efficiently

!29

minimizew L(w) =
1

N

⇣ X

i:yi=�1

log(1 + eŷi) + 
X

i:yi=1

log(1 + e�ŷi)
⌘

<latexit sha1_base64="VQNVnzx4OEmWFUI4GZeqNbUwk7g="></latexit>



Support vector machine (SVM)
• Uses hinge loss 

 
 
 
 
 
with sum of squares regularizer  

• It is a convex minimization

!30

minimizew L(w) =
1

N

⇣ X

i:yi=�1

[1 + ŷi]
+ + 

X

i:yi=1

[1� ŷi]
+
⌘

<latexit sha1_base64="M8YAkq9k3NhN6d2I+H9iH91n8zw="></latexit>

where [x]+ = max{0, x}
<latexit sha1_base64="po+trxOdff3cdlFy/8nA3Vd53Cg=">AAACCHicbVDJSgNBEO2JW4zbqEcPNiaCoISZeFAIQtCLxwhmgcwYejqVpEnPQnePJgw5evFXvHhQxKuf4M2/sbMcNPFBweO9KqrqeRFnUlnWt5FaWFxaXkmvZtbWNza3zO2dqgxjQaFCQx6KukckcBZARTHFoR4JIL7Hoeb1rkZ+7R6EZGFwqwYRuD7pBKzNKFFaapr7D10QgHONvnt3jJ3ihVPEjk/6TmKd9J1hrmlmrbw1Bp4n9pRk0RTlpvnltEIa+xAoyomUDduKlJsQoRjlMMw4sYSI0B7pQEPTgPgg3WT8yBAfaqWF26HQFSg8Vn9PJMSXcuB7utMnqitnvZH4n9eIVfvcTVgQxQoCOlnUjjlWIR6lgltMAFV8oAmhgulbMe0SQajS2WV0CPbsy/OkWsjbp/nCTSFbupzGkUZ76AAdIRudoRK6RmVUQRQ9omf0it6MJ+PFeDc+Jq0pYzqzi/7A+PwB1geX8A==</latexit>



Support vector machine (SVM)

• As we predict with                , the decision boundary is at 

•  

•  What is the training error?
!31

`(ŷ,�1) = [1 + ŷ]+
<latexit sha1_base64="XZifSA0ZLb55QFNLOcG35WxZP6g=">AAACEHicbVDLSsNAFJ3UV62vqEs3g61YqZakLnQjFN24rGAfkMQymU7boZNJmJkIIeQT3Pgrblwo4talO//GpM1CqwcuHM65l3vvcQNGpTKML62wsLi0vFJcLa2tb2xu6ds7HemHApM29pkvei6ShFFO2ooqRnqBIMhzGem6k6vM794TIanPb1UUEMdDI06HFCOVSn39sGITxqr2GKk4So5PzCN4AaFl1uJcSpy7WgWW+nrZqBtTwL/EzEkZ5Gj19U974OPQI1xhhqS0TCNQToyEopiRpGSHkgQIT9CIWCnlyCPSiacPJfAgVQZw6Iu0uIJT9edEjDwpI89NOz2kxnLey8T/PCtUw3MnpjwIFeF4tmgYMqh8mKUDB1QQrFiUEoQFTW+FeIwEwirNMAvBnH/5L+k06uZpvXHTKDcv8ziKYA/sgyowwRlogmvQAm2AwQN4Ai/gVXvUnrU37X3WWtDymV3wC9rHN410ml8=</latexit>

`(ŷ, 1) = [1� ŷ]+
<latexit sha1_base64="HkNfDiAMCcEu/m0RLzRWMsJrs2I=">AAACFnicbVDLSsNAFJ3UV62vqEs3g61Q0ZakLnQjFN24rGAf0MRyM522QycPZiZCCfkKN/6KGxeKuBV3/o1Jm4W2HrhwOOde7r3HCTiTyjC+tdzS8srqWn69sLG5tb2j7+61pB8KQpvE577oOCApZx5tKqY47QSCgutw2nbG16nffqBCMt+7U5OA2i4MPTZgBFQi9fRKyaKcl60RqGgSn5rH+BJjawxBALhrVqLMiO37kxIu9PSiUTWmwIvEzEgRZWj09C+r75PQpZ4iHKTsmkag7AiEYoTTuGCFkgZAxjCk3YR64FJpR9O3YnyUKH088EVSnsJT9fdEBK6UE9dJOl1QIznvpeJ/XjdUgws7Yl4QKuqR2aJByLHycZoR7jNBieKThAARLLkVkxEIICpJMg3BnH95kbRqVfOsWrutFetXWRx5dIAOURmZ6BzV0Q1qoCYi6BE9o1f0pj1pL9q79jFrzWnZzD76A+3zB1tunPk=</latexit>

