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<latexit sha1_base64="hvBoF5h5uR2LG0ut4lMaEFNrlLM=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFhPBKtzFQsuAjWVE8wHJEfY2m2TJ3t6xOyccR36CjYUitv4iO/+Nm+QKTXww8Hhvhpl5QSyFQdf9dgobm1vbO8Xd0t7+weFR+fikbaJEM95ikYx0N6CGS6F4CwVK3o01p2EgeSeY3s79zhPXRkTqEdOY+yEdKzESjKKVHqppdVCuuDV3AbJOvJxUIEdzUP7qDyOWhFwhk9SYnufG6GdUo2CSz0r9xPCYsikd856liobc+Nni1Bm5sMqQjCJtSyFZqL8nMhoak4aB7QwpTsyqNxf/83oJjm78TKg4Qa7YctEokQQjMv+bDIXmDGVqCWVa2FsJm1BNGdp0SjYEb/XlddKu17yrWv2+Xmk08jiKcAbncAkeXEMD7qAJLWAwhmd4hTdHOi/Ou/OxbC04+cwp/IHz+QOfi41Z</latexit>

x
<latexit sha1_base64="SA3OFMuv+cjJ4ea4NbMJ9Maec3g=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsstCSxscQoYAIXsrfMwYa9vcvunpFc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSATXxnW/ncLa+sbmVnG7tLO7t39QPjxq6zhVDFssFrF6CKhGwSW2DDcCHxKFNAoEdoLx9czvPKLSPJb3ZpKgH9Gh5CFn1FjprvpU7Zcrbs2dg6wSLycVyNHsl796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwis/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdKu17yLWv22Xmk08jiKcAKncA4eXEIDbqAJLWAwhGd4hTdHOC/Ou/OxaC04+cwx/IHz+QOeBo1Y</latexit> ŷ

<latexit sha1_base64="NOtFbCySmaz5THWHFtHl7pHeqIg=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tDhPBKtzFQsuAjWUE8yHJEfY2e8mS3b1jd04IR36FjYUitv4cO/+Nm+QKTXww8Hhvhpl5YSK4Qc/7dgobm1vbO8Xd0t7+weFR+fikbeJUU9aisYh1NySGCa5YCzkK1k00IzIUrBNObud+54lpw2P1gNOEBZKMFI84JWilx2p/TDCbzqqDcsWreQu468TPSQVyNAflr/4wpqlkCqkgxvR8L8EgIxo5FWxW6qeGJYROyIj1LFVEMhNki4Nn7oVVhm4Ua1sK3YX6eyIj0pipDG2nJDg2q95c/M/rpRjdBBlXSYpM0eWiKBUuxu78e3fINaMoppYQqrm91aVjoglFm1HJhuCvvrxO2vWaf1Wr39crjUYeRxHO4BwuwYdraMAdNKEFFCQ8wyu8Odp5cd6dj2VrwclnTuEPnM8fbRCQJg==</latexit>

f
<latexit sha1_base64="1BY1I1n/EGX6x8JNhh+lPlv2kMI=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFhPBKtzFQsuAjWVE8wHJEfY2e8mSvb1jd04IR36CjYUitv4iO/+Nm+QKTXww8Hhvhpl5QSKFQdf9dgobm1vbO8Xd0t7+weFR+fikbeJUM95isYx1N6CGS6F4CwVK3k00p1EgeSeY3M79zhPXRsTqEacJ9yM6UiIUjKKVHqphdVCuuDV3AbJOvJxUIEdzUP7qD2OWRlwhk9SYnucm6GdUo2CSz0r91PCEsgkd8Z6likbc+Nni1Bm5sMqQhLG2pZAs1N8TGY2MmUaB7Ywojs2qNxf/83ophjd+JlSSIldsuShMJcGYzP8mQ6E5Qzm1hDIt7K2EjammDG06JRuCt/ryOmnXa95VrX5frzQaeRxFOINzuAQPrqEBd9CEFjAYwTO8wpsjnRfn3flYthacfOYU/sD5/AGCrI1G</latexit>
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<latexit sha1_base64="btZlbj0jQHvcIeOkyAi5dCQr5r8=">AAACKHicbZDLSsNAFIYnXmu8VV26CRahbkpSBd1Z1IXLCvYCTQiTyWk7dDIJM5PSEvo4bnwVNyKKdOuTOL0g2vrDwMd/zmHO+YOEUalse2ysrK6tb2zmtsztnd29/fzBYV3GqSBQIzGLRTPAEhjlUFNUMWgmAnAUMGgEvdtJvdEHIWnMH9UwAS/CHU7blGClLT9/7QbQoTwLIqwEHYzMrm8XB2euq8GZgdsPYyWnzp12TBd4+NPv5wt2yZ7KWgZnDgU0V9XPv7lhTNIIuCIMS9ly7ER5GRaKEgYj000lJJj0cAdaGjmOQHrZ9NCRdaqd0GrHQj+urKn7eyLDkZTDKNCder+uXKxNzP9qrVS1r7yM8iRVwMnso3bKLBVbk9SskAogig01YCKo3tUiXSwwUTpbU4fgLJ68DPVyyTkvlR8uCpWbeRw5dIxOUBE56BJV0D2qohoi6Am9oHf0YTwbr8anMZ61rhjzmSP0R8bXN8VwpTI=</latexit>

In [1. Regression], we studied linear regression with L2 loss:

minimizew

NX

i=1

⇣
ŷi|{z}

linear model:wTh(xi)

� yi
⌘2

| {z }
quality metric: quadratic loss (i.e. L2 loss, squared loss)

<latexit sha1_base64="mjTmx55GBKhg67DspNUQEzuR05Q="></latexit>

Recap
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Recap

In [2. Validation], we studied tradeo↵s between test error, training error,
sample size, model complexity; and cross validation:

<latexit sha1_base64="Ryp2C7pfu48EasDcpguW2x698oM="></latexit>

minimizew

NX

i=1

⇣
ŷi|{z}

linear model:wTh(xi)

� yi
⌘2

| {z }
quality metric: quadratic loss (i.e. L2 loss, squared loss)

<latexit sha1_base64="FMW5Hi7NXfQv8VhjjO0Irj22G8E="></latexit>
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Recap

In [3. Regularization], we studied Ridge regression:
<latexit sha1_base64="KHgtIG0T8zSfkwPKTkuO0QAP3EM="></latexit>

minimizew

NX

i=1

⇣
ŷi|{z}

wTh(xi)

� yi
⌘2

| {z }
L2 loss

+ � r(w)|{z}
kwk2=

Pd
j=1 w2

j

<latexit sha1_base64="SlXmh2+u6uNbOW6EvJuMe45RVQo="></latexit>



!5

Recap

In [4. Non-quadratic Regularization], we studied Lasso regression:
<latexit sha1_base64="ZqCZWOQjhVYuHwSRFTX5HVARmVA="></latexit>

minimizew

NX

i=1

⇣
ŷi|{z}

wTh(xi)

� yi
⌘2

| {z }
L2 loss

+ � r(w)|{z}
kwk1=

Pd
j=1 |wj |

<latexit sha1_base64="IeseojyZw0wvdf952iAX/u4wxBI="></latexit>



This lecture…

• we study generic loss defined by the penalty function
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minimizew

NX

i=1

p
⇣

ŷi|{z}
wTh(xi)

� yi
⌘

| {z }
generic loss

<latexit sha1_base64="EQ4U9NFJYvtPNHHsu4fnL37Q5aQ="></latexit>

p(ŷ � y)
<latexit sha1_base64="DQncIPQNsPM/hoFOGBhi5Seqsyg=">AAAB9XicbVDLTgJBEOzFF+IL9ehlIpjgQbKLBz0SvXjERB4JIJkdZmHC7CMzvZrNhv/w4kFjvPov3vwbB9iDopV0UqnqTneXG0mh0ba/rNzK6tr6Rn6zsLW9s7tX3D9o6TBWjDdZKEPVcanmUgS8iQIl70SKU9+VvO1Ormd++4ErLcLgDpOI9306CoQnGEUj3ZejSm9MMU2mZ8lpeVAs2VV7DvKXOBkpQYbGoPjZG4Ys9nmATFKtu44dYT+lCgWTfFroxZpHlE3oiHcNDajPdT+dXz0lJ0YZEi9UpgIkc/XnREp9rRPfNZ0+xbFe9mbif143Ru+yn4ogipEHbLHIiyXBkMwiIEOhOEOZGEKZEuZWwsZUUYYmqIIJwVl++S9p1arOebV2WyvVr7I48nAEx1ABBy6gDjfQgCYwUPAEL/BqPVrP1pv1vmjNWdnMIfyC9fENWTeRwQ==</latexit>

for example
L2 loss: p(ŷ � y) = (ŷ � y)2

L1 loss: p(ŷ � y) = | ŷ � y |
<latexit sha1_base64="xqeTTa+mbpYHXXzWum1FuMA4dvk="></latexit>

p(e) = |e|
<latexit sha1_base64="LThLn6B/tYOLUgGJnvJkuTO9vvM=">AAAB9HicbVBNT8JAEN36ifiFevSyEUzwQlo86MWE6MUjJvKRQEO2yxQ2bLd1d0tCCr/DiweN8eqP8ea/cQs9KPiSSV7em8nMPC/iTGnb/rbW1jc2t7ZzO/ndvf2Dw8LRcVOFsaTQoCEPZdsjCjgT0NBMc2hHEkjgcWh5o7vUb41BKhaKRz2JwA3IQDCfUaKN5JaiMlzgGzyFaSnfKxTtij0HXiVORoooQ71X+Or2QxoHIDTlRKmOY0faTYjUjHKY5buxgojQERlAx1BBAlBuMj96hs+N0sd+KE0Jjefq74mEBEpNAs90BkQP1bKXiv95nVj7127CRBRrEHSxyI851iFOE8B9JoFqPjGEUMnMrZgOiSRUm5zSEJzll1dJs1pxLivVh2qxdpvFkUOn6AyVkYOuUA3dozpqIIqe0DN6RW/W2Hqx3q2PReualc2coD+wPn8ACPqQUA==</latexit>

p(e) = e2
<latexit sha1_base64="GNz+kqpBpOamL+vT3BCNWyfchls=">AAAB9HicbVBNT8JAEN3iF+IX6tHLRjDBC2nrQS8mRC8eMZGPBCrZLlPYsN3W3S0JIfwOLx40xqs/xpv/xi30oOBLJnl5byYz8/yYM6Vt+9vKra1vbG7ltws7u3v7B8XDo6aKEkmhQSMeybZPFHAmoKGZ5tCOJZDQ59DyR7ep3xqDVCwSD3oSgxeSgWABo0QbySvHFTjH1xge3XKhVyzZVXsOvEqcjJRQhnqv+NXtRzQJQWjKiVIdx461NyVSM8phVugmCmJCR2QAHUMFCUF50/nRM3xmlD4OImlKaDxXf09MSajUJPRNZ0j0UC17qfif10l0cOVNmYgTDYIuFgUJxzrCaQK4zyRQzSeGECqZuRXTIZGEapNTGoKz/PIqabpV56Lq3rul2k0WRx6doFNUQQ66RDV0h+qogSh6Qs/oFb1ZY+vFerc+Fq05K5s5Rn9gff4AakaP6A==</latexit>

p(e)
<latexit sha1_base64="J4XVMQUGLT6XtFocIoIRYgfjQ7k=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFhMhNuEuFloGbSwjmA9IjrC32UuW7O0tu3tCOPIjbCwUsfX32Plv3Euu0MQHA4/3ZpiZF0jOtHHdb6ewsbm1vVPcLe3tHxwelY9POjpOFKFtEvNY9QKsKWeCtg0znPakojgKOO0G07vM7z5RpVksHs1MUj/CY8FCRrCxUrcqa/SyWhqWK27dXQCtEy8nFcjRGpa/BqOYJBEVhnCsdd9zpfFTrAwjnM5Lg0RTickUj2nfUoEjqv10ce4cXVhlhMJY2RIGLdTfEymOtJ5Fge2MsJnoVS8T//P6iQlv/JQJmRgqyHJRmHBkYpT9jkZMUWL4zBJMFLO3IjLBChNjE8pC8FZfXiedRt27qjceGpXmbR5HEc7gHGrgwTU04R5a0AYCU3iGV3hzpPPivDsfy9aCk8+cwh84nz9N1446</latexit>

e
<latexit sha1_base64="MsevAZK2z99Vm+km1Y6DKnwR9oE=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFhPBKtzFQsugjWUE8wHJEfY2k2TJ7t6xuyeEI3/BxkIRW/+Qnf/Gu+QKTXww8Hhvhpl5QSS4sa777RQ2Nre2d4q7pb39g8Oj8vFJ24SxZthioQh1N6AGBVfYstwK7EYaqQwEdoLpXeZ3nlAbHqpHO4vQl3Ss+IgzajOpitXSoFxxa+4CZJ14OalAjuag/NUfhiyWqCwT1Jie50bWT6i2nAmcl/qxwYiyKR1jL6WKSjR+srh1Ti5SZUhGoU5LWbJQf08kVBozk0HaKamdmFUvE//zerEd3fgJV1FsUbHlolEsiA1J9jgZco3MillKKNM8vZWwCdWU2TSeLARv9eV10q7XvKta/aFeadzmcRThDM7hEjy4hgbcQxNawGACz/AKb450Xpx352PZWnDymVP4A+fzB7Z+jVs=</latexit>



