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Sensitivity: how to detect overfitting in order to prevent it

• consider a linear predictor


• if         is large then the predictor is very sensitive to  
small changes in      lead to large changes in the prediction


• large sensitivity can lead to overfitting and poor generalization 
or models that overfit tend to have large sensitivity


• for                  there is no sensitivity, as it is a constant


• This suggests that we would like                             
not to be large
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|wi|
<latexit sha1_base64="xjh/VZsKeNVeusXwb5Cse1UNDt0=">AAAB7HicbVBNTwIxEJ3iF+IX6tFLIzHxRHbRRI9ELx4xcYEENqRbutDQ7W7aroYs/AYvHjTGqz/Im//GAntQ8CWTvLw3k5l5QSK4No7zjQpr6xubW8Xt0s7u3v5B+fCoqeNUUebRWMSqHRDNBJfMM9wI1k4UI1EgWCsY3c781iNTmsfywYwT5kdkIHnIKTFW8iZPPT7plStO1ZkDrxI3JxXI0eiVv7r9mKYRk4YKonXHdRLjZ0QZTgWblrqpZgmhIzJgHUsliZj2s/mxU3xmlT4OY2VLGjxXf09kJNJ6HAW2MyJmqJe9mfif10lNeO1nXCapYZIuFoWpwCbGs89xnytGjRhbQqji9lZMh0QRamw+JRuCu/zyKmnWqu5FtXZ/Wanf5HEU4QRO4RxcuII63EEDPKDA4Rle4Q1J9ILe0ceitYDymWP4A/T5AyVXjuc=</latexit>

xi
<latexit sha1_base64="HYbfjgGaRCmI8j+M0Errr+OmJEA=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120i7dbMLuRiyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/V4r1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvkZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk2a14p1XqncX5dp1HkcBjuEEzsCDS6jBLdShAQwG8Ayv8OYI58V5dz7mrStOPnMEf+B8/gBh3o3c</latexit>

f(x) = w0 + w1x[1] + w2x[2] + · · ·+ wdx[d]
<latexit sha1_base64="1HUBsiR8br5iu6jxThDQ6VEfLkE=">AAACIHicbZDLSsNAFIYnXmu9RV26GSxCRShJFCoUoejGZQV7gSSEyWTSDp1cmJloS+mjuPFV3LhQRHf6NE7TLrT1wAwf/38OM+f3U0aFNIwvbWl5ZXVtvbBR3Nza3tnV9/ZbIsk4Jk2csIR3fCQIozFpSioZ6aScoMhnpO33ryd++55wQZP4Tg5T4kaoG9OQYiSV5OnVsDw4gU7t0qnBB8+Ap+o2B7bp5mTBgW1N0MFBIkWuBUoLXE8vGRUjL7gI5gxKYFYNT/90ggRnEYklZkgI2zRS6Y4QlxQzMi46mSApwn3UJbbCGEVEuKN8wTE8VkoAw4SrE0uYq78nRigSYhj5qjNCsifmvYn4n2dnMrxwRzROM0liPH0ozBiUCZykBQPKCZZsqABhTtVfIe4hjrBUmRZVCOb8yovQsirmWcW6PS/Vr2ZxFMAhOAJlYIIqqIMb0ABNgMEjeAav4E170l60d+1j2rqkzWYOwJ/Svn8ANDieug==</latexit>

x[0] = 1
<latexit sha1_base64="7MnasfSmPPZleJ6FEGAknp6xgcM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mtgl6EohePFewHbJeSTbNtbDZZkqxYlv4HLx4U8er/8ea/MW33oK0PBh7vzTAzL0w408Z1v53Cyura+kZxs7S1vbO7V94/aGmZKkKbRHKpOiHWlDNBm4YZTjuJojgOOW2Ho5up336kSjMp7s04oUGMB4JFjGBjpdaT7wZXXq9ccavuDGiZeDmpQI5Gr/zV7UuSxlQYwrHWvucmJsiwMoxwOil1U00TTEZ4QH1LBY6pDrLZtRN0YpU+iqSyJQyaqb8nMhxrPY5D2xljM9SL3lT8z/NTE10GGRNJaqgg80VRypGRaPo66jNFieFjSzBRzN6KyBArTIwNqGRD8BZfXiatWtU7q9buziv16zyOIhzBMZyCBxdQh1toQBMIPMAzvMKbI50X5935mLcWnHzmEP7A+fwBq9+OiA==</latexit>