sign(ŷ)
<latexit sha1_base64="Xu/LvJawJ42qU6K14aoZFqg9QCA=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM9gKdVOSutBl0Y3LCvYBTSiT6aQdOjMJMxMhhIC/4saFIm79Dnf+jdM2C209cOFwzr3ce08QM6q043xbpbX1jc2t8nZlZ3dv/8A+POqqKJGYdHDEItkPkCKMCtLRVDPSjyVBPGCkF0xvZ37vkUhFI/Gg05j4HI0FDSlG2khD+6SWeZJDRccir3sTpLM0v6gN7arTcOaAq8QtSBUUaA/tL28U4YQToTFDSg1cJ9Z+hqSmmJG84iWKxAhP0ZgMDBWIE+Vn8/NzeG6UEQwjaUpoOFd/T2SIK5XywHRypCdq2ZuJ/3mDRIfXfkZFnGgi8GJRmDCoIzjLAo6oJFiz1BCEJTW3QjxBEmFtEquYENzll1dJt9lwLxvN+2a1dVPEUQan4AzUgQuuQAvcgTboAAwy8AxewZv1ZL1Y79bHorVkFTPH4A+szx9znZUm</latexit>

wTx = 0
<latexit sha1_base64="P9bvAdOO87EjR7Znw8qI+UBp/zM=">AAAB73icbVBNT8JAEJ3iF+IX6tHLRjDxRFo86MWE6MUjJnwlUMl22cKG7bbublXS8Ce8eNAYr/4db/4bl9KDgi+Z5OW9mczM8yLOlLbtbyu3srq2vpHfLGxt7+zuFfcPWiqMJaFNEvJQdjysKGeCNjXTnHYiSXHgcdr2xtczv/1ApWKhaOhJRN0ADwXzGcHaSJ3y413j6dIu94slu2KnQMvEyUgJMtT7xa/eICRxQIUmHCvVdexIuwmWmhFOp4VerGiEyRgPaddQgQOq3CS9d4pOjDJAfihNCY1S9fdEggOlJoFnOgOsR2rRm4n/ed1Y+xduwkQUayrIfJEfc6RDNHseDZikRPOJIZhIZm5FZIQlJtpEVDAhOIsvL5NWteKcVaq31VLtKosjD0dwDKfgwDnU4Abq0AQCHJ7hFd6se+vFerc+5q05K5s5hD+wPn8Axv+PIg==</latexit>

black lines show the points where wTx = ±1
<latexit sha1_base64="aN+ZlfLKuP/VnUwnUrNhz2Euo4Y=">AAACGXicbVC7TgMxEPTxJrwClDQrAhJVdBcKaJAiaChBIoCUhMjnbDgLn32y9whRxG/Q8Cs0FCBECRV/gxNS8BrJ0mhmR96dOFPSURh+BGPjE5NT0zOzhbn5hcWl4vLKqTO5FVgTRhl7HnOHSmqskSSF55lFnsYKz+Krg4F/do3WSaNPqJdhM+WXWnak4OSlVjGMFRdXMIg7cInpAiUImZGaHHQTtAgb3YuTG9iDRpZCtNEqlsJyOAT8JdGIlNgIR63iW6NtRJ6iJqG4c/UozKjZ55akUHhbaOQOM78Dv8S6p5qn6Jr94WW3sOmVNnSM9U8TDNXviT5PneulsZ9MOSXutzcQ//PqOXV2m32ps5xQi6+POrkCMjCoCdrSoiDV84QLK/2uIBJuuSBfZsGXEP0++S85rZSj7XLluFKq7o/qmGFrbJ1tsYjtsCo7ZEesxgS7Yw/siT0H98Fj8BK8fo2OBaPMKvuB4P0THtSfDw==</latexit>

