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In [1. Regression|, we studied linear regression with 1.2 loss:

N 2
minimize,, Z ( Us — yz)
i=1 v

linear model:w? h(x;)

quality metric: quadratic loss (i.e. L2 loss, squared loss)
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2
minimize,, Z ( U — yz)

1=1
linear model:w?® h(x;)
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quality metric: quadratic loss (i.e. L2 loss, squared loss)

In [2. Validation|, we studied tradeoffs between test error, training error,
sample size, model complexity; and cross validation:
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This lecture...

MINIMIZE,, E D (

N

1=1

Ui yz)
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wh h(x;)

generic loss

* we study generic loss defined by the penalty function
p(J —y)

for example

L2 loss: p(y — y)
L1 loss: p(y — y)
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Loss and penalty functions

e |n training a linear model, we minimize an average loss:

1 n
L = — Y L(w' i,y
(w) n; (w” x4, yi)
b= Ui
* here, Z@ay) IS called the , and penalizes the

deviation between the predicted value ¢ and the observed value ¥

e so far, we use L2 or quadratic loss
~ ~ 2
(y,y) = (9—y)
e Typically we use loss function of the form

p(J — )
where p() is called the

A

e e=yY — Y Iscalledthe or



Predictor and choice of penalty function

* (Choice of penalty function depends on how you want to penalize large, small,
positive, hegative errors

e Different choice of penalty functions yield different predictor parameters w

: ~ o2 Pled=|el.
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e Square penalty (a.k.a. L2 loss) is very large for large error, and very small for small
Absolute penalty (a.k.a. L1 loss) is smaller for large error, and larger for small error



* Choice of penalty function the histogram of prediction errors:

Blue bars are the histogram
of errors after training

{1 —v1, - ,UN — YN}

Red line shows
the penalty function of
L2 loss: p(e) = e?
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* Choice of penalty function the histogram of prediction errors:
{91 =91, YN — YN}

* p(e) can be asymmetric, in which case we care more about
over-estimating or under-estimating
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e |arger slope on the positive

side means we penalize
over-estimation heavily
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* Choice of penalty function the histogram of prediction errors:
{91 =91, YN — YN}

* p(e) can be asymmetric, in which case we care more about
over-estimating or under-estimating

-1.0 -0.5 0.0 0.5 10 0 ! 4 b 8 10
€i = Yi — Ui
e |arger slope on the negative
side means we penalize
under-estimation heavily
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Robust fitting

e Commonly, a few data points are ‘way off’ in real datasets

 Even just a few outliers in a data set can make prediction
poor

e one simple method for fighting outliers
1. Train a predictor
e 2. Flag data points with large prediction errors as outliers
e 3. Remove them from data set and retrain

e We want a principled method that can fight outliers
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Robust penalty function

We say a penalty function is if it has low sensitivity
to outliers

Robust penalty functions grow more slowly compared to
the typical square penalty function

This allows the predictor to tolerate a few large prediction
errors (presumably for the outliers)

So they handle outliers more gracefully

For example, a robust predictor might fit 98% of the
data very well

Whereas a square penalty might try to fit 100% of data
well (and fail if there are outliers)
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e The penalty function is hﬁ:’({fr | &57

e’ if le] < a Afferenrl.lfe

ple) = { a(2le| —a) if |e

* ais a parameter one can choose \%__.«m—*&% U

* |t is quadratic for small e and linear for large e
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Huber loss

* Linear growth for large r makes it less sensitive to outliers

e Quadratic e Huber
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Log Huber

 Quadratic for small r, logarithmic for large r

ple) =

(

\

62

a’(1 — 2log(a) + log(e?))

 Diminishing incremental penalty for large e

®* non-convex
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* Log Huber is even less sensitive to outliers than Huber

e Huber

e |.og Huber
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Quantile regression



Properties of absolute penalty

e Consider the absolute penalty p(e) = |e|
* And consider a constant predictor of the form h(x)=1

* Then the best constant predictor for absolute penalty is
the solution of the following minimization

MINIMIZE,,, % szil 'wo — Y

the optimal solution of this minimization
(which is the best predictor for this loss and this model) is

| :& = Wy = median({y1,"' 7yN})
e mathematically,

thiS fOIIOWS from . —— absolute penalty

0.08 1

0.06 1
0.04 4
0.02 1

0.00 .- - .. N u Nl e N
20 -100 -0.75 -050 -025 000 025 050 075 100

dio Zf\;l lwo — Y| = (# ol y's < wo) — (# of y’'s > wo)




cf. the best constant predictor with square loss is

Nagh
|

wo = mean({y1, - ,Yn}) Zyz

e mathematically, this follows from

01751 sample y
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Tilted absolute penalty

for some O<t<1

Nawme

e
Ke) = tle]T + (1 =t)e]” = (1/2)|e] + (t — 1/2)e

where [e]* = max(0,e) and [e]- = max(0,-¢e)

 t=0.5: equal penalty for over- and under-estimating
e t=0.1: 9x more penalty for under estimating

e t=0.9: 9x more penalty for over-estimating
ptlt(e)
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Tilted absolute penalty

.t =0.1

# of outcomes
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for tilted absolute penalty with ¢,
the best constant predictor minimize

e (Wo — yi)

minimize, ~ 21\1:1 D
optimal when fration ¢ of training data satisfies wg < y;
t-quantile of training residual is zero

y = wy = the (1 —t)—quantile of {y1,...,yn}
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Quantile regression

tlt(A

* Quantile regression uses the loss with  p***(y; — y;)

e But with general regression models (not necessarily a
constant model)

* In general, the resulting t-quantile of residual errors is zero

e Hence the name quantile regression
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Example: quantile regression
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e Fit training data with penalty function: ptlt(??z' — Y;)

e Consider t=0.1, 0.5, 0.9
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Example: guantile regression

t=0.1
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Example: quantile regression

e t-quantile of the error (a.k.a. residual) is zero

cumulative fraction
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