w or (w1:d if x[0] = 1)
<latexit sha1_base64="n6gVvJdya1g0feIR/zzq/RKH3uQ=">AAACE3icbZDJSgNBEIZ7XGPcoh69NAYheggzUVAEIejFYwSzQDIMPT09SZOehe4akzDkHbz4Kl48KOLVizffxs4iaGKdfr6/iqr63VhwBab5ZSwsLi2vrGbWsusbm1vbuZ3dmooSSVmVRiKSDZcoJnjIqsBBsEYsGQlcwepu93rk1++ZVDwK72AQMzsg7ZD7nBLQyMkd93ALWB9SHEk8xIWek1oX3vAHcl/DftO0L60jJ5c3i+a48LywpiKPplVxcp8tL6JJwEKggijVtMwY7JRI4FSwYbaVKBYT2iVt1tQyJAFTdjr+aYgPNfGwr6/yoxDwmP6eSEmg1CBwdWdAoKNmvRH8z2sm4J/bKQ/jBFhIJ4v8RGCI8Cgg7HHJKIiBFoRKrm/FtEMkoaBjzOoQrNmX50WtVLROiqXb03z5ahpHBu2jA1RAFjpDZXSDKqiKKHpAT+gFvRqPxrPxZrxPWheM6cwe+lPGxzcjNJxo</latexit>



Regularizer
• we measure the size of w using a regularizer function 


•  


• quadratic regularizer (a.k.a L2 or sum-of-squares)


• absolute value regularizer (a.k.a. L1)


• What is wrong with
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r : Rd ! R
<latexit sha1_base64="dKNMdcRq/wW+LSMdtXegitLZPG4=">AAACCHicbVC7SgNBFL0bXzG+Vi0tHAyCVdiNgmIVtLGMYh6QXcPsZDYZMvtgZlYIS0obf8XGQhFbP8HOv3E22SImHhg4nHMvc8/xYs6ksqwfo7C0vLK6VlwvbWxube+Yu3tNGSWC0AaJeCTaHpaUs5A2FFOctmNBceBx2vKG15nfeqRCsii8V6OYugHuh8xnBCstdc1DcZk6AVYDz0d344ceclSEZpSuWbYq1gRokdg5KUOOetf8dnoRSQIaKsKxlB3bipWbYqEY4XRcchJJY0yGuE87moY4oNJNJ0HG6FgrPeRHQr9QoYk6u5HiQMpR4OnJ7EI572Xif14nUf6Fm7IwThQNyfQjP+FIh81aQT0mKFF8pAkmgulbERlggYnS3ZV0CfZ85EXSrFbs00r19qxcu8rrKMIBHMEJ2HAONbiBOjSAwBO8wBu8G8/Gq/FhfE5HC0a+sw9/YHz9AueumUI=</latexit>

r(w) is the measure of the size of w (or w1:d)
<latexit sha1_base64="wfvcozsylbhNR9nXTKyAJomdXLU=">AAACIHicbVA9T8MwEHX4LOUrwMhi0SC1S5WUAcRUwcIIEoVKbVQ57qW1cOLIdkAl6k9h4a+wMIAQbPBrcEMGaHmLn9+70929IOFMadf9tObmFxaXlksr5dW19Y1Ne2v7SolUUmhRwYVsB0QBZzG0NNMc2okEEgUcroOb04l/fQtSMRFf6lECfkQGMQsZJdpIPfvQkdW7moOZwnoIOAKiUglYhPlXsfucO3cOrgpp3l7mHffHTq1nV9y6mwPPEq8gFVTgvGd/dPuCphHEmnKiVMdzE+1nRGpGOYzL3VRBQugNGUDH0JhEoPwsP3CM943Sx6HZIBSxxrn6uyMjkVKjKDCVEdFDNe1NxP+8TqrDIz9jcZJqiOnPoDDlWAs8SQv3mQSq+cgQQiUzu2I6JJJQbTItmxC86ZNnyVWj7h3UGxeNSvOkiKOEdtEeqiIPHaImOkPnqIUoekBP6AW9Wo/Ws/Vmvf+UzllFzw76A+vrG5UwoCA=</latexit>