x[1]
<latexit sha1_base64="G4qQjwHB5qu/snoWuKUhnnxkpFg=">AAAB7XicbVA9T8MwEL2Ur1K+CowsFi0SU5WUAcYKFsYi0Q8pjSrHdVpTx45sB1FF/Q8sDCDEyv9h49/gthmg5UknPb13p7t7YcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8tUEdoikkvVDbGmnAnaMsxw2k0UxXHIaScc38z8ziNVmklxbyYJDWI8FCxiBBsrtatPvhdU++WKW3PnQKvEy0kFcjT75a/eQJI0psIQjrX2PTcxQYaVYYTTaamXappgMsZD6lsqcEx1kM2vnaIzqwxQJJUtYdBc/T2R4VjrSRzazhibkV72ZuJ/np+a6CrImEhSQwVZLIpSjoxEs9fRgClKDJ9Ygoli9lZERlhhYmxAJRuCt/zyKmnXa95FrX5XrzSu8ziKcAKncA4eXEIDbqEJLSDwAM/wCm+OdF6cd+dj0Vpw8plj+APn8wdyRI5h</latexit>

x[2]
<latexit sha1_base64="+kGcMsx6YZr6dnzaJZGSu+hJC/s=">AAAB7XicbVA9T8MwEL2Ur1K+CowsFi0SU5WEAcYKFsYi0Q8pjSrHdVtTx45sB1FF/Q8sDCDEyv9h49/gthmg5UknPb13p7t7UcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRS8tUEdokkkvVibCmnAnaNMxw2kkUxXHEaTsa38z89iNVmklxbyYJDWM8FGzACDZWalWfAj+s9soVt+bOgVaJl5MK5Gj0yl/dviRpTIUhHGsdeG5iwgwrwwin01I31TTBZIyHNLBU4JjqMJtfO0VnVumjgVS2hEFz9fdEhmOtJ3FkO2NsRnrZm4n/eUFqBldhxkSSGirIYtEg5chINHsd9ZmixPCJJZgoZm9FZIQVJsYGVLIheMsvr5KWX/Muav6dX6lf53EU4QRO4Rw8uIQ63EIDmkDgAZ7hFd4c6bw4787HorXg5DPH8AfO5w9zyo5i</latexit>

• Linear model is trained on the hinge loss  
shown on the left with k=1


• Resulting prediction is shown below
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Receiver Operating Characteristic (ROC)



Receiver Operating Characteristic (ROC)
• Always abbreviated as ROC, comes from WWII

• Explores the tradeoff between false negative and false 

positive rates


• Typical recipe for evaluating performance of a classifier

• 1. Construct a classifier for many values of k

• For each k, select the regularization hyper-parameter  

via cross-validation, that minimizes Neyman-Pearson 
loss on test data set


• 2. Plot the computed pair (false negative rate, false 
positive rate) on a 2-D plot. 


• Connecting all the dots gives you ROC curve (when 
viewed upside-down)

!33



Example: ROC curve

• SVM with various k 

• Left hand plot shows training error pairs (              ,             )

• Right hand plot shows minimum error classifier (i.e. k=1)

!34

Cfp/N
<latexit sha1_base64="KyOwB/tFhmIRXt9x7Ko1ne21TD4=">AAAB8XicbVA9TwJBEJ3DL8Qv1NJmI5hY4R0WWhJprAwm8hHhQvaWPdiwu3fZ3TMhF/6FjYXG2Ppv7Pw3LnCFgi+Z5OW9mczMC2LOtHHdbye3tr6xuZXfLuzs7u0fFA+PWjpKFKFNEvFIdQKsKWeSNg0znHZiRbEIOG0H4/rMbz9RpVkkH8wkpr7AQ8lCRrCx0mO53k/DeHpxV+4XS27FnQOtEi8jJcjQ6Be/eoOIJIJKQzjWuu u5sfFTrAwjnE4LvUTTGJMxHtKupRILqv10fvEUnVllgMJI2ZIGzdXfEykWWk9EYDsFNiO97M3E/7xuYsJrP2UyTgyVZLEoTDgyEZq9jwZMUWL4xBJMFLO3IjLCChNjQyrYELzll1dJq1rxLivV+2qpdpPFkYcTOIVz8OAKanALDWgCAQnP8ApvjnZenHfnY9Gac7KZY/gD5/MHaLmQFQ==</latexit>