Loss and penalty functions
• In training a linear model, we minimize an average loss:


• here,              is called the loss function, and penalizes the 
deviation between the predicted value     and the observed value


• so far, we use L2 or quadratic loss


• Typically we use loss function of the form 
 
 
where p( ) is called the penalty function 

• e=               Is called the residual or prediction error
!7

L(w) =
1

n

nX

i=1

`(wTxi| {z }
ŷi

, yi)

<latexit sha1_base64="/dx7S74q3zCwGSznoA+hgvDd4l4="></latexit>

`(ŷ, y)
<latexit sha1_base64="g6NowyO1DCwaSYMnGZj/dd/uLro=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEIFaQkVdBj0YvHCvYDmlA22227dLMJuxMhhv4SLx4U8epP8ea/cdvmoK0PBh7vzTAzL4gF1+A431ZhbX1jc6u4XdrZ3dsv2weHbR0lirIWjUSkugHRTHDJWsBBsG6sGAkDwTrB5Hbmdx6Z0jySD5DGzA/JSPIhpwSM1LfLHhOi6o0JZOn0PD3r2xWn5syBV4mbkwrK0ezbX94goknIJFBBtO65Tgx+RhRwKti05CWaxYROyIj1DJUkZNrP5odP8alRBngYKVMS8Fz9PZGRUOs0DExnSGCsl72Z+J/XS2B47WdcxgkwSReLhonAEOFZCnjAFaMgUkMIVdzciumYKELBZFUyIbjLL6+Sdr3mXtTq95eVxk0eRxEdoxNURS66Qg10h5qohShK0DN6RW/Wk/VivVsfi9aClc8coT+wPn8AUu6S3g==</latexit>

ŷ
<latexit sha1_base64="MIQRtRNu2AtbSlq9aOk2tkcIifM=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGC/YA2lM120y7dbMLuRAihP8KLB0W8+nu8+W/ctjlo64OBx3szzMwLEikMuu63s7a+sbm1Xdop7+7tHxxWjo7bJk414y0Wy1h3A2q4FIq3UKDk3URzGgWSd4LJ3czvPHFtRKweMUu4H9GREqFgFK3U6Y8p5tl0UKm6NXcOskq8glShQHNQ+eoPY5ZGXCGT1Jie5ybo51SjYJJPy/3U8ISyCR3xnqWKRtz4+fzcKTm3ypCEsbalkMzV3xM5jYzJosB2RhTHZtmbif95vRTDGz8XKkmRK7ZYFKaSYExmv5Oh0JyhzCyhTAt7K2FjqilDm1DZhuAtv7xK2vWad1mrP1xVG7dFHCU4hTO4AA+uoQH30IQWMJjAM7zCm5M4L86787FoXXOKmRP4A+fzB7MPj84=</latexit>

y
<latexit sha1_base64="mEcz1FLhuG1BpP6c5hi50qAIJ0g=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5qRfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqq15mWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f6QuNAQ==</latexit>

`(ŷ, y) = (ŷ � y)2
<latexit sha1_base64="TrAEa1S/E6g6e5dh+nLzjgIHigM=">AAACDHicbVDLSgMxFL1TX7W+qi7dBIvQgpaZKigUoejGZQX7gM5YMmmmDc08SDLCMPQD3Pgrblwo4tYPcOffmD4ErR4IHM45l5t73IgzqUzz08gsLC4tr2RXc2vrG5tb+e2dpgxjQWiDhDwUbRdLyllAG4opTtuRoNh3OW25w8ux37qjQrIwuFFJRB0f9wPmMYKVlrr5gk05L9oDrNJkdJiUkF09t6voWzlKSrcVnTLL5gToL7FmpAAz1Lv5D7sXktingSIcS9mxzEg5KRaKEU5HOTuWNMJkiPu0o2mAfSqddHLMCB1opYe8UOgXKDRRf06k2Jcy8V2d9LEayHlvLP7ndWLlnTkpC6JY0YBMF3kxRypE42ZQjwlKFE80wUQw/VdEBlhgonR/OV2CNX/yX9KslK3jcuX6pFC7mNWRhT3YhyJYcAo1uII6NIDAPTzCM7wYD8aT8Wq8TaMZYzazC79gvH8BVa6Z4g==</latexit>

p(ŷ � y)
<latexit sha1_base64="xC0TK1Z75is1BE+K0d09+O5oGEw=">AAAB83icbVBNSwMxEM3Wr1q/qh69BItQD5bdKuix6MVjBfsB3aVk07QNzWZDMissS/+GFw+KePXPePPfmLZ70NYHA4/3ZpiZFyrBDbjut1NYW9/Y3Cpul3Z29/YPyodHbRMnmrIWjUWsuyExTHDJWsBBsK7SjEShYJ1wcjfzO09MGx7LR0gVCyIyknzIKQEr+arqjwlk6fQiPe+XK27NnQOvEi8nFZSj2S9/+YOYJhGTQAUxpue5CoKMaOBUsGnJTwxThE7IiPUslSRiJsjmN0/xmVUGeBhrWxLwXP09kZHImDQKbWdEYGyWvZn4n9dLYHgTZFyqBJiki0XDRGCI8SwAPOCaURCpJYRqbm/FdEw0oWBjKtkQvOWXV0m7XvMua/WHq0rjNo+jiE7QKaoiD12jBrpHTdRCFCn0jF7Rm5M4L86787FoLTj5zDH6A+fzB5xtkWc=</latexit>

ŷ � y
<latexit sha1_base64="oiXazTUZE6D0x4sXnwxa2yURwec=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4sSRV0GPRi8cK9kPaUDbbbbt0Nwm7EyGE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMviKUw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmijRjDdYJCPdDqjhUoS8gQIlb8eaUxVI3grGt1O/9cS1EVH4gGnMfUWHoRgIRtFKj90RxSydnKe9UtmtuDOQZeLlpAw56r3SV7cfsUTxEJmkxnQ8N0Y/oxoFk3xS7CaGx5SN6ZB3LA2p4sbPZgdPyKlV+mQQaVshkpn6eyKjyphUBbZTURyZRW8q/ud1Ehxc+5kI4wR5yOaLBokkGJHp96QvNGcoU0so08LeStiIasrQZlS0IXiLLy+TZrXiXVSq95fl2k0eRwGO4QTOwIMrqMEd1KEBDBQ8wyu8Odp5cd6dj3nripPPHMEfOJ8//tmQiA==</latexit>



Predictor and choice of penalty function
• Choice of penalty function depends on how you want to penalize large, small, 

positive, negative errors

• Different choice of penalty functions yield different predictor parameters w


• Square penalty (a.k.a. L2 loss) is very large for large error, and very small for small 

• Absolute penalty (a.k.a. L1 loss) is smaller for large error, and larger for small error

!8

p(e)
<latexit sha1_base64="J4XVMQUGLT6XtFocIoIRYgfjQ7k=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFhMhNuEuFloGbSwjmA9IjrC32UuW7O0tu3tCOPIjbCwUsfX32Plv3Euu0MQHA4/3ZpiZF0jOtHHdb6ewsbm1vVPcLe3tHxwelY9POjpOFKFtEvNY9QKsKWeCtg0znPakojgKOO0G07vM7z5RpVksHs1MUj/CY8FCRrCxUrcqa/SyWhqWK27dXQCtEy8nFcjRGpa/BqOYJBEVhnCsdd9zpfFTrAwjnM5Lg0RTickUj2nfUoEjqv10ce4cXVhlhMJY2RIGLdTfEymOtJ5Fge2MsJnoVS8T//P6iQlv/JQJmRgqyHJRmHBkYpT9jkZMUWL4zBJMFLO3IjLBChNjE8pC8FZfXiedRt27qjceGpXmbR5HEc7gHGrgwTU04R5a0AYCU3iGV3hzpPPivDsfy9aCk8+cwh84nz9N1446</latexit>

e
<latexit sha1_base64="MsevAZK2z99Vm+km1Y6DKnwR9oE=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFhPBKtzFQsugjWUE8wHJEfY2k2TJ7t6xuyeEI3/BxkIRW/+Qnf/Gu+QKTXww8Hhvhpl5QSS4sa777RQ2Nre2d4q7pb39g8Oj8vFJ24SxZthioQh1N6AGBVfYstwK7EYaqQwEdoLpXeZ3nlAbHqpHO4vQl3Ss+IgzajOpitXSoFxxa+4CZJ14OalAjuag/NUfhiyWqCwT1Jie50bWT6i2nAmcl/qxwYiyKR1jL6WKSjR+srh1Ti5SZUhGoU5LWbJQf08kVBozk0HaKamdmFUvE//zerEd3fgJV1FsUbHlolEsiA1J9jgZco3MillKKNM8vZWwCdWU2TSeLARv9eV10q7XvKta/aFeadzmcRThDM7hEjy4hgbcQxNawGACz/AKb450Xpx352PZWnDymVP4A+fzB7Z+jVs=</latexit>

L2 loss: p(e) = e2
<latexit sha1_base64="eDy/XzG/9nciXnE95TwMv2DpfkY=">AAAB/XicbVDJSgNBEO1xjXEbl5uXxkSIlzAzHhRBCHrx4CGCWSAZQ0+nJmnSs9DdI8QQ/BUvHhTx6n9482/sSeagiQ8KHu9VUVXPizmTyrK+jYXFpeWV1dxafn1jc2vb3NmtyygRFGo04pFoekQCZyHUFFMcmrEAEngcGt7gKvUbDyAki8I7NYzBDUgvZD6jRGmpY+7fOJhHUp7jYlyC4wu4d4r5jlmwytYEeJ7YGSmgDNWO+dXuRjQJIFSUEylbthUrd0SEYpTDON9OJMSEDkgPWpqGJADpjibXj/GRVrrYj4SuUOGJ+ntiRAIph4GnOwOi+nLWS8X/vFai/DN3xMI4URDS6SI/4VhFOI0Cd5kAqvhQE0IF07di2ieCUKUDS0OwZ1+eJ3WnbJ+UnVunULnM4sihA3SISshGp6iCrlEV1RBFj+gZvaI348l4Md6Nj2nrgpHN7KE/MD5/AMnEktg=</latexit>