r(w) = kwk2 = w2
1 + w2

2 + · · ·+ w2
d

<latexit sha1_base64="C9tbgb4rH5mX4Hoo0HC0oMPWsGI=">AAACIHicbVDLSgMxFM3UV62vUZdugkWoCGVmFCoUoejGZQX7gE47ZDJpG5p5kGQspe2nuPFX3LhQRHf6NabTWWjrhXDPPfcebu5xI0aFNIwvLbOyura+kd3MbW3v7O7p+wd1EcYckxoOWcibLhKE0YDUJJWMNCNOkO8y0nAHN7N+44FwQcPgXo4i0vZRL6BdipFUlKOXeGF4Cu3ylV2G9mRoTzpWWsGhY6riTGUrybYXSpHUXsdy9LxRNJKAy8BMQR6kUXX0T6XHsU8CiRkSomUakWyPEZcUMzLN2bEgEcID1CMtBQPkE9EeJwdO4YliPNgNuXqBhAn7WzFGvhAj31WTPpJ9sdibkf/1WrHsXrbHNIhiSQI8X9SNGZQhnLkFPcoJlmykAMKcqr9C3EccYak8zSkTzMWTl0HdKprnRevuIl+5Tu3IgiNwDArABCVQAbegCmoAg0fwDF7Bm/akvWjv2sd8NKOlmkPwJ7TvH/12now=</latexit>

r(w) = kwk1 = |w1|+ |w2|+ · · ·+ |wd|
<latexit sha1_base64="OlodGMgWZKrvvEy5X1XvaLz38Zk=">AAACH3icbVDLSsNAFJ3UV62vqEs3g0WoCCWpokIRim5cVrAPaEqYTCbt0MmDmYmlNP0TN/6KGxeKiLv+jZM2C229MNxzz72HO/c4EaNCGsZUy62srq1v5DcLW9s7u3v6/kFThDHHpIFDFvK2gwRhNCANSSUj7YgT5DuMtJzBXdpvPREuaBg8ylFEuj7qBdSjGElF2folLw1PoVW9sarQSoZWYptZlQxtM4Fnaa6k2XJDKea1m9h60Sgbs4DLwMxAEWRRt/VvpcexTwKJGRKiYxqR7I4RlxQzMilYsSARwgPUIx0FA+QT0R3P7pvAE8W40Au5eoGEM/a3Yox8IUa+oyZ9JPtisZeS//U6sfSuu2MaRLEkAZ4v8mIGZQhTs6BLOcGSjRRAmFP1V4j7iCMslaUFZYK5ePIyaFbK5nm58nBRrN1mduTBETgGJWCCK1AD96AOGgCDZ/AK3sGH9qK9aZ/a13w0p2WaQ/AntOkPh06fmg==</latexit>

r(w) = w1 + w2 + · · ·+ wd
<latexit sha1_base64="79dnGU/ZwxQsUiJ23k1PM/gCk8I=">AAACDXicbVDLSgMxFM3UV62vUZdugq1QEcrMuFAoQtGNywr2AZ1hyGQybWjmQZKxlNIfcOOvuHGhiFv37vwb0+kstPVALifn3Etyj5cwKqRhfGuFldW19Y3iZmlre2d3T98/aIs45Zi0cMxi3vWQIIxGpCWpZKSbcIJCj5GON7yZ+Z0HwgWNo3s5TogTon5EA4qRVJKrVyq8Ojq161d2HY5cE56paqlqYz+WIrv6FVcvGzUjA1wmZk7KIEfT1b9sP8ZpSCKJGRKiZxqJdCaIS4oZmZbsVJAE4SHqk56iEQqJcCbZNlN4ohQfBjFXJ5IwU39PTFAoxDj0VGeI5EAsejPxP6+XyuDSmdAoSSWJ8PyhIGVQxnAWDfQpJ1iysSIIc6r+CvEAcYSlCrCkQjAXV14mbatmntesO6vcuM7jKIIjcAyqwAQXoAFuQRO0AAaP4Bm8gjftSXvR3rWPeWtBy2cOwR9onz+oRZgl</latexit>