Cfn/N
<latexit sha1_base64="2HTuUuMv1l4+9m9AFFq6fnoaNAQ=">AAAB8XicbVA9TwJBEJ3DL8Qv1NJmI5hY4R0WWhJprAwm8hHhQvaWPdiwu3fZ3TMhF/6FjYXG2Ppv7Pw3LnCFgi+Z5OW9mczMC2LOtHHdbye3tr6xuZXfLuzs7u0fFA+PWjpKFKFNEvFIdQKsKWeSNg0znHZiRbEIOG0H4/rMbz9RpVkkH8wkpr7AQ8lCRrCx0mO53k9DOb24K/eLJbfizoFWiZeREmRo9ItfvUFEEkGlIRxr3fXc2PgpVoYRTqeFXqJpjMkYD2nXUokF1X46v3iKzqwyQGGkbEmD5urviRQLrScisJ0Cm5Fe9mbif143MeG1nzIZJ4ZKslgUJhyZCM3eRwOmKDF8YgkmitlbERlhhYmxIRVsCN7yy6ukVa14l5XqfbVUu8niyMMJnMI5eHAFNbiFBjSBgIRneIU3RzsvzrvzsWjNOdnMMfyB8/kDZamQEw==</latexit>

 = 1/32
<latexit sha1_base64="3877Ik5bQJMJ3yWDXjkVPcytLo4=">AAAB9HicbVA9TwJBEJ3zE/ELtbTZCCZWeHcU2pgQbSwxkY8ELmRv2YMNe3vr7h4JIfwOGwuNsfXH2PlvXOAKBV8yyct7M5mZF0rOtHHdb2dtfWNzazu3k9/d2z84LBwdN3SSKkLrJOGJaoVYU84ErRtmOG1JRXEcctoMh3czvzmiSrNEPJqxpEGM+4JFjGBjpaDUGWIp8Y13WfFL3ULRLbtzoFXiZaQIGWrdwlenl5A0psIQjrVue640wQQrwwin03wn1VRiMsR92rZU4JjqYDI/eorOrdJDUaJsCYPm6u+JCY61Hseh7YyxGehlbyb+57VTE10HEyZkaqggi0VRypFJ0CwB1GOKEsPHlmCimL0VkQFWmBibU96G4C2/vEoaftmrlP0Hv1i9zeLIwSmcwQV4cAVVuIca1IHAEzzDK7w5I+fFeXc+Fq1rTjZzAn/gfP4AoRuQsQ==</latexit>

 = 32
<latexit sha1_base64="cm5GI1VlqeL2q4pzT1EsNx2uBDM=">AAAB8nicbVA9SwNBEN2LXzF+RS1tFhPBKtwlhTZC0MYygvmAyxH2NnvJkr3dY3dOCEd+ho2FIrb+Gjv/jZvkCk18MPB4b4aZeWEiuAHX/XYKG5tb2zvF3dLe/sHhUfn4pGNUqilrUyWU7oXEMMElawMHwXqJZiQOBeuGk7u5331i2nAlH2GasCAmI8kjTglYya/2JyRJyE2jXh2UK27NXQCvEy8nFZSjNSh/9YeKpjGTQAUxxvfcBIKMaOBUsFmpnxqWEDohI+ZbKknMTJAtTp7hC6sMcaS0LQl4of6eyEhszDQObWdMYGxWvbn4n+enEF0HGZdJCkzS5aIoFRgUnv+Ph1wzCmJqCaGa21sxHRNNKNiUSjYEb/XlddKp17xGrf5QrzRv8ziK6Aydo0vkoSvURPeohdqIIoWe0St6c8B5cd6dj2VrwclnTtEfOJ8/vrWQPQ==</latexit>

 = 0
<latexit sha1_base64="/JvF6GJ42bXNAh0ZJbODCI6Yhz0=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFhPBKtzFQhshaGMZwXxgcoS5zV6yZG/v2N0TQsi/sLFQxNZ/Y+e/cZNcoYkPBh7vzTAzL0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VZQ1aCxi1Q5QM8ElaxhuBGsnimEUCNYKRrczv/XElOaxfDDjhPkRDiQPOUVjpcdyd4RJgtduuVcsuRV3DrJKvIyUIEO9V/zq9mOaRkwaKlDrjucmxp+gMpwKNi10U80SpCMcsI6lEiOm/cn84ik5s0qfhLGyJQ2Zq78nJhhpPY4C2xmhGeplbyb+53VSE175Ey6T1DBJF4vCVBATk9n7pM8Vo0aMLUGquL2V0CEqpMaGVLAheMsvr5JmteJdVKr31VLtJosjDydwCufgwSXU4A7q0AAKEp7hFd4c7bw4787HojXnZDPH8AfO5w9GOY/+</latexit>