L1 loss: p(e) = |e|
<latexit sha1_base64="GWISHfpZ6dZoD/mCxzx3nwi67dw=">AAAB/XicbVDJSgNBEO2JW4zbuNy8NCZCvISZeFAEIejFg4cIZoFkCD2dmqRJz0J3jxAnwV/x4kERr/6HN//GniQHTXxQ8Hiviqp6bsSZVJb1bWSWlldW17LruY3Nre0dc3evLsNYUKjRkIei6RIJnAVQU0xxaEYCiO9yaLiD69RvPICQLAzu1TACxye9gHmMEqWljnlwa2MeSnmBC1ERTi5HMCrkOmbeKlkT4EViz0gezVDtmF/tbkhjHwJFOZGyZVuRchIiFKMcxrl2LCEidEB60NI0ID5IJ5lcP8bHWuliLxS6AoUn6u+JhPhSDn1Xd/pE9eW8l4r/ea1YeedOwoIoVhDQ6SIv5liFOI0Cd5kAqvhQE0IF07di2ieCUKUDS0Ow519eJPVyyT4tle/K+crVLI4sOkRHqIhsdIYq6AZVUQ1R9Iie0St6M56MF+Pd+Ji2ZozZzD76A+PzB2bikz8=</latexit>
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• Choice of penalty function shapes the histogram of prediction errors: 
{ŷ1 � y1, · · · , ŷN � yN}

<latexit sha1_base64="LKdHB2+F2xFQhtFn9xnIXV3whkQ=">AAACE3icbZDLSgMxFIYzXmu9jbp0EyyCSC0zVdBl0Y2rUsFeoDOUTJq2oZkLyRlhGPoObnwVNy4UcevGnW9jpp2Fth5I+Pn+c0jO70WCK7Csb2NpeWV1bb2wUdzc2t7ZNff2WyqMJWVNGopQdjyimOABawIHwTqRZMT3BGt745vMbz8wqXgY3EMSMdcnw4APOCWgUc88dVJnRCBNevbkTF9ljB3aD0GVcc7rGa9jZ9IzS1bFmhZeFHYuSiivRs/8cvohjX0WABVEqa5tReCmRAKngk2KTqxYROiYDFlXy4D4TLnpdKcJPtakjweh1CcAPKW/J1LiK5X4nu70CYzUvJfB/7xuDIMrN+VBFAML6OyhQSwwhDgLCPe5ZBREogWhkuu/YjoiklDQMRZ1CPb8youiVa3Y55Xq3UWpdp3HUUCH6AidIBtdohq6RQ3URBQ9omf0it6MJ+PFeDc+Zq1LRj5zgP6U8fkDVNadLg==</latexit>

1<latexit sha1_base64="1pZRxu3iYW/qn0FEEnyeX5tNceU=">AAAB+3icbVC7TsNAEDzzDOFlQkljESFRRXYooIygoQwSeUiJFZ3P6+SU80N3a5TI8q/QUIAQLT9Cx99wcVxAwkgrjWZ2b2/HSwRXaNvfxsbm1vbObmWvun9weHRsntS6Kk4lgw6LRSz7HlUgeAQd5Cign0igoSeg503vFn7vCaTicfSI8wTckI4jHnBGUUsjszZEmGHxTibBzzMnH5l1u2EXsNaJU5I6KdEemV9DP2ZpCBEyQZUaOHaCbkYlciYgrw5TBQllUzqGgaYRDUG5WbEzty604ltBLHVFaBXq74mMhkrNQ093hhQnatVbiP95gxSDGzfjUZIiRGy5KEiFhbG1CMLyuQSGYq4JZZLrv1psQiVlqOOq6hCc1ZPXSbfZcK4azYdmvXVbxlEhZ+ScXBKHXJMWuSdt0iGMzMgzeSVvRm68GO/Gx7J1wyhnTskfGJ8/55KU/Q==</latexit>

2<latexit sha1_base64="a96fIoci7yP8kA/U+NOZZFT9zqk=">AAAB+3icbVC7TsNAEDzzDOFlQkljESFRRXYooIygoQwSeUiJFZ3P6+SU80N3a5TI8q/QUIAQLT9Cx99wcVxAwkgrjWZ2b2/HSwRXaNvfxsbm1vbObmWvun9weHRsntS6Kk4lgw6LRSz7HlUgeAQd5Cign0igoSeg503vFn7vCaTicfSI8wTckI4jHnBGUUsjszZEmGHxTibBz7NmPjLrdsMuYK0TpyR1UqI9Mr+GfszSECJkgio1cOwE3YxK5ExAXh2mChLKpnQMA00jGoJys2Jnbl1oxbeCWOqK0CrU3xMZDZWah57uDClO1Kq3EP/zBikGN27GoyRFiNhyUZAKC2NrEYTlcwkMxVwTyiTXf7XYhErKUMdV1SE4qyevk26z4Vw1mg/Neuu2jKNCzsg5uSQOuSYtck/apEMYmZFn8krejNx4Md6Nj2XrhlHOnJI/MD5/AOkXlP4=</latexit>

.5
<latexit sha1_base64="lLUlpdyj/yLOgQm6rdVgP0Q7v2w=">AAAB/HicbVDLSgNBEJyNrxhfqzl6GQyCp7AbET0GvXiMYB6QhDA76SRDZh/M9IrLEn/FiwdFvPoh3vwbJ5s9aGJBQ1HVPT1dXiSFRsf5tgpr6xubW8Xt0s7u3v6BfXjU0mGsODR5KEPV8ZgGKQJookAJnUgB8z0JbW96M/fbD6C0CIN7TCLo+2wciJHgDI00sMs9hEfM3kkVDGdp9WI2sCtO1clAV4mbkwrJ0RjYX71hyGMfAuSSad11nQj7KVMouIRZqRdriBifsjF0DQ2YD7qfZktn9NQoQzoKlakAaab+nkiZr3Xie6bTZzjRy95c/M/rxji66qciiGKEgC8WjWJJMaTzJOhQKOAoE0MYV8L8lfIJU4yjyatkQnCXT14lrVrVPa/W7mqV+nUeR5EckxNyRlxySerkljRIk3CSkGfySt6sJ+vFerc+Fq0FK58pkz+wPn8AX9yVOQ==</latexit>

1.5
<latexit sha1_base64="IJ4isdjxiGk4eYMbmGeON6/1Iyg=">AAAB/XicbVDJSgNBEO1xjXEbl5uXxiB4CjMR0WPQi8cIZoFkCD2dStKkZ6G7RoxD8Fe8eFDEq//hzb+xM5mDJj4oeLxX1dX1/FgKjY7zbS0tr6yurRc2iptb2zu79t5+Q0eJ4lDnkYxUy2capAihjgIltGIFLPAlNP3R9dRv3oPSIgrvcByDF7BBKPqCMzRS1z7sIDxg9k6qoDdJ3fL5pGuXnLKTgS4SNyclkqPWtb86vYgnAYTIJdO67ToxeilTKLiESbGTaIgZH7EBtA0NWQDaS7OtE3pilB7tR8pUiDRTf0+kLNB6HPimM2A41PPeVPzPayfYv/RSEcYJQshni/qJpBjRaRS0JxRwlGNDGFfC/JXyIVOMowmsaEJw509eJI1K2T0rV24rpepVHkeBHJFjckpcckGq5IbUSJ1w8kieySt5s56sF+vd+pi1Lln5zAH5A+vzB9bIlXQ=</latexit>

Red line shows
the penalty function of
L2 loss: p(e) = e2

<latexit sha1_base64="yfwfUjUwT1Qryc/kCX2eptO1XV4="></latexit>

ei = ŷi � yi
<latexit sha1_base64="EC5XhxstaWIwpDbBKWj26AlXKks=">AAAB/3icbVBNS8NAEN3Ur1q/ooIXL4ut4MWS1INehKIXjxXsB7QhbLabdulmE3YnQog9+Fe8eFDEq3/Dm//GpM1Bqw8GHu/NMDPPiwTXYFlfRmlpeWV1rbxe2djc2t4xd/c6OowVZW0ailD1PKKZ4JK1gYNgvUgxEniCdb3Jde5375nSPJR3kETMCchIcp9TApnkmgc15nJ8iQdjAmkydflp4vJaxTWrVt2aAf8ldkGqqEDLNT8Hw5DGAZNABdG6b1sROClRwKlg08og1iwidEJGrJ9RSQKmnXR2/xQfZ8oQ+6HKSgKeqT8nUhJonQRe1hkQGOtFLxf/8/ox+BdOymUUA5N0vsiPBYYQ52HgIVeMgkgyQqji2a2YjokiFLLI8hDsxZf/kk6jbp/VG7eNavOqiKOMDtEROkE2OkdNdINaqI0oekBP6AW9Go/Gs/FmvM9bS0Yxs49+wfj4BvV8lMU=</latexit>

Blue bars are the histogram
of errors after training

<latexit sha1_base64="TuyNJPEp4lt7tlMpIMFepPG9klk=">AAACKnicbVDLSgNBEJz17fqKevQyGARPYTce9Bj14lHBqJANoXfSmwzOziwzvUIIfo8Xf8WLB0W8+iHOxhx8FQwUVd3UdKWFko6i6C2YmZ2bX1hcWg5XVtfWN2qbW1fOlFZgWxhl7E0KDpXU2CZJCm8Ki5CnCq/T29PKv75D66TRlzQqsJvDQMtMCiAv9WrHiTZS91FTeKJK5ClYx8EipyHyoc83Awt5koQm42itqdyM0HKyILXUg7BXq0eNaAL+l8RTUmdTnPdqz0nfiDL3mUKBc504Kqg7BktSKLwPk9JhAeIWBtjxVEOOrjuenHrP97zS55mx/mniE/X7xhhy50Z56idzoKH77VXif16npOyoO5a6KAm1+ArKSsXJ8Ko33pcWBamRJyCs9H/lYggWhC/DVSXEv0/+S66ajfig0bxo1lsn0zqW2A7bZfssZoesxc7YOWszwR7YE3thr8Fj8By8Be9fozPBdGeb/UDw8QkAS6b/</latexit>



!10

• Choice of penalty function shapes the histogram of prediction errors: 

{ŷ1 � y1, · · · , ŷN � yN}
<latexit sha1_base64="LKdHB2+F2xFQhtFn9xnIXV3whkQ=">AAACE3icbZDLSgMxFIYzXmu9jbp0EyyCSC0zVdBl0Y2rUsFeoDOUTJq2oZkLyRlhGPoObnwVNy4UcevGnW9jpp2Fth5I+Pn+c0jO70WCK7Csb2NpeWV1bb2wUdzc2t7ZNff2WyqMJWVNGopQdjyimOABawIHwTqRZMT3BGt745vMbz8wqXgY3EMSMdcnw4APOCWgUc88dVJnRCBNevbkTF9ljB3aD0GVcc7rGa9jZ9IzS1bFmhZeFHYuSiivRs/8cvohjX0WABVEqa5tReCmRAKngk2KTqxYROiYDFlXy4D4TLnpdKcJPtakjweh1CcAPKW/J1LiK5X4nu70CYzUvJfB/7xuDIMrN+VBFAML6OyhQSwwhDgLCPe5ZBREogWhkuu/YjoiklDQMRZ1CPb8youiVa3Y55Xq3UWpdp3HUUCH6AidIBtdohq6RQ3URBQ9omf0it6MJ+PFeDc+Zq1LRj5zgP6U8fkDVNadLg==</latexit>

• p(e) can be asymmetric, in which case  we care more about  
over-estimating or under-estimating

• Larger slope on the positive 
side means we penalize 
over-estimation heavily

ei = ŷi � yi
<latexit sha1_base64="EC5XhxstaWIwpDbBKWj26AlXKks=">AAAB/3icbVBNS8NAEN3Ur1q/ooIXL4ut4MWS1INehKIXjxXsB7QhbLabdulmE3YnQog9+Fe8eFDEq3/Dm//GpM1Bqw8GHu/NMDPPiwTXYFlfRmlpeWV1rbxe2djc2t4xd/c6OowVZW0ailD1PKKZ4JK1gYNgvUgxEniCdb3Jde5375nSPJR3kETMCchIcp9TApnkmgc15nJ8iQdjAmkydflp4vJaxTWrVt2aAf8ldkGqqEDLNT8Hw5DGAZNABdG6b1sROClRwKlg08og1iwidEJGrJ9RSQKmnXR2/xQfZ8oQ+6HKSgKeqT8nUhJonQRe1hkQGOtFLxf/8/ox+BdOymUUA5N0vsiPBYYQ52HgIVeMgkgyQqji2a2YjokiFLLI8hDsxZf/kk6jbp/VG7eNavOqiKOMDtEROkE2OkdNdINaqI0oekBP6AW9Go/Gs/FmvM9bS0Yxs49+wfj4BvV8lMU=</latexit>