Adding a regularizer to the loss
• we want small measure of fit


• we want small sensitivity 


• these two objectives are traded off via regularized loss


•             is the regularization parameter (or hyper 
parameter) 


• solve the optimization problem for a choice of     
to choose        that minimizes the regularized loss 

!4

w
<latexit sha1_base64="K+iivrhdeUPnWoxmB5CJQNdKl6I=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4hkUcCGzI79MLI7OxmZlZDCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Gu1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOYDjP8=</latexit>

� � 0
<latexit sha1_base64="ybgBfhSvPDJs+H4ofMqNYYUuOj4=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BLx4jmAdklzA720mGzD4yMxsIS77DiwdFvPox3vwbJ8keNLFgoKiqpnvKTwRX2ra/rcLG5tb2TnG3tLd/cHhUPj5pqTiVDJssFrHs+FSh4BE2NdcCO4lEGvoC2/7ofu63JygVj6MnPU3QC+kg4n3OqDaS5woTDag7wDGxe+WKXbUXIOvEyUkFcjR65S83iFkaYqSZoEp1HTvRXkal5kzgrOSmChPKRnSAXUMjGqLyssXRM3JhlID0Y2lepMlC/T2R0VCpaeibZEj1UK16c/E/r5vq/q2X8ShJNUZsuaifCqJjMm+ABFwi02JqCGWSm1sJG1JJmTY9lUwJzuqX10mrVnWuqrXH60r9Lq+jCGdwDpfgwA3U4QEa0AQGY3iGV3izJtaL9W59LKMFK585hT+wPn8AFziRpg==</latexit>

1

N

NX

i=1

(wTxi � yi)
2

<latexit sha1_base64="VfyPQ1ZVLggqe0BMr7ve5zRLbJc=">AAACFXicbVDLSsNAFJ3UV62vqEs3g0WooCWpgm6EohtXpUJf0KRhMp20QycPZiZqCPkJN/6KGxeKuBXc+TdOHwutHriXwzn3MnOPGzEqpGF8abmFxaXllfxqYW19Y3NL395piTDmmDRxyELecZEgjAakKalkpBNxgnyXkbY7uhr77VvCBQ2DhkwiYvtoEFCPYiSV5OhHlscRTs0srWXQErHvpPTCzHo1WIJ3vQa8dyg8honqh72KoxeNsjEB/EvMGSmCGeqO/mn1Qxz7JJCYISG6phFJO0VcUsxIVrBiQSKER2hAuooGyCfCTidXZfBAKX3ohVxVIOFE/bmRIl+IxHfVpI/kUMx7Y/E/rxtL79xOaRDFkgR4+pAXMyhDOI4I9iknWLJEEYQ5VX+FeIhUTFIFWVAhmPMn/yWtStk8KVduTovVy1kcebAH9kEJmOAMVME1qIMmwOABPIEX8Ko9as/am/Y+Hc1ps51d8AvaxzdEV5zx</latexit>

1

N

NX

i=1

(wTxi � yi)
2 + � r(w)

<latexit sha1_base64="kdJKe8kPzE+SsSwW4efPCJfnUqc="></latexit>

r(w)
<latexit sha1_base64="7oG9DJ/lqyCDHoYwfDCmoBA8XGc=">AAAB7HicbVBNTwIxEJ3iF+IX6tFLIzHBC9lFEz0SvXjExAUS2JBu6UJDt7tpuxqy4Td48aAxXv1B3vw3FtiDgi+Z5OW9mczMCxLBtXGcb1RYW9/Y3Cpul3Z29/YPyodHLR2nijKPxiJWnYBoJrhknuFGsE6iGIkCwdrB+Hbmtx+Z0jyWD2aSMD8iQ8lDTomxkodV9em8X644NWcOvErcnFQgR7Nf/uoNYppGTBoqiNZd10mMnxFlOBVsWuqlmiWEjsmQdS2VJGLaz+bHTvGZVQY4jJUtafBc/T2RkUjrSRTYzoiYkV72ZuJ/Xjc14bWfcZmkhkm6WBSmApsYzz7HA64YNWJiCaGK21sxHRFFqLH5lGwI7vLLq6RVr7kXtfr9ZaVxk8dRhBM4hSq4cAUNuIMmeECBwzO8whuS6AW9o49FawHlM8fwB+jzB9Rmjgo=</latexit>

