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Regularizers

• consider a linear predictor


• if         is large then the predictor is very sensitive to  
small changes in      lead to large changes in the prediction


• this suggests that we would like                             
not to be large


• recall Ridge regression with quadratic or L2 regularizer  
 
 
 
this penalizes having large parameters
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|wi|
<latexit sha1_base64="xjh/VZsKeNVeusXwb5Cse1UNDt0=">AAAB7HicbVBNTwIxEJ3iF+IX6tFLIzHxRHbRRI9ELx4xcYEENqRbutDQ7W7aroYs/AYvHjTGqz/Im//GAntQ8CWTvLw3k5l5QSK4No7zjQpr6xubW8Xt0s7u3v5B+fCoqeNUUebRWMSqHRDNBJfMM9wI1k4UI1EgWCsY3c781iNTmsfywYwT5kdkIHnIKTFW8iZPPT7plStO1ZkDrxI3JxXI0eiVv7r9mKYRk4YKonXHdRLjZ0QZTgWblrqpZgmhIzJgHUsliZj2s/mxU3xmlT4OY2VLGjxXf09kJNJ6HAW2MyJmqJe9mfif10lNeO1nXCapYZIuFoWpwCbGs89xnytGjRhbQqji9lZMh0QRamw+JRuCu/zyKmnWqu5FtXZ/Wanf5HEU4QRO4RxcuII63EEDPKDA4Rle4Q1J9ILe0ceitYDymWP4A/T5AyVXjuc=</latexit>

xi
<latexit sha1_base64="HYbfjgGaRCmI8j+M0Errr+OmJEA=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120i7dbMLuRiyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/V4r1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvkZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk2a14p1XqncX5dp1HkcBjuEEzsCDS6jBLdShAQwG8Ayv8OYI58V5dz7mrStOPnMEf+B8/gBh3o3c</latexit>

f(x) = w0 + w1x[1] + w2x[2] + · · ·+ wdx[d]
<latexit sha1_base64="1HUBsiR8br5iu6jxThDQ6VEfLkE=">AAACIHicbZDLSsNAFIYnXmu9RV26GSxCRShJFCoUoejGZQV7gSSEyWTSDp1cmJloS+mjuPFV3LhQRHf6NE7TLrT1wAwf/38OM+f3U0aFNIwvbWl5ZXVtvbBR3Nza3tnV9/ZbIsk4Jk2csIR3fCQIozFpSioZ6aScoMhnpO33ryd++55wQZP4Tg5T4kaoG9OQYiSV5OnVsDw4gU7t0qnBB8+Ap+o2B7bp5mTBgW1N0MFBIkWuBUoLXE8vGRUjL7gI5gxKYFYNT/90ggRnEYklZkgI2zRS6Y4QlxQzMi46mSApwn3UJbbCGEVEuKN8wTE8VkoAw4SrE0uYq78nRigSYhj5qjNCsifmvYn4n2dnMrxwRzROM0liPH0ozBiUCZykBQPKCZZsqABhTtVfIe4hjrBUmRZVCOb8yovQsirmWcW6PS/Vr2ZxFMAhOAJlYIIqqIMb0ABNgMEjeAav4E170l60d+1j2rqkzWYOwJ/Svn8ANDieug==</latexit>

w or (w1:d if x[0] = 1)
<latexit sha1_base64="n6gVvJdya1g0feIR/zzq/RKH3uQ=">AAACE3icbZDJSgNBEIZ7XGPcoh69NAYheggzUVAEIejFYwSzQDIMPT09SZOehe4akzDkHbz4Kl48KOLVizffxs4iaGKdfr6/iqr63VhwBab5ZSwsLi2vrGbWsusbm1vbuZ3dmooSSVmVRiKSDZcoJnjIqsBBsEYsGQlcwepu93rk1++ZVDwK72AQMzsg7ZD7nBLQyMkd93ALWB9SHEk8xIWek1oX3vAHcl/DftO0L60jJ5c3i+a48LywpiKPplVxcp8tL6JJwEKggijVtMwY7JRI4FSwYbaVKBYT2iVt1tQyJAFTdjr+aYgPNfGwr6/yoxDwmP6eSEmg1CBwdWdAoKNmvRH8z2sm4J/bKQ/jBFhIJ4v8RGCI8Cgg7HHJKIiBFoRKrm/FtEMkoaBjzOoQrNmX50WtVLROiqXb03z5ahpHBu2jA1RAFjpDZXSDKqiKKHpAT+gFvRqPxrPxZrxPWheM6cwe+lPGxzcjNJxo</latexit>

r(w) = w2
1 + w2

2 + · · ·+ w2
d

<latexit sha1_base64="tqN3s6PN5K6adbnaBHxn5VIu3wc=">AAACFXicbVDLSgMxFM3UV62vUZdugq1QUcrMuFAQoejGZQX7gL7IZDJtaGYyJBlLGfoTbvwVNy4UcSu4829Mp11o64HLPZxzL8k9bsSoVJb1bWSWlldW17LruY3Nre0dc3evJnksMKlizrhouEgSRkNSVVQx0ogEQYHLSN0d3Ez8+gMRkvLwXo0i0g5QL6Q+xUhpqWueFkRxeAxbl1e64LBrdxx4oruT9hb2uJKp4HWcQtfMWyUrBVwk9ozkwQyVrvnV8jiOAxIqzJCUTduKVDtBQlHMyDjXiiWJEB6gHmlqGqKAyHaSXjWGR1rxoM+FrlDBVP29kaBAylHg6skAqb6c9ybif14zVv5FO6FhFCsS4ulDfsyg4nASEfSoIFixkSYIC6r/CnEfCYSVDjKnQ7DnT14kNadkn5WcOydfvp7FkQUH4BAUgQ3OQRncggqoAgwewTN4BW/Gk/FivBsf09GMMdvZB39gfP4AEEiaZQ==</latexit>