Cfn/N
<latexit sha1_base64="2HTuUuMv1l4+9m9AFFq6fnoaNAQ=">AAAB8XicbVA9TwJBEJ3DL8Qv1NJmI5hY4R0WWhJprAwm8hHhQvaWPdiwu3fZ3TMhF/6FjYXG2Ppv7Pw3LnCFgi+Z5OW9mczMC2LOtHHdbye3tr6xuZXfLuzs7u0fFA+PWjpKFKFNEvFIdQKsKWeSNg0znHZiRbEIOG0H4/rMbz9RpVkkH8wkpr7AQ8lCRrCx0mO53k9DOb24K/eLJbfizoFWiZeREmRo9ItfvUFEEkGlIRxr3fXc2PgpVoYRTqeFXqJpjMkYD2nXUokF1X46v3iKzqwyQGGkbEmD5urviRQLrScisJ0Cm5Fe9mbif143MeG1nzIZJ4ZKslgUJhyZCM3eRwOmKDF8YgkmitlbERlhhYmxIRVsCN7yy6ukVa14l5XqfbVUu8niyMMJnMI5eHAFNbiFBjSBgIRneIU3RzsvzrvzsWjNOdnMMfyB8/kDZamQEw==</latexit>

Cfp/N
<latexit sha1_base64="KyOwB/tFhmIRXt9x7Ko1ne21TD4=">AAAB8XicbVA9TwJBEJ3DL8Qv1NJmI5hY4R0WWhJprAwm8hHhQvaWPdiwu3fZ3TMhF/6FjYXG2Ppv7Pw3LnCFgi+Z5OW9mczMC2LOtHHdbye3tr6xuZXfLuzs7u0fFA+PWjpKFKFNEvFIdQKsKWeSNg0znHZiRbEIOG0H4/rMbz9RpVkkH8wkpr7AQ8lCRrCx0mO53k/DeHpxV+4XS27FnQOtEi8jJcjQ6Be/eoOIJIJKQzjWuuu5sfFTrAwjnE4LvUTTGJMxHtKupRILqv10fvEUnVllgMJI2ZIGzdXfEykWWk9EYDsFNiO97M3E/7xuYsJrP2UyTgyVZLEoTDgyEZq9jwZMUWL4xBJMFLO3IjLCChNjQyrYELzll1dJq1rxLivV+2qpdpPFkYcTOIVz8OAKanALDWgCAQnP8ApvjnZenHfnY9Gac7KZY/gD5/MHaLmQFQ==</latexit>



Example

 = 0.4
<latexit sha1_base64="we5tSghmzpSxyjQ0sHm5GKUSGa4=">AAAB83icbVBNSwMxEJ2tX7V+VT16CbaCp2W3CnoRil48VrAf0F1KNs22odlsSLJCKf0bXjwo4tU/481/Y9ruQVsfDDzem2FmXiQ508bzvp3C2vrG5lZxu7Szu7d/UD48auk0U4Q2ScpT1YmwppwJ2jTMcNqRiuIk4rQdje5mfvuJKs1S8WjGkoYJHggWM4KNlYJqMMJS4hvPvaz2yhXP9eZAq8TPSQVyNHrlr6CfkiyhwhCOte76njThBCvDCKfTUpBpKjEZ4QHtWipwQnU4md88RWdW6aM4VbaEQXP198QEJ1qPk8h2JtgM9bI3E//zupmJr8MJEzIzVJDFojjjyKRoFgDqM0WJ4WNLMFHM3orIECtMjI2pZEPwl19eJa2a61+4tYdapX6bx1GEEziFc/DhCupwDw1oAgEJz/AKb07mvDjvzseiteDkM8fwB87nDytCkHQ=</latexit>  = 4