1<latexit sha1_base64="1pZRxu3iYW/qn0FEEnyeX5tNceU=">AAAB+3icbVC7TsNAEDzzDOFlQkljESFRRXYooIygoQwSeUiJFZ3P6+SU80N3a5TI8q/QUIAQLT9Cx99wcVxAwkgrjWZ2b2/HSwRXaNvfxsbm1vbObmWvun9weHRsntS6Kk4lgw6LRSz7HlUgeAQd5Cign0igoSeg503vFn7vCaTicfSI8wTckI4jHnBGUUsjszZEmGHxTibBzzMnH5l1u2EXsNaJU5I6KdEemV9DP2ZpCBEyQZUaOHaCbkYlciYgrw5TBQllUzqGgaYRDUG5WbEzty604ltBLHVFaBXq74mMhkrNQ093hhQnatVbiP95gxSDGzfjUZIiRGy5KEiFhbG1CMLyuQSGYq4JZZLrv1psQiVlqOOq6hCc1ZPXSbfZcK4azYdmvXVbxlEhZ+ScXBKHXJMWuSdt0iGMzMgzeSVvRm68GO/Gx7J1wyhnTskfGJ8/55KU/Q==</latexit>

x
<latexit sha1_base64="Cvt+OfQBcRCNScJbXHBcI8nocUs=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsstCTaWGKUjwQI2VvmYMPe3mV3z0gu/AQbC42x9RfZ+W9c4AoFXzLJy3szmZnnx4Jr47rfTm5tfWNzK79d2Nnd2z8oHh41dZQohg0WiUi1fapRcIkNw43AdqyQhr7Alj++mfmtR1SaR/LBTGLshXQoecAZNVa6Lz+V+8WSW3HnIKvEy0gJMtT7xa/uIGJJiNIwQbXueG5seilVhjOB00I30RhTNqZD7FgqaYi6l85PnZIzqwxIEClb0pC5+nsipaHWk9C3nSE1I73szcT/vE5igqteymWcGJRssShIBDERmf1NBlwhM2JiCWWK21sJG1FFmbHpFGwI3vLLq6RZrXgXlepdtVS7zuLIwwmcwjl4cAk1uIU6NIDBEJ7hFd4c4bw4787HojXnZDPH8AfO5w+eoI1a</latexit>

y
<latexit sha1_base64="5+76lYR9oy3WlyICxWxdJpiaZIo=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsstCTaWGIUJIEL2Vv2YMPe3mV3zuRC+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TZxqxlsslrHuBNRwKRRvoUDJO4nmNAokfwzGNzP/8YlrI2L1gFnC/YgOlQgFo2il+2pW7Zcrbs2dg6wSLycVyNHsl796g5ilEVfIJDWm67kJ+hOqUTDJp6VeanhC2ZgOeddSRSNu/Mn81Ck5s8qAhLG2pZDM1d8TExoZk0WB7YwojsyyNxP/87ophlf+RKgkRa7YYlGYSoIxmf1NBkJzhjKzhDIt7K2EjaimDG06JRuCt/zyKmnXa95FrX5XrzSu8ziKcAKncA4eXEIDbqEJLWAwhGd4hTdHOi/Ou/OxaC04+cwx/IHz+QOgJY1b</latexit>p(ei)

<latexit sha1_base64="UebNu95+DFrqzVvOl9ZwTM9Kdjs=">AAAB73icbVA9TwJBEJ3DL8Qv1NJmI5hgQ+6w0JJoY4mJIAlcyN4yBxv29s7dPRNC+BM2Fhpj69+x89+4wBUKvmSSl/dmMjMvSATXxnW/ndza+sbmVn67sLO7t39QPDxq6ThVDJssFrFqB1Sj4BKbhhuB7UQhjQKBD8HoZuY/PKHSPJb3ZpygH9GB5CFn1FipXU4q2OPn5V6x5FbdOcgq8TJSggyNXvGr249ZGqE0TFCtO56bGH9CleFM4LTQTTUmlI3oADuWShqh9ifze6fkzCp9EsbKljRkrv6emNBI63EU2M6ImqFe9mbif14nNeGVP+EySQ1KtlgUpoKYmMyeJ32ukBkxtoQyxe2thA2poszYiAo2BG/55VXSqlW9i2rtrlaqX2dx5OEETqECHlxCHW6hAU1gIOAZXuHNeXRenHfnY9Gac7KZY/gD5/MHlZGPAg==</latexit>

0.2
<latexit sha1_base64="yejeGKyqaYPxXJpabCuk72p1uNc=">AAAB/XicbVC5TsNAEF2HK4TLHB2NRYREZdmhgDKChjJI5JASK1qvx8kq60O7Y0SwLH6FhgKEaPkPOv6GzVFAwpNGenpvZmfn+angCh3n2yitrK6tb5Q3K1vbO7t75v5BSyWZZNBkiUhkx6cKBI+hiRwFdFIJNPIFtP3R9cRv34NUPInvcJyCF9FBzEPOKGqpbx71EB5w+k4uIShyx64VfbPq2M4U1jJx56RK5mj0za9ekLAsghiZoEp1XSdFL6cSORNQVHqZgpSyER1AV9OYRqC8fLq1sE61ElhhInXFaE3V3xM5jZQaR77ujCgO1aI3Ef/zuhmGl17O4zRDiNlsUZgJCxNrEoUVcAkMxVgTyiTXf7XYkErKUAdW0SG4iycvk1bNds/t2m2tWr+ax1Emx+SEnBGXXJA6uSEN0iSMPJJn8krejCfjxXg3PmatJWM+c0j+wPj8AdCylXA=</latexit>

0.4
<latexit sha1_base64="7Rvr9peaKl+qCMVyfqMkGa88pO0=">AAAB/XicbVDJSgNBEO1xjXEbl5uXxiB4CjNR0GPQi8cIZoFkCD2dStKkZ6G7RoxD8Fe8eFDEq//hzb+xM5mDJj4oeLxX1dX1/FgKjY7zbS0tr6yurRc2iptb2zu79t5+Q0eJ4lDnkYxUy2capAihjgIltGIFLPAlNP3R9dRv3oPSIgrvcByDF7BBKPqCMzRS1z7sIDxg9k6qoDdJnfL5pGuXnLKTgS4SNyclkqPWtb86vYgnAYTIJdO67ToxeilTKLiESbGTaIgZH7EBtA0NWQDaS7OtE3pilB7tR8pUiDRTf0+kLNB6HPimM2A41PPeVPzPayfYv/RSEcYJQshni/qJpBjRaRS0JxRwlGNDGFfC/JXyIVOMowmsaEJw509eJI1K2T0rV24rpepVHkeBHJFjckpcckGq5IbUSJ1w8kieySt5s56sF+vd+pi1Lln5zAH5A+vzB9O8lXI=</latexit>

0.6
<latexit sha1_base64="DPt/CjgcCguRAqo8+V6bIGom5O0=">AAAB/XicbVDJSgNBEO1xjXEbl5uXxiB4CjMR1GPQi8cIZoFkCD2dStKkZ6G7RoxD8Fe8eFDEq//hzb+xM5mDJj4oeLxX1dX1/FgKjY7zbS0tr6yurRc2iptb2zu79t5+Q0eJ4lDnkYxUy2capAihjgIltGIFLPAlNP3R9dRv3oPSIgrvcByDF7BBKPqCMzRS1z7sIDxg9k6qoDdJnfL5pGuXnLKTgS4SNyclkqPWtb86vYgnAYTIJdO67ToxeilTKLiESbGTaIgZH7EBtA0NWQDaS7OtE3pilB7tR8pUiDRTf0+kLNB6HPimM2A41PPeVPzPayfYv/RSEcYJQshni/qJpBjRaRS0JxRwlGNDGFfC/JXyIVOMowmsaEJw509eJI1K2T0rV24rpepVHkeBHJFjckpcckGq5IbUSJ1w8kieySt5s56sF+vd+pi1Lln5zAH5A+vzB9bGlXQ=</latexit>

0.8
<latexit sha1_base64="YALCcezBj03KWGXFeH4Ugp3kbhI=">AAAB/XicbVC7TsNAEDzzDOEVHh2NRYREFdmhIGUEDWWQyENKrOh8XiennM/W3RoRrIhfoaEAIVr+g46/4ZK4gISRVhrN7N7ejp8IrtFxvq2V1bX1jc3CVnF7Z3dvv3Rw2NJxqhg0WSxi1fGpBsElNJGjgE6igEa+gLY/up767XtQmsfyDscJeBEdSB5yRtFI/dJxD+EBZ+9kCoJJ5lRqk36p7FScGexl4uakTHI0+qWvXhCzNAKJTFCtu66ToJdRhZwJmBR7qYaEshEdQNdQSSPQXjbbOrHPjBLYYaxMSbRn6u+JjEZajyPfdEYUh3rRm4r/ed0Uw5qXcZmkCJLNF4WpsDG2p1HYAVfAUIwNoUxx81ebDamiDE1gRROCu3jyMmlVK+5FpXpbLdev8jgK5IScknPikktSJzekQZqEkUfyTF7Jm/VkvVjv1se8dcXKZ47IH1ifP9nQlXY=</latexit>
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• Choice of penalty function shapes the histogram of prediction errors: 

{ŷ1 � y1, · · · , ŷN � yN}
<latexit sha1_base64="LKdHB2+F2xFQhtFn9xnIXV3whkQ=">AAACE3icbZDLSgMxFIYzXmu9jbp0EyyCSC0zVdBl0Y2rUsFeoDOUTJq2oZkLyRlhGPoObnwVNy4UcevGnW9jpp2Fth5I+Pn+c0jO70WCK7Csb2NpeWV1bb2wUdzc2t7ZNff2WyqMJWVNGopQdjyimOABawIHwTqRZMT3BGt745vMbz8wqXgY3EMSMdcnw4APOCWgUc88dVJnRCBNevbkTF9ljB3aD0GVcc7rGa9jZ9IzS1bFmhZeFHYuSiivRs/8cvohjX0WABVEqa5tReCmRAKngk2KTqxYROiYDFlXy4D4TLnpdKcJPtakjweh1CcAPKW/J1LiK5X4nu70CYzUvJfB/7xuDIMrN+VBFAML6OyhQSwwhDgLCPe5ZBREogWhkuu/YjoiklDQMRZ1CPb8youiVa3Y55Xq3UWpdp3HUUCH6AidIBtdohq6RQ3URBQ9omf0it6MJ+PFeDc+Zq1LRj5zgP6U8fkDVNadLg==</latexit>

• p(e) can be asymmetric, in which case  we care more about  
over-estimating or under-estimating