L1 Regularizer
• sum absolute or L1 regularizer uses 


• this is the same as L1 norm of the weight vector 


• we write L2 norm (the Euclidean norm) as 
 
 
 
such that the quadratic regularizer is 


• they are both members of the p-norm family, defined as
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r(w) = |w1|+ |w2|+ · · ·+ |wd|
<latexit sha1_base64="CZwjZLLy8J7Ty8DSw/1W3RZ74UA=">AAACFXicbVDLSsNAFJ3UV62vqEs3g61QUUoSFwoiFN24rGAf0IQymUzaoZMHMxNLSfsTbvwVNy4UcSu482+ctF1o64HLPZxzLzP3uDGjQhrGt5ZbWl5ZXcuvFzY2t7Z39N29hogSjkkdRyziLRcJwmhI6pJKRloxJyhwGWm6/ZvMbz4QLmgU3sthTJwAdUPqU4ykkjr6aYmXB8fQvrxSBUeDjjmCJ1m3sm5jL5JiKnijUkcvGhVjArhIzBkpghlqHf3L9iKcBCSUmCEh2qYRSydFXFLMyLhgJ4LECPdRl7QVDVFAhJNOrhrDI6V40I+4qlDCifp7I0WBEMPAVZMBkj0x72Xif147kf6Fk9IwTiQJ8fQhP2FQRjCLCHqUEyzZUBGEOVV/hbiHOMJSBVlQIZjzJy+ShlUxzyrWnVWsXs/iyIMDcAjKwATnoApuQQ3UAQaP4Bm8gjftSXvR3rWP6WhOm+3sgz/QPn8A/OybnQ==</latexit>

kw1:dk1 , |w1|+ |w2|+ · · ·+ |wd|
<latexit sha1_base64="p480GX+/5BaGJPmWx+Opg/ru4PE="></latexit>

kw1:dk2 ,
p

w2
1 + w2

2 + · · ·+ w2
d

<latexit sha1_base64="CeTgCHlboZkSL6YZYWkP4tGd5do="></latexit>

r(w) = kw1:dk22
<latexit sha1_base64="VvRIXou5hNKqvohRJknCuhwQs8c=">AAACB3icbZDLSsNAFIYnXmu9RV0KMtgKdVOSuFAsQtGNywr2Ak0Mk8m0HTq5MDOxlNidG1/FjQtF3PoK7nwbp20W2vrDwMd/zuHM+b2YUSEN41tbWFxaXlnNreXXNza3tvWd3YaIEo5JHUcs4i0PCcJoSOqSSkZaMSco8Bhpev2rcb15T7igUXgrhzFxAtQNaYdiJJXl6gdFXhocQ7tyYVeg/TBwU/PcHylyrTsLFl29YJSNieA8mBkUQKaaq3/ZfoSTgIQSMyRE2zRi6aSIS4oZGeXtRJAY4T7qkrbCEAVEOOnkjhE8Uo4POxFXL5Rw4v6eSFEgxDDwVGeAZE/M1sbmf7V2IjtnTkrDOJEkxNNFnYRBGcFxKNCnnGDJhgoQ5lT9FeIe4ghLFV1ehWDOnjwPDatsnpStG6tQvcziyIF9cAhKwASnoAquQQ3UAQaP4Bm8gjftSXvR3rWPaeuCls3sgT/SPn8AyJSWtA==</latexit>

kw1:dkp , (|w1|p + · · ·+ |wd|p)1/p
<latexit sha1_base64="9SGFgW9FWoisRSuSdI3UXmrDP28="></latexit>



Lasso regression
• we use squared loss 


• with L2 regularizer is called Ridge regression 

• with L1 regularizer is called Lasso regression 

• widely used in machine learning


• since it is a convex function, can be efficiently minimized


• it has interesting properties, making it attractive in 
practice (sparsification)
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MSE = 1
N

PN
i=1(ŷi � yi)2

<latexit sha1_base64="3SNsLZnAcjLmoz0wAiWApbbUDXM="></latexit>

minimizew = MSE(w) + �kwk22
<latexit sha1_base64="zRFk8VDXtSdAB//dyK4ZvmB83Lg="></latexit>

minimizew = MSE(w) + �kwk1
<latexit sha1_base64="+ZdoHpfH0F6Q3rt4tx8sjEp07To="></latexit>



Sparse coefficient vectors via L1 regularization
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Sparse coefficient vector
• suppose w is sparse, i.e. many of its entries are zero


• prediction                    does not depend on features of  
for which


• this means we select some features to use  
(i.e. those with               )


• (potential) practical benefits of sparse w

• true model might be sparse in real applications

• Sparsity (i.e. the number of features used in prediction) is 

the simplest measure of complexity of a model

• Makes prediction model simpler to interpret 
• But manually engineering correct sparse set of features is 

extremely challenging
!6

ŷ = wTx
<latexit sha1_base64="uKPvPfFlUJFjtE/XIR/Y+e+XeyA=">AAAB+nicbVDLTgJBEOzFF+Jr0aOXiWDiieziQS8mRC8eMeGVwEpmh1mYMPvIzKy4WfkULx40xqtf4s2/cYA9KFhJJ5Wq7nR3uRFnUlnWt5FbW9/Y3MpvF3Z29/YPzOJhS4axILRJQh6Kjosl5SygTcUUp51IUOy7nLbd8c3Mbz9QIVkYNFQSUcfHw4B5jGClpb5ZLPdGWKXJFF2hyX0DPZb7ZsmqWHOgVWJnpAQZ6n3zqzcISezTQBGOpezaVqScFAvFCKfTQi+WNMJkjIe0q2mAfSqddH76FJ1qZYC8UOgKFJqrvydS7EuZ+K7u9LEayWVvJv7ndWPlXTopC6JY0YAsFnkxRypEsxzQgAlKFE80wUQwfSsiIywwUTqtgg7BXn55lbSqFfu8Ur2rlmrXWRx5OIYTOAMbLqAGt1CHJhCYwDO8wpvxZLwY78bHojVnZDNH8AfG5w+WEpLn</latexit>

xi
<latexit sha1_base64="AnldYOcwon+lYc+c5Gg4LTsSKLg=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsstCTaWGLigQlcyN6ywIa9vcvunJFc+A02Fhpj6w+y89+4wBUKvmSSl/dmMjMvTKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqxn0Wy1g/hNRwKRT3UaDkD4nmNAolb4fjm5nffuTaiFjd4yThQUSHSgwEo2glv/rUE9VeueLW3DnIKvFyUoEczV75q9uPWRpxhUxSYzqem2CQUY2CST4tdVPDE8rGdMg7lioacRNk82On5MwqfTKItS2FZK7+nshoZMwkCm1nRHFklr2Z+J/XSXFwFWRCJSlyxRaLBqkkGJPZ56QvNGcoJ5ZQpoW9lbAR1ZShzadkQ/CWX14lrXrNu6jV7+qVxnUeRxFO4BTOwYNLaMAtNMEHBgKe4RXeHOW8OO/Ox6K14OQzx/AHzucPGg+ONg==</latexit>

wi = 0
<latexit sha1_base64="39SZdqLRg9evo7L49gjJB7IeAFM=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFhPBKtzFQhshaGMZwXxAcoS9zSZZsrd37M4p4ciPsLFQxNbfY+e/cZNcoYkPBh7vzTAzL4ilMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2UaMYbLJKRbgfUcCkUb6BAydux5jQMJG8F49uZ33rk2ohIPeAk5n5Ih0oMBKNopVb5qSeu3XKvWHIr7hxklXgZKUGGeq/41e1HLAm5QiapMR3PjdFPqUbBJJ8WuonhMWVjOuQdSxUNufHT+blTcmaVPhlE2pZCMld/T6Q0NGYSBrYzpDgyy95M/M/rJDi48lOh4gS5YotFg0QSjMjsd9IXmjOUE0so08LeStiIasrQJlSwIXjLL6+SZrXiXVSq99VS7SaLIw8ncArn4MEl1OAO6tAABmN4hld4c2LnxXl3PhatOSebOYY/cD5/AAsVjrY=</latexit>