<latexit sha1_base64="r6qgs2FAU+R+EPwljrQF54RM/fc=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYiJ4CrtR0IsQ9OIxgnlgsoTeyWwyZHZ2mJkVQshfePGgiFf/xpt/4yTZgyYWNBRV3XR3hZIzbTzv21lZXVvf2Mxt5bd3dvf2CweHDZ2kitA6SXiiWiFqypmgdcMMpy2pKMYhp81weDv1m09UaZaIBzOSNIixL1jECBorPZY6Q5QSry9K3ULRK3szuMvEz0gRMtS6ha9OLyFpTIUhHLVu+540wRiVYYTTSb6TaiqRDLFP25YKjKkOxrOLJ+6pVXpulChbwrgz9ffEGGOtR3FoO2M0A73oTcX/vHZqoqtgzIRMDRVkvihKuWsSd/q+22OKEsNHliBRzN7qkgEqJMaGlLch+IsvL5NGpeyflyv3lWL1JosjB8dwAmfgwyVU4Q5qUAcCAp7hFd4c7bw4787HvHXFyWaO4A+czx9MTZAC</latexit>

x[1]
<latexit sha1_base64="G4qQjwHB5qu/snoWuKUhnnxkpFg=">AAAB7XicbVA9T8MwEL2Ur1K+CowsFi0SU5WUAcYKFsYi0Q8pjSrHdVpTx45sB1FF/Q8sDCDEyv9h49/gthmg5UknPb13p7t7YcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8tUEdoikkvVDbGmnAnaMsxw2k0UxXHIaScc38z8ziNVmklxbyYJDWI8FCxiBBsrtatPvhdU++WKW3PnQKvEy0kFcjT75a/eQJI0psIQjrX2PTcxQYaVYYTTaamXappgMsZD6lsqcEx1kM2vnaIzqwxQJJUtYdBc/T2R4VjrSRzazhibkV72ZuJ/np+a6CrImEhSQwVZLIpSjoxEs9fRgClKDJ9Ygoli9lZERlhhYmxAJRuCt/zyKmnXa95FrX5XrzSu8ziKcAKncA4eXEIDbqEJLSDwAM/wCm+OdF6cd+dj0Vpw8plj+APn8wdyRI5h</latexit>

x[2]
<latexit sha1_base64="+kGcMsx6YZr6dnzaJZGSu+hJC/s=">AAAB7XicbVA9T8MwEL2Ur1K+CowsFi0SU5WEAcYKFsYi0Q8pjSrHdVtTx45sB1FF/Q8sDCDEyv9h49/gthmg5UknPb13p7t7UcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRS8tUEdokkkvVibCmnAnaNMxw2kkUxXHEaTsa38z89iNVmklxbyYJDWM8FGzACDZWalWfAj+s9soVt+bOgVaJl5MK5Gj0yl/dviRpTIUhHGsdeG5iwgwrwwin01I31TTBZIyHNLBU4JjqMJtfO0VnVumjgVS2hEFz9fdEhmOtJ3FkO2NsRnrZm4n/eUFqBldhxkSSGirIYtEg5chINHsd9ZmixPCJJZgoZm9FZIQVJsYGVLIheMsvr5KWX/Muav6dX6lf53EU4QRO4Rw8uIQ63EIDmkDgAZ7hFd4c6bw4787HorXg5DPH8AfO5w9zyo5i</latexit>

x[1]
<latexit sha1_base64="G4qQjwHB5qu/snoWuKUhnnxkpFg=">AAAB7XicbVA9T8MwEL2Ur1K+CowsFi0SU5WUAcYKFsYi0Q8pjSrHdVpTx45sB1FF/Q8sDCDEyv9h49/gthmg5UknPb13p7t7YcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8tUEdoikkvVDbGmnAnaMsxw2k0UxXHIaScc38z8ziNVmklxbyYJDWI8FCxiBBsrtatPvhdU++WKW3PnQKvEy0kFcjT75a/eQJI0psIQjrX2PTcxQYaVYYTTaamXappgMsZD6lsqcEx1kM2vnaIzqwxQJJUtYdBc/T2R4VjrSRzazhibkV72ZuJ/np+a6CrImEhSQwVZLIpSjoxEs9fRgClKDJ9Ygoli9lZERlhhYmxAJRuCt/zyKmnXa95FrX5XrzSu8ziKcAKncA4eXEIDbqEJLSDwAM/wCm+OdF6cd+dj0Vpw8plj+APn8wdyRI5h</latexit>