• Larger slope on the negative 
side means we penalize 
under-estimation heavily

ei = ŷi � yi
<latexit sha1_base64="EC5XhxstaWIwpDbBKWj26AlXKks=">AAAB/3icbVBNS8NAEN3Ur1q/ooIXL4ut4MWS1INehKIXjxXsB7QhbLabdulmE3YnQog9+Fe8eFDEq3/Dm//GpM1Bqw8GHu/NMDPPiwTXYFlfRmlpeWV1rbxe2djc2t4xd/c6OowVZW0ailD1PKKZ4JK1gYNgvUgxEniCdb3Jde5375nSPJR3kETMCchIcp9TApnkmgc15nJ8iQdjAmkydflp4vJaxTWrVt2aAf8ldkGqqEDLNT8Hw5DGAZNABdG6b1sROClRwKlg08og1iwidEJGrJ9RSQKmnXR2/xQfZ8oQ+6HKSgKeqT8nUhJonQRe1hkQGOtFLxf/8/ox+BdOymUUA5N0vsiPBYYQ52HgIVeMgkgyQqji2a2YjokiFLLI8hDsxZf/kk6jbp/VG7eNavOqiKOMDtEROkE2OkdNdINaqI0oekBP6AW9Go/Gs/FmvM9bS0Yxs49+wfj4BvV8lMU=</latexit>

x
<latexit sha1_base64="Cvt+OfQBcRCNScJbXHBcI8nocUs=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsstCTaWGKUjwQI2VvmYMPe3mV3z0gu/AQbC42x9RfZ+W9c4AoFXzLJy3szmZnnx4Jr47rfTm5tfWNzK79d2Nnd2z8oHh41dZQohg0WiUi1fapRcIkNw43AdqyQhr7Alj++mfmtR1SaR/LBTGLshXQoecAZNVa6Lz+V+8WSW3HnIKvEy0gJMtT7xa/uIGJJiNIwQbXueG5seilVhjOB00I30RhTNqZD7FgqaYi6l85PnZIzqwxIEClb0pC5+nsipaHWk9C3nSE1I73szcT/vE5igqteymWcGJRssShIBDERmf1NBlwhM2JiCWWK21sJG1FFmbHpFGwI3vLLq6RZrXgXlepdtVS7zuLIwwmcwjl4cAk1uIU6NIDBEJ7hFd4c4bw4787HojXnZDPH8AfO5w+eoI1a</latexit>

y
<latexit sha1_base64="5+76lYR9oy3WlyICxWxdJpiaZIo=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsstCTaWGIUJIEL2Vv2YMPe3mV3zuRC+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TZxqxlsslrHuBNRwKRRvoUDJO4nmNAokfwzGNzP/8YlrI2L1gFnC/YgOlQgFo2il+2pW7Zcrbs2dg6wSLycVyNHsl796g5ilEVfIJDWm67kJ+hOqUTDJp6VeanhC2ZgOeddSRSNu/Mn81Ck5s8qAhLG2pZDM1d8TExoZk0WB7YwojsyyNxP/87ophlf+RKgkRa7YYlGYSoIxmf1NBkJzhjKzhDIt7K2EjaimDG06JRuCt/zyKmnXa95FrX5XrzSu8ziKcAKncA4eXEIDbqEJLWAwhGd4hTdHOi/Ou/OxaC04+cwx/IHz+QOgJY1b</latexit>p(ei)

<latexit sha1_base64="UebNu95+DFrqzVvOl9ZwTM9Kdjs=">AAAB73icbVA9TwJBEJ3DL8Qv1NJmI5hgQ+6w0JJoY4mJIAlcyN4yBxv29s7dPRNC+BM2Fhpj69+x89+4wBUKvmSSl/dmMjMvSATXxnW/ndza+sbmVn67sLO7t39QPDxq6ThVDJssFrFqB1Sj4BKbhhuB7UQhjQKBD8HoZuY/PKHSPJb3ZpygH9GB5CFn1FipXU4q2OPn5V6x5FbdOcgq8TJSggyNXvGr249ZGqE0TFCtO56bGH9CleFM4LTQTTUmlI3oADuWShqh9ifze6fkzCp9EsbKljRkrv6emNBI63EU2M6ImqFe9mbif14nNeGVP+EySQ1KtlgUpoKYmMyeJ32ukBkxtoQyxe2thA2poszYiAo2BG/55VXSqlW9i2rtrlaqX2dx5OEETqECHlxCHW6hAU1gIOAZXuHNeXRenHfnY9Gac7KZY/gD5/MHlZGPAg==</latexit>

1<latexit sha1_base64="1pZRxu3iYW/qn0FEEnyeX5tNceU=">AAAB+3icbVC7TsNAEDzzDOFlQkljESFRRXYooIygoQwSeUiJFZ3P6+SU80N3a5TI8q/QUIAQLT9Cx99wcVxAwkgrjWZ2b2/HSwRXaNvfxsbm1vbObmWvun9weHRsntS6Kk4lgw6LRSz7HlUgeAQd5Cign0igoSeg503vFn7vCaTicfSI8wTckI4jHnBGUUsjszZEmGHxTibBzzMnH5l1u2EXsNaJU5I6KdEemV9DP2ZpCBEyQZUaOHaCbkYlciYgrw5TBQllUzqGgaYRDUG5WbEzty604ltBLHVFaBXq74mMhkrNQ093hhQnatVbiP95gxSDGzfjUZIiRGy5KEiFhbG1CMLyuQSGYq4JZZLrv1psQiVlqOOq6hCc1ZPXSbfZcK4azYdmvXVbxlEhZ+ScXBKHXJMWuSdt0iGMzMgzeSVvRm68GO/Gx7J1wyhnTskfGJ8/55KU/Q==</latexit>

0.2
<latexit sha1_base64="yejeGKyqaYPxXJpabCuk72p1uNc=">AAAB/XicbVC5TsNAEF2HK4TLHB2NRYREZdmhgDKChjJI5JASK1qvx8kq60O7Y0SwLH6FhgKEaPkPOv6GzVFAwpNGenpvZmfn+angCh3n2yitrK6tb5Q3K1vbO7t75v5BSyWZZNBkiUhkx6cKBI+hiRwFdFIJNPIFtP3R9cRv34NUPInvcJyCF9FBzEPOKGqpbx71EB5w+k4uIShyx64VfbPq2M4U1jJx56RK5mj0za9ekLAsghiZoEp1XSdFL6cSORNQVHqZgpSyER1AV9OYRqC8fLq1sE61ElhhInXFaE3V3xM5jZQaR77ujCgO1aI3Ef/zuhmGl17O4zRDiNlsUZgJCxNrEoUVcAkMxVgTyiTXf7XYkErKUAdW0SG4iycvk1bNds/t2m2tWr+ax1Emx+SEnBGXXJA6uSEN0iSMPJJn8krejCfjxXg3PmatJWM+c0j+wPj8AdCylXA=</latexit>

0.4
<latexit sha1_base64="7Rvr9peaKl+qCMVyfqMkGa88pO0=">AAAB/XicbVDJSgNBEO1xjXEbl5uXxiB4CjNR0GPQi8cIZoFkCD2dStKkZ6G7RoxD8Fe8eFDEq//hzb+xM5mDJj4oeLxX1dX1/FgKjY7zbS0tr6yurRc2iptb2zu79t5+Q0eJ4lDnkYxUy2capAihjgIltGIFLPAlNP3R9dRv3oPSIgrvcByDF7BBKPqCMzRS1z7sIDxg9k6qoDdJnfL5pGuXnLKTgS4SNyclkqPWtb86vYgnAYTIJdO67ToxeilTKLiESbGTaIgZH7EBtA0NWQDaS7OtE3pilB7tR8pUiDRTf0+kLNB6HPimM2A41PPeVPzPayfYv/RSEcYJQshni/qJpBjRaRS0JxRwlGNDGFfC/JXyIVOMowmsaEJw509eJI1K2T0rV24rpepVHkeBHJFjckpcckGq5IbUSJ1w8kieySt5s56sF+vd+pi1Lln5zAH5A+vzB9O8lXI=</latexit>

0.6
<latexit sha1_base64="DPt/CjgcCguRAqo8+V6bIGom5O0=">AAAB/XicbVDJSgNBEO1xjXEbl5uXxiB4CjMR1GPQi8cIZoFkCD2dStKkZ6G7RoxD8Fe8eFDEq//hzb+xM5mDJj4oeLxX1dX1/FgKjY7zbS0tr6yurRc2iptb2zu79t5+Q0eJ4lDnkYxUy2capAihjgIltGIFLPAlNP3R9dRv3oPSIgrvcByDF7BBKPqCMzRS1z7sIDxg9k6qoDdJnfL5pGuXnLKTgS4SNyclkqPWtb86vYgnAYTIJdO67ToxeilTKLiESbGTaIgZH7EBtA0NWQDaS7OtE3pilB7tR8pUiDRTf0+kLNB6HPimM2A41PPeVPzPayfYv/RSEcYJQshni/qJpBjRaRS0JxRwlGNDGFfC/JXyIVOMowmsaEJw509eJI1K2T0rV24rpepVHkeBHJFjckpcckGq5IbUSJ1w8kieySt5s56sF+vd+pi1Lln5zAH5A+vzB9bGlXQ=</latexit>

0.8
<latexit sha1_base64="YALCcezBj03KWGXFeH4Ugp3kbhI=">AAAB/XicbVC7TsNAEDzzDOEVHh2NRYREFdmhIGUEDWWQyENKrOh8XiennM/W3RoRrIhfoaEAIVr+g46/4ZK4gISRVhrN7N7ejp8IrtFxvq2V1bX1jc3CVnF7Z3dvv3Rw2NJxqhg0WSxi1fGpBsElNJGjgE6igEa+gLY/up767XtQmsfyDscJeBEdSB5yRtFI/dJxD+EBZ+9kCoJJ5lRqk36p7FScGexl4uakTHI0+qWvXhCzNAKJTFCtu66ToJdRhZwJmBR7qYaEshEdQNdQSSPQXjbbOrHPjBLYYaxMSbRn6u+JjEZajyPfdEYUh3rRm4r/ed0Uw5qXcZmkCJLNF4WpsDG2p1HYAVfAUIwNoUxx81ebDamiDE1gRROCu3jyMmlVK+5FpXpbLdev8jgK5IScknPikktSJzekQZqEkUfyTF7Jm/VkvVjv1se8dcXKZ47IH1ifP9nQlXY=</latexit>



Robust fitting
• Outliers 
• Commonly, a few data points are ‘way off’ in real datasets 

• Even just a few outliers in a data set can make prediction 

poor


• one simple method for fighting outliers

• 1. Train a predictor

• 2. Flag data points with large prediction errors as outliers

• 3. Remove them from data set and retrain


• We want a principled method that can fight outliers

!12



Robust penalty function
• We say a penalty function is robust if it has low sensitivity 

to outliers

• Robust penalty functions grow more slowly compared to 

the typical square penalty function

• This allows the predictor to tolerate a few large prediction 

errors (presumably for the outliers)

• So they handle outliers more gracefully

• For example, a robust predictor might fit 98% of the 

data very well

• Whereas a square penalty might try to fit 100% of data 

well (and fail if there are outliers)

!13



Huber loss
• The Huber penalty function is


• a is a parameter one can choose

• It is quadratic for small e and linear for large e

!14

• Quadratic

• linear

• Huber

p(e) =

⇢
e2 if |e|  a

a(2|e|� a) if |e| > a
<latexit sha1_base64="lTGWuvWAj2UhuPC9xyxbvnQPkuI="></latexit>

e
<latexit sha1_base64="LtjTy/szGghlispecZ6CTTtGx7Q=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsstCTaWGIUJIEL2VvmYMPe3mV3z4Rc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSATXxnW/ncLa+sbmVnG7tLO7t39QPjxq6zhVDFssFrHqBFSj4BJbhhuBnUQhjQKBj8H4ZuY/PqHSPJYPZpKgH9Gh5CFn1FjpvorVfrni1tw5yCrxclKBHM1++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzUKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPIzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2nZEPwll9eJe16zbuo1e/qlcZ1HkcRTuAUzsGDS2jALTShBQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwCBwY1H</latexit>

p(e)
<latexit sha1_base64="qnD9Oed+owq8CPlP5fbh3Ac6Dq0=">AAAB7XicbVA9TwJBEJ3zE/ELtbTZCCbYkDsstCTaWGIiHwlcyN4yByt7t5fdPRNC+A82Fhpj6/+x89+4wBUKvmSSl/dmMjMvSATXxnW/nbX1jc2t7dxOfndv/+CwcHTc1DJVDBtMCqnaAdUoeIwNw43AdqKQRoHAVjC6nfmtJ1Say/jBjBP0IzqIecgZNVZqlpIyXpR6haJbcecgq8TLSBEy1HuFr25fsjTC2DBBte54bmL8CVWGM4HTfDfVmFA2ogPsWBrTCLU/mV87JedW6ZNQKluxIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jj5PUYMwWi8JUECPJ7HXS5wqZEWNLKFPc3krYkCrKjA0ob0Pwll9eJc1qxbusVO+rxdpNFkcOTuEMyuDBFdTgDurQAAaP8Ayv8OZI58V5dz4WrWtONnMCf+B8/gAYU44m</latexit>