wi 6= 0
<latexit sha1_base64="pvQXmRieVIOAuvjgfSCHMAa/+eY=">AAAB8nicbVA9T8MwEL2Ur1K+CowsFi0SU5WUAcYKFsYi0Q8pjSrHdVqrjh1sB1RF/RksDCDEyq9h49/gthmg5UknPb13p7t7YcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8tUEdoikkvVDbGmnAnaMsxw2k0UxXHIaScc38z8ziNVmklxbyYJDWI8FCxiBBsr+dWnPkM9QR/car9ccWvuHGiVeDmpQI5mv/zVG0iSxlQYwrHWvucmJsiwMoxwOi31Uk0TTMZ4SH1LBY6pDrL5yVN0ZpUBiqSyJQyaq78nMhxrPYlD2xljM9LL3kz8z/NTE10FGRNJaqggi0VRypGRaPY/GjBFieETSzBRzN6KyAgrTIxNqWRD8JZfXiXtes27qNXv6pXGdR5HEU7gFM7Bg0towC00oQUEJDzDK7w5xnlx3p2PRWvByWeO4Q+czx/08pBh</latexit>



Using L1 regularization leads to sparse coefficient vectors

•  


• rough idea: 

•  

•  


•  
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r(w) = kwk1 is called a sparsifying regularizer
<latexit sha1_base64="kT542wIAcYB/YNWMLb7ZNDu2vFc=">AAACG3icbVC7SgNBFJ31bXxFLW0GEyE2YTcW2ghBG0sFY4RkWe5O7iaDs7PLzKwhJv6Hjb9iY6GIlWDh3zh5FGo8MHA45x7u3BOmgmvjul/OzOzc/MLi0nJuZXVtfSO/uXWlk0wxrLFEJOo6BI2CS6wZbgRepwohDgXWw5vToV+/RaV5Ii9NL0U/hrbkEWdgrBTkK0VV6u4fNwfd5iDwipRrykAIbFGgOgUbjHpctqnCdiZA8TtUQb7glt0R6DTxJqRAJjgP8h/NVsKyGKVhArRueG5q/D4ow5nA+1wz05gCu4E2NiyVEKP2+6Pb7umeVVo0SpR90tCR+jPRh1jrXhzayRhMR//1huJ/XiMz0ZHf5zLNDEo2XhRlgpqEDouiLa6QGdGzBJji9q+UdUABM7bOnC3B+3vyNLmqlL2DcuWiUqieTOpYIjtkl5SIRw5JlZyRc1IjjDyQJ/JCXp1H59l5c97HozPOJLNNfsH5/AbKlKC0</latexit>

for L2 regularizer, once wi is small, wi is very small
<latexit sha1_base64="yP3WX5zcQMXIAvGzkDa1zEG63bE=">AAACJXicbVC7TgMxEPTxDOEVoKSxSJAooujuKKCgiKChoAgSeUhJFPmcvcSKzz7ZPlCI8jM0/AoNBRFCouJXcB4SkDDVeGZ3vTtBzJk2rvvpLC2vrK6tpzbSm1vbO7uZvf2KlomiUKaSS1ULiAbOBJQNMxxqsQISBRyqQe9q7FfvQWkmxZ3px9CMSEewkFFirNTKXIRS4RsfK+gknCj2CCqPpaCAcw8tlsNMYx0RzvM/bzuuPxVbmaxbcCfAi8SbkSyaodTKjBptSZMIhKGcaF333Ng0B0QZRjkM041EQ0xoj3SgbqkgEejmYHLlEB9bpY3H+4ZSGDxRf3cMSKR1PwpsZURMV897Y/E/r56Y8Lw5YCJODAg6/ShMODYSjyPDbaaAGt63hFDF7K6Ydoki1Nhg0zYEb/7kRVLxC95pwb/1s8XLWRwpdIiO0Any0BkqomtUQmVE0RN6QW9o5Dw7r8678zEtXXJmPQfoD5yvb4tJo3E=</latexit>

so not much incentive to make coe�cients
go all the way to zero

<latexit sha1_base64="3cPKHCVbPQI7Do0hpYnM75jCyAw="></latexit>

for L1 regularizer, incentive to make wi smaller
keeps up all the way until it is zero

<latexit sha1_base64="m0MeZkw2if69qGKFSDNu1GboFUQ="></latexit>

x

y=x2

y=|x|p

y=|x|



Example: house price

!8 Lasso regression
<latexit sha1_base64="LrD51XcJNQoq4QKrNIRFlAT9+jA=">AAAB+XicbVC7TsMwFHXKq5RXgJHFokJiqpIywFjBwsBQJPqQ2qhy3JvWqmNHtlOpivonLAwgxMqfsPE3uGkGaDnSlY7Oude+94QJZ9p43rdT2tjc2t4p71b29g8Oj9zjk7aWqaLQopJL1Q2JBs4EtAwzHLqJAhKHHDrh5G7hd6agNJPiycwSCGIyEixilBgrDVz3gWgtsYKRAq1zqerVvBx4nfgFqaICzYH71R9KmsYgDOX2sZ7vJSbIiDKMcphX+qmGhNAJGUHPUkFi0EGWbz7HF1YZ4kgqW8LgXP09kZFY61kc2s6YmLFe9Rbif14vNdFNkDGRpAYEXX4UpRwbiRcx4CFTQA2fWUKoYnZXTMdEEWpsWBUbgr968jpp12v+Va3+WK82bos4yugMnaNL5KNr1ED3qIlaiKIpekav6M3JnBfn3flYtpacYuYU/YHz+QOv0ZOw</latexit>

Ridge regression
<latexit sha1_base64="Ffjmx9iRTWAIsZKnisngig+hBW0=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0nqQY9FLx6r2A9oQ9lsJunSzSbsbgol9J948aCIV/+JN/+N2zQHbX0w8Hhvhpl5fsqZ0o7zbVU2Nre2d6q7tb39g8Mj+/ikq5JMUujQhCey7xMFnAnoaKY59FMJJPY59PzJ3cLvTUEqlognPUvBi0kkWMgo0UYa2fYjCyLAEiIJShVS3Wk4BfA6cUtSRyXaI/trGCQ0i0FoyolSA9dJtZcTqRnlMK8NMwUpoRMSwcBQQWJQXl5cPscXRglwmEhTQuNC/T2Rk1ipWeybzpjosVr1FuJ/3iDT4Y2XM5FmGgRdLgozjnWCFzHggEmgms8MIVQycyumYyIJ1SasmgnBXX15nXSbDfeq0Xxo1lu3ZRxVdIbO0SVy0TVqoXvURh1E0RQ9o1f0ZuXWi/VufSxbK1Y5c4r+wPr8AYv+k5k=</latexit>