r(w)
<latexit sha1_base64="Srynw6+KQ8QbkNb6NQWTH2XVBVU=">AAAB7XicbVA9TwJBEJ3DL8Qv1NJmI5hgQ+6w0JJoY4mJfCRwIXvLHqzs7V529zTkwn+wsdAYW/+Pnf/GBa5Q8CWTvLw3k5l5QcyZNq777eTW1jc2t/LbhZ3dvf2D4uFRS8tEEdokkkvVCbCmnAnaNMxw2okVxVHAaTsY38z89iNVmklxbyYx9SM8FCxkBBsrtcqq8nRe7hdLbtWdA60SLyMlyNDoF796A0mSiApDONa667mx8VOsDCOcTgu9RNMYkzEe0q6lAkdU++n82ik6s8oAhVLZEgbN1d8TKY60nkSB7YywGellbyb+53UTE175KRNxYqggi0VhwpGRaPY6GjBFieETSzBRzN6KyAgrTIwNqGBD8JZfXiWtWtW7qNbuaqX6dRZHHk7gFCrgwSXU4RYa0AQCD/AMr/DmSOfFeXc+Fq05J5s5hj9wPn8ANs+OOg==</latexit>



• when              this reduces to the standard quadratic loss


• this defines a family of predictors, each (hyper)-
parametrized by 


• in practice, we try out tens of values of         in a wide 
range


• we use validation to choose the right 

• we choose the largest         that gives near minimum test 

error, that is least sensitive predictor that generalizes well
�

<latexit sha1_base64="vmCjV5fshJmp/aF34j+tjQlxX/U=">AAAB73icbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZdFNy4r2Ae0Q8lkMm1oJjMmd4RS+hNuXCji1t9x59+YtrPQ1gOBwznnkntPkEph0HW/ncLa+sbmVnG7tLO7t39QPjxqmSTTjDdZIhPdCajhUijeRIGSd1LNaRxI3g5GtzO//cS1EYl6wHHK/ZgOlIgEo2ilDulJmw1pv1xxq+4cZJV4OalAjka//NULE5bFXCGT1Jiu56boT6hGwSSflnqZ4SllIzrgXUsVjbnxJ/N9p+TMKiGJEm2fQjJXf09MaGzMOA5sMqY4NMveTPzP62YYXfsTodIMuWKLj6JMEkzI7HgSCs0ZyrEllGlhdyVsSDVlaCsq2RK85ZNXSatW9S6qtfvLSv0mr6MIJ3AK5+DBFdThDhrQBAYSnuEV3pxH58V5dz4W0YKTzxzDHzifP5Rjj6s=</latexit>

�
<latexit sha1_base64="vmCjV5fshJmp/aF34j+tjQlxX/U=">AAAB73icbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZdFNy4r2Ae0Q8lkMm1oJjMmd4RS+hNuXCji1t9x59+YtrPQ1gOBwznnkntPkEph0HW/ncLa+sbmVnG7tLO7t39QPjxqmSTTjDdZIhPdCajhUijeRIGSd1LNaRxI3g5GtzO//cS1EYl6wHHK/ZgOlIgEo2ilDulJmw1pv1xxq+4cZJV4OalAjka//NULE5bFXCGT1Jiu56boT6hGwSSflnqZ4SllIzrgXUsVjbnxJ/N9p+TMKiGJEm2fQjJXf09MaGzMOA5sMqY4NMveTPzP62YYXfsTodIMuWKLj6JMEkzI7HgSCs0ZyrEllGlhdyVsSDVlaCsq2RK85ZNXSatW9S6qtfvLSv0mr6MIJ3AK5+DBFdThDhrQBAYSnuEV3pxH58V5dz4W0YKTzxzDHzifP5Rjj6s=</latexit>