Huber loss
• Linear growth for large r makes it less sensitive to outliers

!15

• Huber• Quadratic



Log Huber
• Quadratic for small r, logarithmic for large r


• Diminishing incremental penalty for large e

• non-convex

!16

• Quadratic

• Log

• Log Huber

p(e) =

⇢
e2 if |e|  a

a2(1� 2 log(a) + log(e2)) if |e| > a
<latexit sha1_base64="x36I3OwwZR0c36BPhI01+ubvifg="></latexit>



• Log Huber is even less sensitive to outliers than Huber

!17

• Huber • Log Huber
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Quantile regression
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Properties of absolute penalty
• Consider the absolute penalty p(e) = |e|

• And consider a constant predictor of the form h(x)=1

• Then the best constant predictor for absolute penalty is 

the solution of the following minimization


• mathematically,  
this follows from

!20

minimizew0
1
n

PN
i=1 |w0 � yi|

<latexit sha1_base64="m1d6fo2L00sdaGy0x+GOfs20+/g="></latexit>

the optimal solution of this minimization
(which is the best predictor for this loss and this model) is

ŷ = w0 = median({y1, · · · , yN})
<latexit sha1_base64="A0GRW2QH7o4StxRvmp0D0O9P2ec="></latexit>

d
dw0

PN
i=1 |w0 � yi| =

�
# of y’s < w0

�
�

�
# of y’s > w0

�
<latexit sha1_base64="7wnunwxwkxSjjVr91hK+y/p9TtA="></latexit>



• mathematically, this follows from

!21

cf. the best constant predictor with square loss is

ŷ = w0 = mean({y1, · · · , yN}) =
1

N

NX

i=1

yi
<latexit sha1_base64="F4KgXF0gxzfslw7kI+z/Of6jVvw="></latexit>

d
dw0

PN
i=1(w0 � yi)2 = 2

PN
i=1(w0 � yi)

<latexit sha1_base64="s5MYVqaScv6B1hzziHpfxbJ4dAU="></latexit>



Tilted absolute penalty
• Tilted absolute penalty: for some 0<t<1


• where [e]+ = max(0,e) and [e]- = max(0,-e)


• t = 0.5: equal penalty for over- and under-estimating

• t = 0.1: 9x more penalty for under estimating

• t = 0.9: 9x more penalty for over-estimating

!22

ptlt(e) = t[e]+ + (1� t)[e]� = (1/2)|e|+ (t� 1/2)e
<latexit sha1_base64="XmmsfWkNUO6D4FezhP7Wh7avEy4="></latexit>

t = 0.9t = 0.5t = 0.1
ptlt(e)

<latexit sha1_base64="DYZE8BchIE3+1HHerNqyAEhLXpg=">AAAB83icbVA9TwJBEJ3zE/ELtbTZCCbYkDsstCTaWGIiHwmcZG9ZYMPe3WZ3zoRc+Bs2Fhpj65+x89+4wBUKvmSSl/dmMjMvUFIYdN1vZ219Y3NrO7eT393bPzgsHB03TZxoxhsslrFuB9RwKSLeQIGSt5XmNAwkbwXj25nfeuLaiDh6wInifkiHkRgIRtFK3ZJ6TFHitMwvSr1C0a24c5BV4mWkCBnqvcJXtx+zJOQRMkmN6XiuQj+lGgWTfJrvJoYrysZ0yDuWRjTkxk/nN0/JuVX6ZBBrWxGSufp7IqWhMZMwsJ0hxZFZ9mbif14nwcG1n4pIJcgjtlg0SCTBmMwCIH2hOUM5sYQyLeythI2opgxtTHkbgrf88ippViveZaV6Xy3WbrI4cnAKZ1AGD66gBndQhwYwUPAMr/DmJM6L8+58LFrXnGzmBP7A+fwBFIKRDA==</latexit>

ei = ŷi � yi
<latexit sha1_base64="EKW+lpt+/jDUZnl8jEsvjAQ6t7M=">AAAB/nicbVBNS8NAEJ3Ur1q/ouLJy2IreLEk9aAXoejFYwX7AW0Im+22XbrZhN2NEELBv+LFgyJe/R3e/Ddu2xy09cHA470ZZuYFMWdKO863VVhZXVvfKG6WtrZ3dvfs/YOWihJJaJNEPJKdACvKmaBNzTSnnVhSHAactoPx7dRvP1KpWCQedBpTL8RDwQaMYG0k3z6qUJ+ha9QbYZ2lE5+dpz6r+HbZqTozoGXi5qQMORq+/dXrRyQJqdCEY6W6rhNrL8NSM8LppNRLFI0xGeMh7RoqcEiVl83On6BTo/TRIJKmhEYz9fdEhkOl0jAwnSHWI7XoTcX/vG6iB1dexkScaCrIfNEg4UhHaJoF6jNJieapIZhIZm5FZIQlJtokVjIhuIsvL5NWrepeVGv3tXL9Jo+jCMdwAmfgwiXU4Q4a0AQCGTzDK7xZT9aL9W59zFsLVj5zCH9gff4AufeUsQ==</latexit>

ei = ŷi � yi
<latexit sha1_base64="EKW+lpt+/jDUZnl8jEsvjAQ6t7M=">AAAB/nicbVBNS8NAEJ3Ur1q/ouLJy2IreLEk9aAXoejFYwX7AW0Im+22XbrZhN2NEELBv+LFgyJe/R3e/Ddu2xy09cHA470ZZuYFMWdKO863VVhZXVvfKG6WtrZ3dvfs/YOWihJJaJNEPJKdACvKmaBNzTSnnVhSHAactoPx7dRvP1KpWCQedBpTL8RDwQaMYG0k3z6qUJ+ha9QbYZ2lE5+dpz6r+HbZqTozoGXi5qQMORq+/dXrRyQJqdCEY6W6rhNrL8NSM8LppNRLFI0xGeMh7RoqcEiVl83On6BTo/TRIJKmhEYz9fdEhkOl0jAwnSHWI7XoTcX/vG6iB1dexkScaCrIfNEg4UhHaJoF6jNJieapIZhIZm5FZIQlJtokVjIhuIsvL5NWrepeVGv3tXL9Jo+jCMdwAmfgwiXU4Q4a0AQCGTzDK7xZT9aL9W59zFsLVj5zCH9gff4AufeUsQ==</latexit>

ei = ŷi � yi
<latexit sha1_base64="EKW+lpt+/jDUZnl8jEsvjAQ6t7M=">AAAB/nicbVBNS8NAEJ3Ur1q/ouLJy2IreLEk9aAXoejFYwX7AW0Im+22XbrZhN2NEELBv+LFgyJe/R3e/Ddu2xy09cHA470ZZuYFMWdKO863VVhZXVvfKG6WtrZ3dvfs/YOWihJJaJNEPJKdACvKmaBNzTSnnVhSHAactoPx7dRvP1KpWCQedBpTL8RDwQaMYG0k3z6qUJ+ha9QbYZ2lE5+dpz6r+HbZqTozoGXi5qQMORq+/dXrRyQJqdCEY6W6rhNrL8NSM8LppNRLFI0xGeMh7RoqcEiVl83On6BTo/TRIJKmhEYz9fdEhkOl0jAwnSHWI7XoTcX/vG6iB1dexkScaCrIfNEg4UhHaJoF6jNJieapIZhIZm5FZIQlJtokVjIhuIsvL5NWrepeVGv3tXL9Jo+jCMdwAmfgwiXU4Q4a0AQCGTzDK7xZT9aL9W59zFsLVj5zCH9gff4AufeUsQ==</latexit>



Tilted absolute penalty

!23

t = 0.9t = 0.5t = 0.1

ei = ŷi � yi
<latexit sha1_base64="EKW+lpt+/jDUZnl8jEsvjAQ6t7M=">AAAB/nicbVBNS8NAEJ3Ur1q/ouLJy2IreLEk9aAXoejFYwX7AW0Im+22XbrZhN2NEELBv+LFgyJe/R3e/Ddu2xy09cHA470ZZuYFMWdKO863VVhZXVvfKG6WtrZ3dvfs/YOWihJJaJNEPJKdACvKmaBNzTSnnVhSHAactoPx7dRvP1KpWCQedBpTL8RDwQaMYG0k3z6qUJ+ha9QbYZ2lE5+dpz6r+HbZqTozoGXi5qQMORq+/dXrRyQJqdCEY6W6rhNrL8NSM8LppNRLFI0xGeMh7RoqcEiVl83On6BTo/TRIJKmhEYz9fdEhkOl0jAwnSHWI7XoTcX/vG6iB1dexkScaCrIfNEg4UhHaJoF6jNJieapIZhIZm5FZIQlJtokVjIhuIsvL5NWrepeVGv3tXL9Jo+jCMdwAmfgwiXU4Q4a0AQCGTzDK7xZT9aL9W59zFsLVj5zCH9gff4AufeUsQ==</latexit>

ei = ŷi � yi
<latexit sha1_base64="EKW+lpt+/jDUZnl8jEsvjAQ6t7M=">AAAB/nicbVBNS8NAEJ3Ur1q/ouLJy2IreLEk9aAXoejFYwX7AW0Im+22XbrZhN2NEELBv+LFgyJe/R3e/Ddu2xy09cHA470ZZuYFMWdKO863VVhZXVvfKG6WtrZ3dvfs/YOWihJJaJNEPJKdACvKmaBNzTSnnVhSHAactoPx7dRvP1KpWCQedBpTL8RDwQaMYG0k3z6qUJ+ha9QbYZ2lE5+dpz6r+HbZqTozoGXi5qQMORq+/dXrRyQJqdCEY6W6rhNrL8NSM8LppNRLFI0xGeMh7RoqcEiVl83On6BTo/TRIJKmhEYz9fdEhkOl0jAwnSHWI7XoTcX/vG6iB1dexkScaCrIfNEg4UhHaJoF6jNJieapIZhIZm5FZIQlJtokVjIhuIsvL5NWrepeVGv3tXL9Jo+jCMdwAmfgwiXU4Q4a0AQCGTzDK7xZT9aL9W59zFsLVj5zCH9gff4AufeUsQ==</latexit>

ei = ŷi � yi
<latexit sha1_base64="EKW+lpt+/jDUZnl8jEsvjAQ6t7M=">AAAB/nicbVBNS8NAEJ3Ur1q/ouLJy2IreLEk9aAXoejFYwX7AW0Im+22XbrZhN2NEELBv+LFgyJe/R3e/Ddu2xy09cHA470ZZuYFMWdKO863VVhZXVvfKG6WtrZ3dvfs/YOWihJJaJNEPJKdACvKmaBNzTSnnVhSHAactoPx7dRvP1KpWCQedBpTL8RDwQaMYG0k3z6qUJ+ha9QbYZ2lE5+dpz6r+HbZqTozoGXi5qQMORq+/dXrRyQJqdCEY6W6rhNrL8NSM8LppNRLFI0xGeMh7RoqcEiVl83On6BTo/TRIJKmhEYz9fdEhkOl0jAwnSHWI7XoTcX/vG6iB1dexkScaCrIfNEg4UhHaJoF6jNJieapIZhIZm5FZIQlJtokVjIhuIsvL5NWrepeVGv3tXL9Jo+jCMdwAmfgwiXU4Q4a0AQCGTzDK7xZT9aL9W59zFsLVj5zCH9gff4AufeUsQ==</latexit>

ptlt(ei)
<latexit sha1_base64="7b8neUFYEM6Kq/N+fNBEkpRPnao=">AAAB9XicbVA9TwJBEJ3DL8Qv1NJmI5hgQ+6w0JJoY4mJgAkcZG/Zgw17H9md05AL/8PGQmNs/S92/hsXuELBl0zy8t5MZuZ5sRQabfvbyq2tb2xu5bcLO7t7+wfFw6OWjhLFeJNFMlIPHtVcipA3UaDkD7HiNPAkb3vjm5nffuRKiyi8x0nM3YAOQ+ELRtFIvXLcS1HitML74rzcL5bsqj0HWSVORkqQodEvfnUHEUsCHiKTVOuOY8foplShYJJPC91E85iyMR3yjqEhDbh20/nVU3JmlAHxI2UqRDJXf0+kNNB6EnimM6A40sveTPzP6yToX7mpCOMEecgWi/xEEozILAIyEIozlBNDKFPC3ErYiCrK0ARVMCE4yy+vklat6lxUa3e1Uv06iyMPJ3AKFXDgEupwCw1oAgMFz/AKb9aT9WK9Wx+L1pyVzRzDH1ifP5cskeg=</latexit>