wi’s
<latexit sha1_base64="xhDj4cmB5p1VaVOBU9OfgOgnTaA=">AAAB7nicbVA9TwJBEJ3DL8Qv1NJmIxityB0WWhJtLDGRjwQuZG/Zgw17e5fdOQ0h/AgbC42x9ffY+W9c4AoFXzLJy3szmZkXJFIYdN1vJ7e2vrG5ld8u7Ozu7R8UD4+aJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR7cxvPXJtRKwecJxwP6IDJULBKFqpVX7qifK56RVLbsWdg6wSLyMlyFDvFb+6/ZilEVfIJDWm47kJ+hOqUTDJp4VuanhC2YgOeMdSRSNu/Mn83Ck5s0qfhLG2pZDM1d8TExoZM44C2xlRHJplbyb+53VSDK/9iVBJilyxxaIwlQRjMvud9IXmDOXYEsq0sLcSNqSaMrQJFWwI3vLLq6RZrXiXlep9tVS7yeLIwwmcwgV4cAU1uIM6NIDBCJ7hFd6cxHlx3p2PRWvOyWaO4Q+czx9PDo7j</latexit>

log10 �
<latexit sha1_base64="DR0XXdRWEOLTydWJtSA+D8qm/SY=">AAAB/XicbVC7TsMwFL3hWcorPDYWixaJqUrKAGMFC2OR6ENqoshx3NaqE0e2g1Siil9hYQAhVv6Djb/BbTNAy5EsHZ1zj+71CVPOlHacb2tldW19Y7O0Vd7e2d3btw8O20pkktAWEVzIbogV5SyhLc00p91UUhyHnHbC0c3U7zxQqZhI7vU4pX6MBwnrM4K1kQL7uOpxMQhy15kgj5tchFE1sCtOzZkBLRO3IBUo0AzsLy8SJItpognHSvVcJ9V+jqVmhNNJ2csUTTEZ4QHtGZrgmCo/n10/QWdGiVBfSPMSjWbq70SOY6XGcWgmY6yHatGbiv95vUz3r/ycJWmmaULmi/oZR1qgaRUoYpISzceGYCKZuRWRIZaYaFNY2ZTgLn55mbTrNfeiVr+rVxrXRR0lOIFTOAcXLqEBt9CEFhB4hGd4hTfryXqx3q2P+eiKVWSO4A+szx+sMZQQ</latexit>

log10 �
<latexit sha1_base64="DR0XXdRWEOLTydWJtSA+D8qm/SY=">AAAB/XicbVC7TsMwFL3hWcorPDYWixaJqUrKAGMFC2OR6ENqoshx3NaqE0e2g1Siil9hYQAhVv6Djb/BbTNAy5EsHZ1zj+71CVPOlHacb2tldW19Y7O0Vd7e2d3btw8O20pkktAWEVzIbogV5SyhLc00p91UUhyHnHbC0c3U7zxQqZhI7vU4pX6MBwnrM4K1kQL7uOpxMQhy15kgj5tchFE1sCtOzZkBLRO3IBUo0AzsLy8SJItpognHSvVcJ9V+jqVmhNNJ2csUTTEZ4QHtGZrgmCo/n10/QWdGiVBfSPMSjWbq70SOY6XGcWgmY6yHatGbiv95vUz3r/ycJWmmaULmi/oZR1qgaRUoYpISzceGYCKZuRWRIZaYaFNY2ZTgLn55mbTrNfeiVr+rVxrXRR0lOIFTOAcXLqEBt9CEFhB4hGd4hTfryXqx3q2P+eiKVWSO4A+szx+sMZQQ</latexit>

error
<latexit sha1_base64="3srcD6Q8A6U49q6u0/IMHrACHCg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqST1oMeiF48VTFtoQ9lsJ+3SzW7Y3Qgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5UcqZNp737ZQ2Nre2d8q7lb39g8Oj6vFJW8tMUQyo5FJ1I6KRM4GBYYZjN1VIkohjJ5rczf3OEyrNpHg00xTDhIwEixklxkoBKiXVoFrz6t4C7jrxC1KDAq1B9as/lDRLUBjKidY930tNmBNlGOU4q/QzjSmhEzLCnqWCJKjDfHHszL2wytCNpbIljLtQf0/kJNF6mkS2MyFmrFe9ufif18tMfBPmTKSZQUGXi+KMu0a688/dIVNIDZ9aQqhi9laXjoki1Nh8KjYEf/XlddJu1P2reuOhUWveFnGU4QzO4RJ8uIYm3EMLAqDA4Ble4c0Rzovz7nwsW0tOMXMKf+B8/gAQxI7Y</latexit>

test error is red and train error is blue
<latexit sha1_base64="20DtvK+M0Pjl97it/M1I/j5EbCI=">AAACEnicbVC7SgNBFJ2NrxhfUUubwSBoE3ZjoWXQxjKCeUASwuzs3WTI7Owyc1cIS77Bxl+xsVDE1srOv3HyADXxVIdz7uXec/xECoOu++XkVlbX1jfym4Wt7Z3dveL+QcPEqeZQ57GMdctnBqRQUEeBElqJBhb5Epr+8HriN+9BGxGrOxwl0I1YX4lQcIZW6hXPEAxS0DrWVBiqIaBMBRQ1E+pH9mUKvWLJLbtT0GXizUmJzFHrFT87QczTCBRyyYxpe26C3YxpFFzCuNBJDSSMD1kf2pYqFoHpZtNIY3pilYCG9nwYK6RT9fdGxiJjRpFvJyOGA7PoTcT/vHaK4WU3EypJERSfHQpTSTGmk35oIDRwlCNLGNfC/kr5gGnG0bZYsCV4i5GXSaNS9s7LldtKqXo1ryNPjsgxOSUeuSBVckNqpE44eSBP5IW8Oo/Os/PmvM9Gc85855D8gfPxDWEInUc=</latexit>



Selecting sparse features based on Ridge regression (L2 regularizer) 
can be problematic

• sometimes sparse features are desired in practice

• consider running the following sparse feature selection 

method

• run Ridge regression, with optimal lambda

• Set to zero (shrink) those parameters that are smaller than 

a threshold
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• Set threshold in order to keep the top 5, for example, parameters

• What is wrong with this approach?



• sometimes sparse features are desired in practice

• consider running the following sparse feature selection 

method

• run Ridge regression, with optimal lambda

• shrink parameters that are smaller than a threshold

!10

# bedrooms

# bathrooms

sq.ft. 
living

sq.ft. 
lot

floors

year built

year re
novated

last s
ales p

rice

cost p
er sq

.ft.

heating

# sh
owers

waterfro
nt

0

• nothing measuring bathrooms is included!!