� = 0
<latexit sha1_base64="WelE1a+NBmlF1BydFeuKy4QTZb4=">AAAB8XicbVDLSgMxFL3js9ZX1aWbYBFclZkq6EYounFZwT6wHUomc6cNzWSGJCOU0r9w40IRt/6NO//GtJ2Fth4IHM45l9x7glRwbVz321lZXVvf2CxsFbd3dvf2SweHTZ1kimGDJSJR7YBqFFxiw3AjsJ0qpHEgsBUMb6d+6wmV5ol8MKMU/Zj2JY84o8ZKj6QrbDak126vVHYr7gxkmXg5KUOOeq/01Q0TlsUoDRNU647npsYfU2U4EzgpdjONKWVD2seOpZLGqP3xbOMJObVKSKJE2ScNmam/J8Y01noUBzYZUzPQi95U/M/rZCa68sdcpplByeYfRZkgJiHT80nIFTIjRpZQprjdlbABVZQZW1LRluAtnrxMmtWKd16p3l+Uazd5HQU4hhM4Aw8uoQZ3UIcGMJDwDK/w5mjnxXl3PubRFSefOYI/cD5/AImDkCw=</latexit>

1

N

NX

i=1

(wTxi � yi)
2 + � r(w)

<latexit sha1_base64="kdJKe8kPzE+SsSwW4efPCJfnUqc="></latexit>

minimize
<latexit sha1_base64="ktlTKFxO5ZoEFHxT2vrLRsla8Oc=">AAAB73icbVA9SwNBEJ2LXzF+RS1tDoNgFe5ioWXQxjKC+YDkCHubuWTJ7t65uyfEI3/CxkIRW/+Onf/GTXKFJj4YeLw3w8y8MOFMG8/7dgpr6xubW8Xt0s7u3v5B+fCopeNUUWzSmMeqExKNnElsGmY4dhKFRIQc2+H4Zua3H1FpFst7M0kwEGQoWcQoMVbqCCaZYE/YL1e8qjeHu0r8nFQgR6Nf/uoNYpoKlIZyonXX9xITZEQZRjlOS71UY0LomAyxa6kkAnWQze+dumdWGbhRrGxJ487V3xMZEVpPRGg7BTEjvezNxP+8bmqiqyBjMkkNSrpYFKXcNbE7e94dMIXU8IklhCpmb3XpiChCjY2oZEPwl19eJa1a1b+o1u5qlfp1HkcRTuAUzsGHS6jDLTSgCRQ4PMMrvDkPzovz7nwsWgtOPnMMf+B8/gBgHZAu</latexit>

w
<latexit sha1_base64="qmdqo1LLQfKsKemQjolU5gz+88g=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsstCTaWGKUjwQI2VvmYMPe3mV3T0Mu/AQbC42x9RfZ+W9c4AoFXzLJy3szmZnnx4Jr47rfTm5tfWNzK79d2Nnd2z8oHh41dZQohg0WiUi1fapRcIkNw43AdqyQhr7Alj++mfmtR1SaR/LBTGLshXQoecAZNVa6Lz+V+8WSW3HnIKvEy0gJMtT7xa/uIGJJiNIwQbXueG5seilVhjOB00I30RhTNqZD7FgqaYi6l85PnZIzqwxIEClb0pC5+nsipaHWk9C3nSE1I73szcT/vE5igqteymWcGJRssShIBDERmf1NBlwhM2JiCWWK21sJG1FFmbHpFGwI3vLLq6RZrXgXlepdtVS7zuLIwwmcwjl4cAk1uIU6NIDBEJ7hFd4c4bw4787HojXnZDPH8AfO5w+dG41Z</latexit>

�
<latexit sha1_base64="vmCjV5fshJmp/aF34j+tjQlxX/U=">AAAB73icbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZdFNy4r2Ae0Q8lkMm1oJjMmd4RS+hNuXCji1t9x59+YtrPQ1gOBwznnkntPkEph0HW/ncLa+sbmVnG7tLO7t39QPjxqmSTTjDdZIhPdCajhUijeRIGSd1LNaRxI3g5GtzO//cS1EYl6wHHK/ZgOlIgEo2ilDulJmw1pv1xxq+4cZJV4OalAjka//NULE5bFXCGT1Jiu56boT6hGwSSflnqZ4SllIzrgXUsVjbnxJ/N9p+TMKiGJEm2fQjJXf09MaGzMOA5sMqY4NMveTPzP62YYXfsTodIMuWKLj6JMEkzI7HgSCs0ZyrEllGlhdyVsSDVlaCsq2RK85ZNXSatW9S6qtfvLSv0mr6MIJ3AK5+DBFdThDhrQBAYSnuEV3pxH58V5dz4W0YKTzxzDHzifP5Rjj6s=</latexit>