#
of

ou
tc
om

es
<latexit sha1_base64="FovfnWOcjv1hR+RpOn0SzaR9FL0=">AAAB9XicbVA9SwNBEJ2LXzF+RS1tFg/BKtzFQsugjWUE8wHJGfY2e8mSvdtjd04JIf/DxkIRW/+Lnf/GTXKFJj4YeLw3w8y8MJXCoOd9O4W19Y3NreJ2aWd3b/+gfHjUNCrTjDeYkkq3Q2q4FAlvoEDJ26nmNA4lb4Wjm5nfeuTaCJXc4zjlQUwHiYgEo2ilh65LVERUhkzF3PTKrlfx5iCrxM+JCznqvfJXt69YFvMEmaTGdHwvxWBCNQom+bTUzQxPKRvRAe9YmlC7JJjMr56SM6v0SaS0rQTJXP09MaGxMeM4tJ0xxaFZ9mbif14nw+gqmIgkzZAnbLEoyiRBRWYRkL7QnKEcW0KZFvZWwoZUU4Y2qJINwV9+eZU0qxX/olK9q7q16zyOIpzAKZyDD5dQg1uoQwMYaHiGV3hznpwX5935WLQWnHzmGP7A+fwBxwmSCw==</latexit>

1<latexit sha1_base64="1pZRxu3iYW/qn0FEEnyeX5tNceU=">AAAB+3icbVC7TsNAEDzzDOFlQkljESFRRXYooIygoQwSeUiJFZ3P6+SU80N3a5TI8q/QUIAQLT9Cx99wcVxAwkgrjWZ2b2/HSwRXaNvfxsbm1vbObmWvun9weHRsntS6Kk4lgw6LRSz7HlUgeAQd5Cign0igoSeg503vFn7vCaTicfSI8wTckI4jHnBGUUsjszZEmGHxTibBzzMnH5l1u2EXsNaJU5I6KdEemV9DP2ZpCBEyQZUaOHaCbkYlciYgrw5TBQllUzqGgaYRDUG5WbEzty604ltBLHVFaBXq74mMhkrNQ093hhQnatVbiP95gxSDGzfjUZIiRGy5KEiFhbG1CMLyuQSGYq4JZZLrv1psQiVlqOOq6hCc1ZPXSbfZcK4azYdmvXVbxlEhZ+ScXBKHXJMWuSdt0iGMzMgzeSVvRm68GO/Gx7J1wyhnTskfGJ8/55KU/Q==</latexit>

0.2
<latexit sha1_base64="yejeGKyqaYPxXJpabCuk72p1uNc=">AAAB/XicbVC5TsNAEF2HK4TLHB2NRYREZdmhgDKChjJI5JASK1qvx8kq60O7Y0SwLH6FhgKEaPkPOv6GzVFAwpNGenpvZmfn+angCh3n2yitrK6tb5Q3K1vbO7t75v5BSyWZZNBkiUhkx6cKBI+hiRwFdFIJNPIFtP3R9cRv34NUPInvcJyCF9FBzEPOKGqpbx71EB5w+k4uIShyx64VfbPq2M4U1jJx56RK5mj0za9ekLAsghiZoEp1XSdFL6cSORNQVHqZgpSyER1AV9OYRqC8fLq1sE61ElhhInXFaE3V3xM5jZQaR77ujCgO1aI3Ef/zuhmGl17O4zRDiNlsUZgJCxNrEoUVcAkMxVgTyiTXf7XYkErKUAdW0SG4iycvk1bNds/t2m2tWr+ax1Emx+SEnBGXXJA6uSEN0iSMPJJn8krejCfjxXg3PmatJWM+c0j+wPj8AdCylXA=</latexit>

0.4
<latexit sha1_base64="7Rvr9peaKl+qCMVyfqMkGa88pO0=">AAAB/XicbVDJSgNBEO1xjXEbl5uXxiB4CjNR0GPQi8cIZoFkCD2dStKkZ6G7RoxD8Fe8eFDEq//hzb+xM5mDJj4oeLxX1dX1/FgKjY7zbS0tr6yurRc2iptb2zu79t5+Q0eJ4lDnkYxUy2capAihjgIltGIFLPAlNP3R9dRv3oPSIgrvcByDF7BBKPqCMzRS1z7sIDxg9k6qoDdJnfL5pGuXnLKTgS4SNyclkqPWtb86vYgnAYTIJdO67ToxeilTKLiESbGTaIgZH7EBtA0NWQDaS7OtE3pilB7tR8pUiDRTf0+kLNB6HPimM2A41PPeVPzPayfYv/RSEcYJQshni/qJpBjRaRS0JxRwlGNDGFfC/JXyIVOMowmsaEJw509eJI1K2T0rV24rpepVHkeBHJFjckpcckGq5IbUSJ1w8kieySt5s56sF+vd+pi1Lln5zAH5A+vzB9O8lXI=</latexit>

0.6
<latexit sha1_base64="DPt/CjgcCguRAqo8+V6bIGom5O0=">AAAB/XicbVDJSgNBEO1xjXEbl5uXxiB4CjMR1GPQi8cIZoFkCD2dStKkZ6G7RoxD8Fe8eFDEq//hzb+xM5mDJj4oeLxX1dX1/FgKjY7zbS0tr6yurRc2iptb2zu79t5+Q0eJ4lDnkYxUy2capAihjgIltGIFLPAlNP3R9dRv3oPSIgrvcByDF7BBKPqCMzRS1z7sIDxg9k6qoDdJnfL5pGuXnLKTgS4SNyclkqPWtb86vYgnAYTIJdO67ToxeilTKLiESbGTaIgZH7EBtA0NWQDaS7OtE3pilB7tR8pUiDRTf0+kLNB6HPimM2A41PPeVPzPayfYv/RSEcYJQshni/qJpBjRaRS0JxRwlGNDGFfC/JXyIVOMowmsaEJw509eJI1K2T0rV24rpepVHkeBHJFjckpcckGq5IbUSJ1w8kieySt5s56sF+vd+pi1Lln5zAH5A+vzB9bGlXQ=</latexit>

0.8
<latexit sha1_base64="YALCcezBj03KWGXFeH4Ugp3kbhI=">AAAB/XicbVC7TsNAEDzzDOEVHh2NRYREFdmhIGUEDWWQyENKrOh8XiennM/W3RoRrIhfoaEAIVr+g46/4ZK4gISRVhrN7N7ejp8IrtFxvq2V1bX1jc3CVnF7Z3dvv3Rw2NJxqhg0WSxi1fGpBsElNJGjgE6igEa+gLY/up767XtQmsfyDscJeBEdSB5yRtFI/dJxD+EBZ+9kCoJJ5lRqk36p7FScGexl4uakTHI0+qWvXhCzNAKJTFCtu66ToJdRhZwJmBR7qYaEshEdQNdQSSPQXjbbOrHPjBLYYaxMSbRn6u+JjEZajyPfdEYUh3rRm4r/ed0Uw5qXcZmkCJLNF4WpsDG2p1HYAVfAUIwNoUxx81ebDamiDE1gRROCu3jyMmlVK+5FpXpbLdev8jgK5IScknPikktSJzekQZqEkUfyTF7Jm/VkvVjv1se8dcXKZ47IH1ifP9nQlXY=</latexit>

for tilted absolute penalty with t,
the best constant predictor minimize

<latexit sha1_base64="zpFlLCfpAWT99k2NULWSdwQzCXA="></latexit>

minimizew0
1
N

PN
i=1 p

tlt(w0 � yi)
<latexit sha1_base64="HLUGbhEOhMOPB8RmlLOv+pYJ/bQ="></latexit>

optimal when fration t of training data satisfies w0 < yi
<latexit sha1_base64="FFJWTbo2Ci2iTSUOMPz4NhCs2Ms="></latexit>

t-quantile of training residual is zero
<latexit sha1_base64="t75Xd8OnZy6FXgg1o6ZfPzh3t54=">AAACHHicbVA9SwNBEN3z2/gVtbRZjIKN4S4ptBRtLBWMCkkIc3tzcXFv99ydE2Lwh9j4V2wsFLGxEPw3bmIKvx4MPN6bYWZenCvpKAw/grHxicmp6ZnZ0tz8wuJSeXnl1JnCCmwIo4w9j8GhkhobJEnheW4RsljhWXx5MPDPrtE6afQJ9XJsZ9DVMpUCyEudcr2ljdQJaipt0Mb2VQGapEJuUk4WpJa6yy06mRSguHT8Bq3plCthNRyC/yXRiFTYCEed8lsrMaLI/BahwLlmFObU7oMlKRTellqFwxzEJXSx6amGDF27P3zulm96JeGpsb408aH6faIPmXO9LPadGdCF++0NxP+8ZkHpbrsvdV4QavG1KC0UJ8MHSfFEWhSkep6AsNLfysUFWBDk8yz5EKLfL/8lp7VqVK/WjmuVvf1RHDNsja2zLRaxHbbHDtkRazDB7tgDe2LPwX3wGLwEr1+tY8FoZpX9QPD+CUyyoYI=</latexit>

ŷ = w0 = the (1� t)�quantile of {y1, . . . , yN}
<latexit sha1_base64="ZPkJnEBceWBYaPdIlWlC8R8rekM="></latexit>



Quantile regression
• Quantile regression uses the loss with 


• But with general regression models (not necessarily a 
constant model)


• In general, the resulting t-quantile of residual errors is zero


• Hence the name quantile regression


• Sorted residual error 
t = 0.9

!24

ptlt(ŷi � yi)
<latexit sha1_base64="g7VpFJ4s8ynOT7dWgioJutf+Thg=">AAACC3icbVC7TsMwFHV4lvIqMLJEbZHKQJWUAcYKFsYi0YfUlMhxnNaq40T2DVIUZWfhV1gYQIiVH2Djb3AfA7Qc6UpH59xr33u8mDMFlvVtrKyurW9sFraK2zu7e/ulg8OOihJJaJtEPJI9DyvKmaBtYMBpL5YUhx6nXW98PfG7D1QqFok7SGM6CPFQsIARDFpyS2VHREz4VECxGt9nwCGvOSMMWZq77Cx12WnVLVWsujWFuUzsOamgOVpu6cvxI5KE+lHCsVJ924phkGEJjHCaF51E0RiTMR7SvqYCh1QNsuktuXmiFd8MIqlLgDlVf09kOFQqDT3dGWIYqUVvIv7n9RMILgcZE3ECVJDZR0HCTYjMSTCmzyQlwFNNMJFM72qSEZaYgI6vqEOwF09eJp1G3T6vN24blebVPI4COkZlVEM2ukBNdINaqI0IekTP6BW9GU/Gi/FufMxaV4z5zBH6A+PzB5C1mrk=</latexit>



Example: quantile regression

• Fit training data with penalty function: 