Selecting sparse features based on Ridge regression (L2 regularizer) 
can be problematic



• If only one of the features were included when running 
Ridge regression, it would have survived
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• thresholding Ridge regression parameters unnecessarily  
penalizes multiple similar features 


• Lasso is a more principled way of selecting sparse features

Selecting sparse features based on Ridge regression (L2 regularizer) 
can be problematic



Lasso regression naturally gives sparse features

• feature selection with Lasso regression

• choose lambda based on regularization path with test data

• keep features with largest parameters in w

• retrain with lambda=0
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Lasso
<latexit sha1_base64="x5rmH76jfujit8o7JEFyH8ukvX8=">AAAB7HicbVBNTwIxEJ36ifiFevTSSEw8kV086JHoxYMHTFwggQ3pli40dNtN2zUhG36DFw8a49Uf5M1/Y4E9KPiSJi/vzUxnXpQKbqznfaO19Y3Nre3STnl3b//gsHJ03DIq05QFVAmlOxExTHDJAsutYJ1UM5JEgrWj8e3Mbz8xbbiSj3aSsjAhQ8ljTol1UnBPjFH9StWreXPgVeIXpAoFmv3KV2+gaJYwaalwE7q+l9owJ9pyKti03MsMSwkdkyHrOipJwkyYz5ed4nOnDHCstHvS4rn6uyMniTGTJHKVCbEjs+zNxP+8bmbj6zDnMs0sk3TxUZwJbBWeXY4HXDNqxcQRQjV3u2I6IppQ6/IpuxD85ZNXSate8y9r9Yd6tXFTxFGCUziDC/DhChpwB00IgAKHZ3iFNyTRC3pHH4vSNVT0nMAfoM8f04SOsA==</latexit>

Ridge
<latexit sha1_base64="+V1YAMjoCX3A13NfWnxfp1rPX0M=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4Kkk96LHoxWMV+wFtKJvNpF262YTdjVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXpIJr47rfztr6xubWdmmnvLu3f3BYOTpu6yRTDFssEYnqBlSj4BJbhhuB3VQhjQOBnWB8O/M7T6g0T+SjmaTox3QoecQZNVZqPfBwiINK1a25c5BV4hWkCgWag8pXP0xYFqM0TFCte56bGj+nynAmcFruZxpTysZ0iD1LJY1R+/n82Ck5t0pIokTZkobM1d8TOY21nsSB7YypGellbyb+5/UyE137OZdpZlCyxaIoE8QkZPY5CblCZsTEEsoUt7cSNqKKMmPzKdsQvOWXV0m7XvMua/X7erVxU8RRglM4gwvw4AoacAdNaAEDDs/wCm+OdF6cd+dj0brmFDMn8AfO5w+wro6Z</latexit>

wi’s
<latexit sha1_base64="xhDj4cmB5p1VaVOBU9OfgOgnTaA=">AAAB7nicbVA9TwJBEJ3DL8Qv1NJmIxityB0WWhJtLDGRjwQuZG/Zgw17e5fdOQ0h/AgbC42x9ffY+W9c4AoFXzLJy3szmZkXJFIYdN1vJ7e2vrG5ld8u7Ozu7R8UD4+aJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR7cxvPXJtRKwecJxwP6IDJULBKFqpVX7qifK56RVLbsWdg6wSLyMlyFDvFb+6/ZilEVfIJDWm47kJ+h OqUTDJp4VuanhC2YgOeMdSRSNu/Mn83Ck5s0qfhLG2pZDM1d8TExoZM44C2xlRHJplbyb+53VSDK/9iVBJilyxxaIwlQRjMvud9IXmDOXYEsq0sLcSNqSaMrQJFWwI3vLLq6RZrXiXlep9tVS7yeLIwwmcwgV4cAU1uIM6NIDBCJ7hFd6cxHlx3p2PRWvOyWaO4Q+czx9PDo7j</latexit>

error
<latexit sha1_base64="3srcD6Q8A6U49q6u0/IMHrACHCg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqST1oMeiF48VTFtoQ9lsJ+3SzW7Y3Qgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5UcqZNp737ZQ2Nre2d8q7lb39g8Oj6vFJW8tMUQyo5FJ1I6KRM4GBYYZjN1VIkohjJ5rczf3OEyrNpHg00xTDhIwEixklxkoBKiXVoFrz6t4C7jrxC1KDAq1B9as/lDRLUBjKidY930tNmBNlGOU4q/QzjSmhEzLCnqWCJKjDfHHszL2wytCNpbIljLtQf0/kJNF6mkS2MyFmrFe9ufif18tMfBPmTKSZQUGXi+KMu0a688/dIVNIDZ9aQqhi9laXjoki1Nh8KjYEf/XlddJu1P2reuOhUWveFnGU4QzO4RJ8uIYm3EMLAqDA4Ble4c0Rzovz7nwsW0tOMXMKf+B8/gAQxI7Y</latexit>



• at optimal lambda, the sorted |wi|’s are

• Lasso has only 35 non-zero components
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Ridge
<latexit sha1_base64="+V1YAMjoCX3A13NfWnxfp1rPX0M=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4Kkk96LHoxWMV+wFtKJvNpF262YTdjVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXpIJr47rfztr6xubWdmmnvLu3f3BYOTpu6yRTDFssEYnqBlSj4BJbhhuB3VQhjQOBnWB8O/M7T6g0T+SjmaTox3QoecQZNVZqPfBwiINK1a25c5BV4hWkCgWag8pXP0xYFqM0TFCte56bGj+nynAmcFruZxpTysZ0iD1LJY1R+/n82Ck5t0pIokTZkobM1d8TOY21nsSB7YypGellbyb+5/UyE137OZdpZlCyxaIoE8QkZPY5CblCZsTEEsoUt7cSNqKKMmPzKdsQvOWXV0m7XvMua/X7erVxU8RRglM4gwvw4AoacAdNaAEDDs/wCm+OdF6cd+dj0brmFDMn8AfO5w+wro6Z</latexit>

Lasso
<latexit sha1_base64="x5rmH76jfujit8o7JEFyH8ukvX8=">AAAB7HicbVBNTwIxEJ36ifiFevTSSEw8kV086JHoxYMHTFwggQ3pli40dNtN2zUhG36DFw8a49Uf5M1/Y4E9KPiSJi/vzUxnXpQKbqznfaO19Y3Nre3STnl3b//gsHJ03DIq05QFVAmlOxExTHDJAsutYJ1UM5JEgrWj8e3Mbz8xbbiSj3aSsjAhQ8ljTol1UnBPjFH9StWreXPgVeIXpAoFmv3KV2+gaJYwaalwE7q+l9owJ9pyKti03MsMSwkdkyHrOipJwkyYz5ed4nOnDHCstHvS4rn6uyMniTGTJHKVCbEjs+zNxP+8bmbj6zDnMs0sk3TxUZwJbBWeXY4HXDNqxcQRQjV3u2I6IppQ6/IpuxD85ZNXSate8y9r9Yd6tXFTxFGCUziDC/DhChpwB00IgAKHZ3iFNyTRC3pHH4vSNVT0nMAfoM8f04SOsA==</latexit>