`(ŷ,�1) = [1 + ŷ]+
<latexit sha1_base64="XZifSA0ZLb55QFNLOcG35WxZP6g=">AAACEHicbVDLSsNAFJ3UV62vqEs3g61YqZakLnQjFN24rGAfkMQymU7boZNJmJkIIeQT3Pgrblwo4talO//GpM1CqwcuHM65l3vvcQNGpTKML62wsLi0vFJcLa2tb2xu6ds7HemHApM29pkvei6ShFFO2ooqRnqBIMhzGem6k6vM794TIanPb1UUEMdDI06HFCOVSn39sGITxqr2GKk4So5PzCN4AaFl1uJcSpy7WgWW+nrZqBtTwL/EzEkZ5Gj19U974OPQI1xhhqS0TCNQToyEopiRpGSHkgQIT9CIWCnlyCPSiacPJfAgVQZw6Iu0uIJT9edEjDwpI89NOz2kxnLey8T/PCtUw3MnpjwIFeF4tmgYMqh8mKUDB1QQrFiUEoQFTW+FeIwEwirNMAvBnH/5L+k06uZpvXHTKDcv8ziKYA/sgyowwRlogmvQAm2AwQN4Ai/gVXvUnrU37X3WWtDymV3wC9rHN410ml8=</latexit>

`(ŷ, 1) = [1� ŷ]+
<latexit sha1_base64="HkNfDiAMCcEu/m0RLzRWMsJrs2I=">AAACFnicbVDLSsNAFJ3UV62vqEs3g61Q0ZakLnQjFN24rGAf0MRyM522QycPZiZCCfkKN/6KGxeKuBV3/o1Jm4W2HrhwOOde7r3HCTiTyjC+tdzS8srqWn69sLG5tb2j7+61pB8KQpvE577oOCApZx5tKqY47QSCgutw2nbG16nffqBCMt+7U5OA2i4MPTZgBFQi9fRKyaKcl60RqGgSn5rH+BJjawxBALhrVqLMiO37kxIu9PSiUTWmwIvEzEgRZWj09C+r75PQpZ4iHKTsmkag7AiEYoTTuGCFkgZAxjCk3YR64FJpR9O3YnyUKH088EVSnsJT9fdEBK6UE9dJOl1QIznvpeJ/XjdUgws7Yl4QKuqR2aJByLHycZoR7jNBieKThAARLLkVkxEIICpJMg3BnH95kbRqVfOsWrutFetXWRx5dIAOURmZ6BzV0Q1qoCYi6BE9o1f0pj1pL9q79jFrzWnZzD76A+3zB1tunPk=</latexit>

true 
negative

false 
Positive

false 
negative

true 
positive



Probabilistic interpretation of logistic regression

•   
 
 
 
 
 
 
when using sigmoid loss that is trained with a linear model


• They are 

• Non-negative  

• sum to one, and 

• they measure how likely it is that the point x has label +1 (or 

-1) respectively

• One can view it as an estimation of the probability


•
!36

When  = 1, we get the following losses for each data point x
<latexit sha1_base64="lLtTt4FZvgTk6fBrJjLHV+XZyJU="></latexit>

(
1

1 + e�wT x
| {z }

`(ŷ,�1)

,
1

1 + ewT x
| {z }

`(ŷ,1)

)

<latexit sha1_base64="ZmyUh5uTS/nWXFsRWdArGIKpNQY="></latexit>

(P(yi = +1|x),P(yi = �1|x))
<latexit sha1_base64="q6umeqD1b/mlm4ZbhMsaKWwP4EM=">AAACGXicbZC9TsMwFIWd8lfKX4CRxaJFagVUSRlgQapgYSwSbZHaKHJct7XqOJHtIKLQ12DhVVgYQIgRJt4Gp80ALUeydPTde+V7jxcyKpVlfRu5hcWl5ZX8amFtfWNzy9zeackgEpg0ccACceshSRjlpKmoYuQ2FAT5HiNtb3SZ1tt3REga8BsVh8Tx0YDTPsVIaeSaVqmcdH2khp4HG+Ny7NLzQ/vhvnIEZ/Fxiisl1yxaVWsiOG/szBRBpoZrfnZ7AY58whVmSMqObYXKSZBQFDMyLnQjSUKER2hAOtpy5BPpJJPLxvBAkx7sB0I/ruCE/p5IkC9l7Hu6M91WztZS+F+tE6n+mZNQHkaKcDz9qB8xqAKYxgR7VBCsWKwNwoLqXSEeIoGw0mEWdAj27MnzplWr2ifV2nWtWL/I4siDPbAPysAGp6AOrkADNAEGj+AZvII348l4Md6Nj2lrzshmdsEfGV8/f22eFg==</latexit>



Probabilistic interpretation of logistic regression

• Then taking the sign of the linear predictor to make final 
decision is simply taking a label that is more likely:


• and logistic regression can be interpreted as  
Maximum Likelihood Estimator under the probabilistic 
model with sigmoid function:


•

!37

ˆ̂y = sign(wTx)
<latexit sha1_base64="/esBkKfhaAgT3L/PKJZiUMZ1ueA=">AAACC3icbVC7TsMwFHXKq5RXgJHFaotUliopAyxIFSyMRepLakrluE5r1XYi2wGqKDsLv8LCAEKs/AAbf4P7GKDlSPfq6Jx7Zd/jR4wq7TjfVmZldW19I7uZ29re2d2z9w+aKowlJg0cslC2faQIo4I0NNWMtCNJEPcZafmjq4nfuiNS0VDU9TgiXY4GggYUI22knp0vekOkk2kbpym8gIknOVR0INLS/W394aTYswtO2ZkCLhN3TgpgjlrP/vL6IY45ERozpFTHdSLdTZDUFDOS5rxYkQjhERqQjqECcaK6yfSWFB4bpQ+DUJoSGk7V3xsJ4kqNuW8mOdJDtehNxP+8TqyD825CRRRrIvDsoSBmUIdwEgzsU0mwZmNDEJbU/BXiIZIIaxNfzoTgLp68TJqVsntartxUCtXLeRxZcATyoARccAaq4BrUQANg8AiewSt4s56sF+vd+piNZqz5ziH4A+vzB/aMmlc=</latexit>

ˆ̂y =

⇢
+1 1

1+e�wT x
> 1

1+ewT x

�1 otherwise
<latexit sha1_base64="BOaJvrypPv5OWqZBve+MePN+X9A="></latexit>

()
<latexit sha1_base64="+VIJOUBrwODd9/sLFiSor9y4Sas=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJS7AVPJWkHvRY9OLBQwX7AW0om+0mXbrZDbsTpYSCf8WLB0W8+ju8+W/ctjlo64OBx3szzMwLEs40uO63VVhZXVvfKG6WtrZ3dvfs/YOWlqkitEkkl6oTYE05E7QJDDjtJIriOOC0HYyup377gSrNpLiHcUL9GEeChYxgMFLfPqr0bqWIOA1BsWgIWCn5WOnbZbfqzuAsEy8nZZSj0be/egNJ0pgKIBxr3fXcBPwMK2CE00mpl2qaYDLCEe0aKnBMtZ/Nzp84p0YZOKFUpgQ4M/X3RIZjrcdxYDpjDEO96E3F/7xuCuGlnzGRpEAFmS8KU+6AdKZZOAOmKAE+NgQTxcytDhlihQmYxEomBG/x5WXSqlW982rtrlauX+VxFNExOkFnyEMXqI5uUAM1EUEZekav6M16sl6sd+tj3lqw8plD9AfW5w85qJWn</latexit>

(
1

1 + e�wT x
| {z }
P(yi=+1|xi)

,
1

1 + ewT x
| {z }
P(yi=�1|xi)

)

<latexit sha1_base64="v2hVfOx7Dflcc3ic2iErTr3IKFw="></latexit>



Maximum Likelihood Estimator (MLE)
• model:


• log-likelihood on a data point (xi,yi): 


• Maximum Likelihood Estimator is the one that maximizes the sum of all 
likelihoods on training data points


• Notice that this is exactly the logistic regression without any 
regularizers and with k=1

!38

minimizew L(w) =
1

N

⇣ X

i:yi=�1

log(1 + eŷi) + 
X

i:yi=1

log(1 + e�ŷi)
⌘

<latexit sha1_base64="VQNVnzx4OEmWFUI4GZeqNbUwk7g="></latexit>

(
1

1 + e�wT x
| {z }
P(yi=+1|xi)

,
1

1 + ewT x
| {z }
P(yi=�1|xi)

)

<latexit sha1_base64="v2hVfOx7Dflcc3ic2iErTr3IKFw="></latexit>

maximizew
P

i:yi=�1 log
⇣

1
1+eŷi

⌘
+
P

i:yi=1 log
⇣

1
1+e�ŷi

⌘

<latexit sha1_base64="3u9TVA9gEVgJRW0NGLZ/psrau8w="></latexit>

log-likelihood = log
⇣
P(yi|xi)

⌘
=

8
<

:
log

⇣
1

1+e�wT xi

⌘
if yi = +1

log
⇣

1
1+ew

T xi

⌘
if yi = �1

<latexit sha1_base64="t04mqFqc4+8EsIhlCFAAwRo3moE="></latexit>