• Consider t=0.1, 0.5, 0.9
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ptlt(ŷi � yi)
<latexit sha1_base64="g7VpFJ4s8ynOT7dWgioJutf+Thg=">AAACC3icbVC7TsMwFHV4lvIqMLJEbZHKQJWUAcYKFsYi0YfUlMhxnNaq40T2DVIUZWfhV1gYQIiVH2Djb3AfA7Qc6UpH59xr33u8mDMFlvVtrKyurW9sFraK2zu7e/ulg8OOihJJaJtEPJI9DyvKmaBtYMBpL5YUhx6nXW98PfG7D1QqFok7SGM6CPFQsIARDFpyS2VHREz4VECxGt9nwCGvOSMMWZq77Cx12WnVLVWsujWFuUzsOamgOVpu6cvxI5KE+lHCsVJ924phkGEJjHCaF51E0RiTMR7SvqYCh1QNsuktuXmiFd8MIqlLgDlVf09kOFQqDT3dGWIYqUVvIv7n9RMILgcZE3ECVJDZR0HCTYjMSTCmzyQlwFNNMJFM72qSEZaYgI6vqEOwF09eJp1G3T6vN24blebVPI4COkZlVEM2ukBNdINaqI0IekTP6BW9GU/Gi/FufMxaV4z5zBH6A+PzB5C1mrk=</latexit>

x
<latexit sha1_base64="5U38GWTdDYD3UwM0kjr9u84dEtE=">AAAB9HicbVBNTwIxFHyLX4hfqEcvjWDiieziQY9ELx4xETCBDel2u9DQbde2SyQbfocXDxrj1R/jzX9jgT0oOEmTycybvNcJEs60cd1vp7C2vrG5Vdwu7ezu7R+UD4/aWqaK0BaRXKqHAGvKmaAtwwynD4miOA447QSjm5nfGVOlmRT3ZpJQP8YDwSJGsLGS3xOSiZAKU6o+Vfvliltz50CrxMtJBXI0++WvXihJGts84Vjrrucmxs+wMoxwOi31Uk0TTEZ4QLuWChxT7Wfzo6fozCohiqSyTxg0V38nMhxrPYkDOxljM9TL3kz8z+umJrryMyaS1FBBFouilCMj0awBFDJFieETSzBRzN6KyBArTIztqWRL8Ja/vEra9Zp3Uavf1SuN67yOIpzAKZyDB5fQgFtoQgsIPMIzvMKbM3ZenHfnYzFacPLMMfyB8/kD5LaRgw==</latexit>

y
<latexit sha1_base64="tTGmoe1aqBug7e3zr+CsgZ+tS9Q=">AAAB9HicbVC7TsMwFL0prxJeBUaWiBaJqUrKAGMFC2OR6ENqo8pxnNaqYwfbqRRF/Q4WBhBi5WPY+BvcNgO0HMnS0Tn36F6fIGFUadf9tkobm1vbO+Vde2//4PCocnzSUSKVmLSxYEL2AqQIo5y0NdWM9BJJUBww0g0md3O/OyVSUcEfdZYQP0YjTiOKkTaSP+CC8pBwbdey2rBSdevuAs468QpShQKtYeVrEAqcxiaPGVKq77mJ9nMkNcWMzOxBqkiC8ASNSN9QjmKi/Hxx9My5MEroREKax7WzUH8nchQrlcWBmYyRHqtVby7+5/VTHd34OeVJqgnHy0VRyhwtnHkDTkglwZplhiAsqbnVwWMkEdamJ9uU4K1+eZ10GnXvqt54aFSbt0UdZTiDc7gED66hCffQgjZgeIJneIU3a2q9WO/Wx3K0ZBWZU/gD6/MH5juRhA==</latexit>



t=0.1 t=0.5

x
<latexit sha1_base64="5U38GWTdDYD3UwM0kjr9u84dEtE=">AAAB9HicbVBNTwIxFHyLX4hfqEcvjWDiieziQY9ELx4xETCBDel2u9DQbde2SyQbfocXDxrj1R/jzX9jgT0oOEmTycybvNcJEs60cd1vp7C2vrG5Vdwu7ezu7R+UD4/aWqaK0BaRXKqHAGvKmaAtwwynD4miOA447QSjm5nfGVOlmRT3ZpJQP8YDwSJGsLGS3xOSiZAKU6o+Vfvliltz50CrxMtJBXI0++WvXihJGts84Vjrrucmxs+wMoxwOi31Uk0TTEZ4QLuWChxT7Wfzo6fozCohiqSyTxg0V38nMhxrPYkDOxljM9TL3kz8z+umJrryMyaS1FBBFouilCMj0awBFDJFieETSzBRzN6KyBArTIztqWRL8Ja/vEra9Zp3Uavf1SuN67yOIpzAKZyDB5fQgFtoQgsIPMIzvMKbM3ZenHfnYzFacPLMMfyB8/kD5LaRgw==</latexit>

y
<latexit sha1_base64="tTGmoe1aqBug7e3zr+CsgZ+tS9Q=">AAAB9HicbVC7TsMwFL0prxJeBUaWiBaJqUrKAGMFC2OR6ENqo8pxnNaqYwfbqRRF/Q4WBhBi5WPY+BvcNgO0HMnS0Tn36F6fIGFUadf9tkobm1vbO+Vde2//4PCocnzSUSKVmLSxYEL2AqQIo5y0NdWM9BJJUBww0g0md3O/OyVSUcEfdZYQP0YjTiOKkTaSP+CC8pBwbdey2rBSdevuAs468QpShQKtYeVrEAqcxiaPGVKq77mJ9nMkNcWMzOxBqkiC8ASNSN9QjmKi/Hxx9My5MEroREKax7WzUH8nchQrlcWBmYyRHqtVby7+5/VTHd34OeVJqgnHy0VRyhwtnHkDTkglwZplhiAsqbnVwWMkEdamJ9uU4K1+eZ10GnXvqt54aFSbt0UdZTiDc7gED66hCffQgjZgeIJneIU3a2q9WO/Wx3K0ZBWZU/gD6/MH5juRhA==</latexit>

Example: quantile regression
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t=0.9y
<latexit sha1_base64="tTGmoe1aqBug7e3zr+CsgZ+tS9Q=">AAAB9HicbVC7TsMwFL0prxJeBUaWiBaJqUrKAGMFC2OR6ENqo8pxnNaqYwfbqRRF/Q4WBhBi5WPY+BvcNgO0HMnS0Tn36F6fIGFUadf9tkobm1vbO+Vde2//4PCocnzSUSKVmLSxYEL2AqQIo5y0NdWM9BJJUBww0g0md3O/OyVSUcEfdZYQP0YjTiOKkTaSP+CC8pBwbdey2rBSdevuAs468QpShQKtYeVrEAqcxiaPGVKq77mJ9nMkNcWMzOxBqkiC8ASNSN9QjmKi/Hxx9My5MEroREKax7WzUH8nchQrlcWBmYyRHqtVby7+5/VTHd34OeVJqgnHy0VRyhwtnHkDTkglwZplhiAsqbnVwWMkEdamJ9uU4K1+eZ10GnXvqt54aFSbt0UdZTiDc7gED66hCffQgjZgeIJneIU3a2q9WO/Wx3K0ZBWZU/gD6/MH5juRhA==</latexit>

ŷ
<latexit sha1_base64="x2nMYs/41x6tEL0kY/PL/zaAd4k=">AAAB8HicbVA9TwJBEJ3DL8Qv1NLmIphYkTsstCTaWGIioIEL2VsW2LC7d9mdM7lc+BU2Fhpj68+x89+4wBUKvmSSl/dmMjMvjAU36HnfTmFtfWNzq7hd2tnd2z8oHx61TZRoylo0EpF+CIlhgivWQo6CPcSaERkK1gknNzO/88S04ZG6xzRmgSQjxYecErTSY7U3Jpil02q/XPFq3hzuKvFzUoEczX75qzeIaCKZQiqIMV3fizHIiEZOBZuWeolhMaETMmJdSxWRzATZ/OCpe2aVgTuMtC2F7lz9PZERaUwqQ9spCY7NsjcT//O6CQ6vgoyrOEGm6GLRMBEuRu7se3fANaMoUksI1dze6tIx0YSizahkQ/CXX14l7XrNv6jV7+qVxnUeRxFO4BTOwYdLaMAtNKEFFCQ8wyu8Odp5cd6dj0VrwclnjuEPnM8fbaqQKA==</latexit>

er
ro
r
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�

y
<latexit sha1_base64="sftrDzaZavxrMyhMRpy4SbnLqUM=">AAAB+nicbVC7TsNAEFyHVwgvB0qaEwkSDZEdCigjaCiDRB5SYkXnyzk55eyz7s4gy+RTaChAiJYvoeNvuCQuIGGq0cyudnb8mDOlHefbKqytb2xuFbdLO7t7+wd2+bCtRCIJbRHBhez6WFHOItrSTHPajSXFoc9px5/czPzOA5WKiehepzH1QjyKWMAI1kYa2GUqpZCo2h9jnaXT87Q6sCtOzZkDrRI3JxXI0RzYX/2hIElII004VqrnOrH2Miw1I5xOS/1E0RiTCR7RnqERDqnysnn0KTo1yhAFJkIgIo3m6u+NDIdKpaFvJkOsx2rZm4n/eb1EB1dexqI40TQii0NBwpEWaNYDGjJJieapIZhIZrIiMsYSE23aKpkS3OWXV0m7XnMvavW7eqVxnddRhGM4gTNw4RIacAtNaAGBR3iGV3iznqwX6936WIwWrHznCP7A+vwBqFOTmQ==</latexit>



Example: quantile regression
• t-quantile of the error (a.k.a. residual) is zero
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<latexit sha1_base64="9loKNymRtDoApNwd2yqhTrDnIVg=">AAAB/HicbVC7TsMwFL3hWcqr0JHFokJiqpIywFjBwlgk+pDaqHLcm9aq85DtVIqi8issDCDEyoew8Tc4bQZoOZKl43Puvb4+Xiy40rb9bW1sbm3v7Jb2yvsHh0fHlZPTjooSybDNIhHJnkcVCh5iW3MtsBdLpIEnsOtN73K/O0OpeBQ+6jRGN6DjkPucUW2kYaXKkiAR5jJD4kvKlmrNrtsLkHXiFKQGBVrDytdgFJlBGGomqFJ9x461m1GpORM4Lw8ShTFlUzrGvqEhDVC52WL5Obkwyoj4kTQn1GSh/u7IaKBUGnimMqB6ola9XPzP6yfav3EzHsaJxpAtH/ITQXRE8iTIiEtkWqSGUCa52ZWwCc0zMHmVTQjO6pfXSadRd67qjYdGrXlbxFGCMziHS3DgGppwDy1oA4MUnuEV3qwn68V6tz6WpRtW0VOFP7A+fwA3gpUg</latexit>

error ŷi � yi
<latexit sha1_base64="xLoLUY9rAab2IwVW3r0KJtcWSJ8=">AAAB/nicbVA9T8MwFHTKVylfAcTEYtEisVAlZYCxgoWxSJRWaqPIcZ3WqhNH9gtSFFXir7AwgBArv4ONf4PbZoCWm0537+nduyARXIPjfFulldW19Y3yZmVre2d3z94/eNAyVZS1qRRSdQOimeAxawMHwbqJYiQKBOsE45up33lkSnMZ30OWMC8iw5iHnBIwkm8fMaWkwrX+iECeTXx+nvm85ttVp+7MgJeJW5AqKtDy7a/+QNI0YjFQQbTuuU4CXk4UcCrYpNJPNUsIHZMh6xkak4hpL5/Fn+BTowxwaGKEMgY8U39v5CTSOosCMxkRGOlFbyr+5/VSCK+8nMdJCiym80NhKjBIPO0CD7hiFERmCKGKm6yYjogiFExjFVOCu/jyMnlo1N2LeuOuUW1eF3WU0TE6QWfIRZeoiW5RC7URRTl6Rq/ozXqyXqx362M+WrKKnUP0B9bnD7fylVE=</latexit>