After retrain
• Retrain with only 9 features identified by lasso

!14
Lasso

<latexit sha1_base64="x5rmH76jfujit8o7JEFyH8ukvX8=">AAAB7HicbVBNTwIxEJ36ifiFevTSSEw8kV086JHoxYMHTFwggQ3pli40dNtN2zUhG36DFw8a49Uf5M1/Y4E9KPiSJi/vzUxnXpQKbqznfaO19Y3Nre3STnl3b//gsHJ03DIq05QFVAmlOxExTHDJAsutYJ1UM5JEgrWj8e3Mbz8xbbiSj3aSsjAhQ8ljTol1UnBPjFH9StWreXPgVeIXpAoFmv3KV2+gaJYwaalwE7q+l9owJ9pyKti03MsMSwkdkyHrOipJwkyYz5ed4nOnDHCstHvS4rn6uyMniTGTJHKVCbEjs+zNxP+8bmbj6zDnMs0sk3TxUZwJbBWeXY4HXDNqxcQRQjV3u2I6IppQ6/IpuxD85ZNXSate8y9r9Yd6tXFTxFGCUziDC/DhChpwB00IgAKHZ3iFNyTRC3pHH4vSNVT0nMAfoM8f04SOsA==</latexit>Ridge
<latexit sha1_base64="+V1YAMjoCX3A13NfWnxfp1rPX0M=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4Kkk96LHoxWMV+wFtKJvNpF262YTdjVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXpIJr47rfztr6xubWdmmnvLu3f3BYOTpu6yRTDFssEYnqBlSj4BJbhhuB3VQhjQOBnWB8O/M7T6g0T+SjmaTox3QoecQZNVZqPfBwiINK1a25c5BV4hWkCgWag8pXP0xYFqM0TFCte56bGj+nynAmcFruZxpTysZ0iD1LJY1R+/n82Ck5t0pIokTZkobM1d8TOY21nsSB7YypGellbyb+5/UyE137OZdpZlCyxaIoE8QkZPY5CblCZsTEEsoUt7cSNqKKMmPzKdsQvOWXV0m7XvMua/X7erVxU8RRglM4gwvw4AoacAdNaAEDDs/wCm+OdF6cd+dj0brmFDMn8AfO5w+wro6Z</latexit>

wi’s
<latexit sha1_base64="xhDj4cmB5p1VaVOBU9OfgOgnTaA=">AAAB7nicbVA9TwJBEJ3DL8Qv1NJmIxityB0WWhJtLDGRjwQuZG/Zgw17e5fdOQ0h/AgbC42x9ffY+W9c4AoFXzLJy3szmZkXJFIYdN1vJ7e2vrG5ld8u7Ozu7R8UD4+aJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR7cxvPXJtRKwecJxwP6IDJULBKFqpVX7qifK56RVLbsWdg6wSLyMlyFDvFb+6/ZilEVfIJDWm47kJ+h OqUTDJp4VuanhC2YgOeMdSRSNu/Mn83Ck5s0qfhLG2pZDM1d8TExoZM44C2xlRHJplbyb+53VSDK/9iVBJilyxxaIwlQRjMvud9IXmDOXYEsq0sLcSNqSaMrQJFWwI3vLLq6RZrXiXlep9tVS7yeLIwwmcwgV4cAU1uIM6NIDBCJ7hFd6cxHlx3p2PRWvOyWaO4Q+czx9PDo7j</latexit>

error
<latexit sha1_base64="3srcD6Q8A6U49q6u0/IMHrACHCg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqST1oMeiF48VTFtoQ9lsJ+3SzW7Y3Qgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5UcqZNp737ZQ2Nre2d8q7lb39g8Oj6vFJW8tMUQyo5FJ1I6KRM4GBYYZjN1VIkohjJ5rczf3OEyrNpHg00xTDhIwEixklxkoBKiXVoFrz6t4C7jrxC1KDAq1B9as/lDRLUBjKidY930tNmBNlGO U4q/QzjSmhEzLCnqWCJKjDfHHszL2wytCNpbIljLtQf0/kJNF6mkS2MyFmrFe9ufif18tMfBPmTKSZQUGXi+KMu0a688/dIVNIDZ9aQqhi9laXjoki1Nh8KjYEf/XlddJu1P2reuOhUWveFnGU4QzO4RJ8uIYm3EMLAqDA4Ble4c0Rzovz7nwsW0tOMXMKf+B8/gAQxI7Y</latexit>

• The test error is small and robust for broad range of lambda



• What if we use p-norm regularizer with p<1 ?
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Lasso
<latexit sha1_base64="x5rmH76jfujit8o7JEFyH8ukvX8=">AAAB7HicbVBNTwIxEJ36ifiFevTSSEw8kV086JHoxYMHTFwggQ3pli40dNtN2zUhG36DFw8a49Uf5M1/Y4E9KPiSJi/vzUxnXpQKbqznfaO19Y3Nre3STnl3b//gsHJ03DIq05QFVAmlOxExTHDJAsutYJ1UM5JEgrWj8e3Mbz8xbbiSj3aSsjAhQ8ljTol1UnBPjFH9StWreXPgVeIXpAoFmv3KV2+gaJYwaalwE7q+l9owJ9pyKti03MsMSwkdkyHrOipJwkyYz5ed4nOnDHCstHvS4rn6uyMniTGTJHKVCbEjs+zNxP+8bmbj6zDnMs0sk3TxUZwJbBWeXY4HXDNqxcQRQjV3u2I6IppQ6/IpuxD85ZNXSate8y9r9Yd6tXFTxFGCUziDC/DhChpwB00IgAKHZ3iFNyTRC3pHH4vSNVT0nMAfoM8f04SOsA==</latexit>

Ridge
<latexit sha1_base64="+V1YAMjoCX3A13NfWnxfp1rPX0M=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4Kkk96LHoxWMV+wFtKJvNpF262YTdjVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXpIJr47rfztr6xubWdmmnvLu3f3BYOTpu6yRTDFssEYnqBlSj4BJbhhuB3VQhjQOBnWB8O/M7T6g0T+SjmaTox3QoecQZNVZqPfBwiINK1a25c5BV4hWkCgWag8pXP0xYFqM0TFCte56bGj+nynAmcFruZxpTysZ0iD1LJY1R+/n82Ck5t0pIokTZkobM1d8TOY21nsSB7YypGellbyb+5/UyE137OZdpZlCyxaIoE8QkZPY5CblCZsTEEsoUt7cSNqKKMmPzKdsQvOWXV0m7XvMua/X7erVxU8RRglM4gwvw4AoacAdNaAEDDs/wCm+OdF6cd+dj0brmFDMn8AfO5w+wro6Z</latexit>

wi’s
<latexit sha1_base64="xhDj4cmB5p1VaVOBU9OfgOgnTaA=">AAAB7nicbVA9TwJBEJ3DL8Qv1NJmIxityB0WWhJtLDGRjwQuZG/Zgw17e5fdOQ0h/AgbC42x9ffY+W9c4AoFXzLJy3szmZkXJFIYdN1vJ7e2vrG5ld8u7Ozu7R8UD4+aJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR7cxvPXJtRKwecJxwP6IDJULBKFqpVX7qifK56RVLbsWdg6wSLyMlyFDvFb+6/ZilEVfIJDWm47kJ+h OqUTDJp4VuanhC2YgOeMdSRSNu/Mn83Ck5s0qfhLG2pZDM1d8TExoZM44C2xlRHJplbyb+53VSDK/9iVBJilyxxaIwlQRjMvud9IXmDOXYEsq0sLcSNqSaMrQJFWwI3vLLq6RZrXiXlep9tVS7yeLIwwmcwgV4cAU1uIM6NIDBCJ7hFd6cxHlx3p2PRWvOyWaO4Q+czx9PDo7j</latexit>

error
<latexit sha1_base64="3srcD6Q8A6U49q6u0/IMHrACHCg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqST1oMeiF48VTFtoQ9lsJ+3SzW7Y3Qgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5UcqZNp737ZQ2Nre2d8q7lb39g8Oj6vFJW8tMUQyo5FJ1I6KRM4GBYYZjN1VIkohjJ5rczf3OEyrNpHg00xTDhIwEixklxkoBKiXVoFrz6t4C7jrxC1KDAq1B9as/lDRLUBjKidY930tNmBNlGO U4q/QzjSmhEzLCnqWCJKjDfHHszL2wytCNpbIljLtQf0/kJNF6mkS2MyFmrFe9ufif18tMfBPmTKSZQUGXi+KMu0a688/dIVNIDZ9aQqhi9laXjoki1Nh8KjYEf/XlddJu1P2reuOhUWveFnGU4QzO4RJ8uIYm3EMLAqDA4Ble4c0Rzovz7nwsW0tOMXMKf+B8/gAQxI7Y</latexit>



• We use Lasso on the piece-wise linear example


• de-biasing is critical!
!16

Example: piecewise-linear fit

h0(x) = 1

hi(x) = [x+ 1.1� 0.1i]+
<latexit sha1_base64="bbltdX5+2ONTCGn5WQqgIVQs4UY=">AAACHnicbVDLSgMxFM34rPU16tJNsCiVYpmpikIRim5cVrAPmBmHTJp2QjMPkoy0lH6JG3/FjQtFBFf6N6btLGrrgXs5nHMvyT1ezKiQhvGjLSwuLa+sZtay6xubW9v6zm5dRAnHpIYjFvGmhwRhNCQ1SSUjzZgTFHiMNLzuzchvPBIuaBTey35MnAB1QtqmGEklufq57xr53jE8sstXdhma0LazvkunJKsHC9AsmvAEGqpT56EAXT1nFI0x4DwxU5IDKaqu/mW3IpwEJJSYISEs04ilM0BcUszIMGsngsQId1GHWIqGKCDCGYzPG8JDpbRgO+KqQgnH6vTGAAVC9ANPTQZI+mLWG4n/eVYi25fOgIZxIkmIJw+1EwZlBEdZwRblBEvWVwRhTtVfIfYRR1iqRLMqBHP25HlSLxXN02Lp7ixXuU7jyIB9cADywAQXoAJuQRXUAAZP4AW8gXftWXvVPrTPyeiClu7sgT/Qvn8B8ZObiA==</latexit>

� = 10�8
<latexit sha1_base64="GR6TMKQjJrXOJg5PrJWciCuXFGE=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgxpJUwW6EohuXFewD2lgmk0k7dDIJM5NCCf0TNy4UceufuPNvnLZZaOuBgcM553LvHD/hTGnH+bYKa+sbm1vF7dLO7t7+gX141FJxKgltkpjHsuNjRTkTtKmZ5rSTSIojn9O2P7qb+e0xlYrF4lFPEupFeCBYyAjWRurbdo+bcIBvkOs8ZRe1ad8uOxVnDrRK3JyUIUejb3/1gpikERWacKxU13US7WVYakY4nZZ6qaIJJiM8oF1DBY6o8rL55VN0ZpQAhbE0T2g0V39PZDhSahL5JhlhPVTL3kz8z+umOqx5GRNJqqkgi0VhypGO0awGFDBJieYTQzCRzNyKyBBLTLQpq2RKcJe/vEpa1Yp7Wak+XJXrt3kdRTiBUzgHF66hDvfQgCYQGMMzvMKblVkv1rv1sYgWrHzmGP7A+vwB40yShQ==</latexit>

� = 10�4
<latexit sha1_base64="awMTbVU0ksiJhoe0tjNl3qQmP3c=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgxpLUgm6EohuXFewD2lgmk0k7dDIJM5NCCf0TNy4UceufuPNvnLZZaOuBgcM553LvHD/hTGnH+bYKa+sbm1vF7dLO7t7+gX141FJxKgltkpjHsuNjRTkTtKmZ5rSTSIojn9O2P7qb+e0xlYrF4lFPEupFeCBYyAjWRurbdo+bcIBvkOs8ZRe1ad8uOxVnDrRK3JyUIUejb3/1gpikERWacKxU13US7WVYakY4nZZ6qaIJJiM8oF1DBY6o8rL55VN0ZpQAhbE0T2g0V39PZDhSahL5JhlhPVTL3kz8z+umOrz2MiaSVFNBFovClCMdo1kNKGCSEs0nhmAimbkVkSGWmGhTVsmU4C5/eZW0qhX3slJ9qJXrt3kdRTiBUzgHF66gDvfQgCYQGMMzvMKblVkv1rv1sYgWrHzmGP7A+vwB3TiSgQ==</latexit>

� = 2⇥ 10�4
<latexit sha1_base64="/RH6KMhlFJGJ3NwSP2Al7e+moKk=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWAR3FiSWtCNUHTjsoJ9QBPLZDJph04ezNwIJdSNv+LGhSJu/Qt3/o3TNgttPTBwOOdc7tzjJYIrsKxvo7C0vLK6VlwvbWxube+Yu3stFaeSsiaNRSw7HlFM8Ig1gYNgnUQyEnqCtb3h9cRvPzCpeBzdwShhbkj6EQ84JaClnnngCB32ySWuOsBDprBt3WentXHPLFsVawq8SOyclFGORs/8cvyYpiGLgAqiVNe2EnAzIoFTwcYlJ1UsIXRI+qyraUT0MjebXjDGx1rxcRBL/SLAU/X3REZCpUahp5MhgYGa9ybif143heDCzXiUpMAiOlsUpAJDjCd1YJ9LRkGMNCFUcv1XTAdEEgq6tJIuwZ4/eZG0qhX7rFK9rZXrV3kdRXSIjtAJstE5qqMb1EBNRNEjekav6M14Ml6Md+NjFi0Y+cw++gPj8weAhJWh</latexit>

� = 0
<latexit sha1_base64="cC5c9OizxYlg4VXj7jJqlLITW5w=">AAAB8XicbVDLSgMxFL3js9ZX1aWbYBFclZkq6EYounFZwT6wHUomc6cNzWSGJCOU0r9w40IRt/6NO//GtJ2Fth4IHM45l9x7glRwbVz321lZXVvf2CxsFbd3dvf2SweHTZ1kimGDJSJR7YBqFFxiw3AjsJ0qpHEgsBUMb6d+6wmV5ol8MKMU/Zj2JY84o8ZKj11hoyG9Jm6vVHYr7gxkmXg5KUOOeq/01Q0TlsUoDRNU647npsYfU2U4EzgpdjONKWVD2seOpZLGqP3xbOMJObVKSKJE2ScNmam/J8Y01noUBzYZUzPQi95U/M/rZCa68sdcpplByeYfRZkgJiHT80nIFTIjRpZQprjdlbABVZQZW1LRluAtnrxMmtWKd16p3l+Uazd5HQU4hhM4Aw8uoQZ3UIcGMJDwDK/w5mjnxXl3PubRFSefOYI/cD5/AIt9kCw=</latexit>

but only use selected features
<latexit sha1_base64="3hivhK+oV0gF0onoY/mKskG+f10=">AAACCHicbVC7SgNBFJ31GeNr1dLCwSBYhd1YaBm0sYxgHpAsYXb2bjJkdnaZhxCWlDb+io2FIrZ+gp1/4yTZQhMvDBzOuY85J8w4U9rzvp2V1bX1jc3SVnl7Z3dv3z04bKnUSApNmvJUdkKigDMBTc00h04mgSQhh3Y4upnq7QeQiqXiXo8zCBIyECxmlGhL9d2T0GicCj7GRgHGdhFQDRGOgWgjQfXdilf1ZoWXgV+ACiqq0Xe/elFKTQJCU06U6vpepoOcSM0oh0m5Z+9khI7IALoWCpKACvKZkQk+s4y9nUr7hMYz9vdEThKlxkloOxOih2pRm5L/aV2j46sgZyIzGgSdH4oNxzrF01RwxKT1bVOIGKGS2b9iOiSS2CykKtsQ/EXLy6BVq/oX1dpdrVK/LuIooWN0is6Rjy5RHd2iBmoiih7RM3pFb86T8+K8Ox/z1hWnmDlCf8r5/AFObpmF</latexit>

minimizew = MSE(w) + �kwk1
<latexit sha1_base64="+ZdoHpfH0F6Q3rt4tx8sjEp07To="></latexit>

minimizew = MSE(w)
<latexit sha1_base64="CTQGPwJGTYxROdGgFPAHliqW19g=">AAACCHicbVDLSgMxFM34rPU16tKFwSLUTZmpgm6EoghuhIr2Ae1QMmnahiaZIclY6jBLN/6KGxeKuPUT3Pk3ptMutPXAhcM593LvPX7IqNKO823NzS8sLi1nVrKra+sbm/bWdlUFkcSkggMWyLqPFGFUkIqmmpF6KAniPiM1v38x8mv3RCoaiDs9DInHUVfQDsVIG6ll78VNySGngnL6QJLWAJ7BVLq+vUzyg8OWnXMKTgo4S9wJyYEJyi37q9kOcMSJ0JghpRquE2ovRlJTzEiSbUaKhAj3UZc0DBWIE+XF6SMJPDBKG3YCaUpomKq/J2LElRpy33RypHtq2huJ/3mNSHdOvZiKMNJE4PGiTsSgDuAoFdimkmDNhoYgLKm5FeIekghrk13WhOBOvzxLqsWCe1Qo3hznSueTODJgF+yDPHDBCSiBK1AGFYDBI3gGr+DNerJerHfrY9w6Z01mdsAfWJ8/awyY7Q==</latexit>



Slow but optimal model selection
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train error
<latexit sha1_base64="nKUWmd7uW3zka9hnDIsmE5Frvtk=">AAAB8nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5ioWXQxjKC+YDkCHubTbJkb/fYnRPCkZ9hY6GIrb/Gzn/jJrlCEx8MPN6bYWZelEhh0fe/vcLG5tb2TnG3tLd/cHhUPj5pWZ0axptMS206EbVcCsWbKFDyTmI4 jSPJ29Hkbu63n7ixQqtHnCY8jOlIiaFgFJ3URUOFItwYbfrlil/1FyDrJMhJBXI0+uWv3kCzNOYKmaTWdgM/wTCjBgWTfFbqpZYnlE3oiHcdVTTmNswWJ8/IhVMGZKiNK4Vkof6eyGhs7TSOXGdMcWxXvbn4n9dNcXgTZkIlKXLFlouGqSSoyfx/MhCGM5RTRygzwt1K2JgaytClVHIhBKsvr5NWrRpcVWsPtUr9No+jCGdwDpcQwDXU4R4a0AQGGp7hFd489F68d+9j2Vrw8plT+APv8wdmQ5FS</latexit>

• The best single-feature might not be included in best pair-of-features



Greedy algorithm: matching pursuit
• Choose how many features to select, say k


• Repeat for i=1,…,k

• Choose a single feature, such that minimizes the loss 

when optimized together with (i-1) features chosen 
from the previous steps


• Let fi denote this feature

•
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Si  Si�1 [ fi
<latexit sha1_base64="lIiExS+y18tsNhr4T2BQdIidCEM=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqJhSopSDBWsDAWlT6kJooc12mtOnZkO6Aq6sjCr7AwgBArn8DG3+C2GaDlSFc6Oude3XtPmDCqtON8W4Wl5ZXVteJ6aWNza3vH3t1rKZFKTJpYMCE7IVKEUU6ammpGOokkKA4ZaYfD64nfvidSUcHv9Cghfoz6nEYUI22kwD5sBBR6jEQaSSkeYCPI6Kk7hh5OExgFNLDLTsWZAi4SNydlkKMe2F9eT+A0JlxjhpTquk6i/QxJTTEj45KXKpIgPER90jWUo5goP5s+MobHRunBSEhTXMOp+nsiQ7FSozg0nTHSAzXvTcT/vG6qo0s/ozxJNeF4tihKGdQCTlKBPSoJ1mxkCMKSmlshHiCJsDbZlUwI7vzLi6RVrbhnlertebl2lcdRBAfgCJwAF1yAGrgBddAEGDyCZ/AK3qwn68V6tz5mrQUrn9kHf2B9/gButZj1</latexit>