�
<latexit sha1_base64="vmCjV5fshJmp/aF34j+tjQlxX/U=">AAAB73icbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZdFNy4r2Ae0Q8lkMm1oJjMmd4RS+hNuXCji1t9x59+YtrPQ1gOBwznnkntPkEph0HW/ncLa+sbmVnG7tLO7t39QPjxqmSTTjDdZIhPdCajhUijeRIGSd1LNaRxI3g5GtzO//cS1EYl6wHHK/ZgOlIgEo2ilDulJmw1pv1xxq+4cZJV4OalAjka//NULE5bFXCGT1Jiu56boT6hGwSSflnqZ4SllIzrgXUsVjbnxJ/N9p+TMKiGJEm2fQjJXf09MaGzMOA5sMqY4NMveTPzP62YYXfsTodIMuWKLj6JMEkzI7HgSCs0ZyrEllGlhdyVsSDVlaCsq2RK85ZNXSatW9S6qtfvLSv0mr6MIJ3AK5+DBFdThDhrQBAYSnuEV3pxH58V5dz4W0YKTzxzDHzifP5Rjj6s=</latexit>

training MSE
<latexit sha1_base64="lf01m9336ECx70CC9KiAIx78lsA=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4Kkk96LEoghehov2ANpTNdtMu3WzC7kQooX/DiwdFvPpnvPlv3LY5aOuDgcd7M8zMCxIpDLrut7Oyura+sVnYKm7v7O7tlw4OmyZONeMNFstYtwNquBSKN1Cg5O1EcxoFkreC0fXUbz1xbUSsHnGccD+iAyVCwShaqYuaCiXUgNw93PRKZbfizkCWiZeTMuSo90pf3X7M0ogrZJIa0/HcBP2MahRM8kmxmxqeUDaiA96xVNGIGz+b3Twhp1bpkzDWthSSmfp7IqORMeMosJ0RxaFZ9Kbif14nxfDSz4RKUuSKzReFqSQYk2kApC80ZyjHllCmhb2VsCHVlKGNqWhD8BZfXibNasU7r1Tvq+XaVR5HAY7hBM7AgwuowS3UoQEMEniGV3hzUufFeXc+5q0rTj5zBH/gfP4AhWWRVQ==</latexit>

log10(�)
<latexit sha1_base64="6xgAPo93WKN2uQVBvdIVatI4UoA=">AAAB/XicbVC7TsMwFHV4lvIKj43FokUqS5WUAcYKFsYi0YfURJHjOK1Vx45sB6lEFb/CwgBCrPwHG3+D22aAliNZOjrnHt3rE6aMKu0439bK6tr6xmZpq7y9s7u3bx8cdpTIJCZtLJiQvRApwignbU01I71UEpSEjHTD0c3U7z4Qqajg93qcEj9BA05jipE2UmAfVz0mBkHuOpOax0wuQufVwK44dWcGuEzcglRAgVZgf3mRwFlCuMYMKdV3nVT7OZKaYkYmZS9TJEV4hAakbyhHCVF+Prt+As+MEsFYSPO4hjP1dyJHiVLjJDSTCdJDtehNxf+8fqbjKz+nPM004Xi+KM4Y1AJOq4ARlQRrNjYEYUnNrRAPkURYm8LKpgR38cvLpNOouxf1xl2j0rwu6iiBE3AKasAFl6AJbkELtAEGj+AZvII368l6sd6tj/noilVkjsAfWJ8/xkaUIQ==</latexit>

test MSE
<latexit sha1_base64="Ah5EKURToUD74zbDd+jAc9AU8xw=">AAAB73icbVDLSgNBEJyNrxhfUY9eBoPgKezGgx6DIngRIpoHJEuYnXSSIbOz60yvEJb8hBcPinj1d7z5N06SPWhiQUNR1U13VxBLYdB1v53cyura+kZ+s7C1vbO7V9w/aJgo0RzqPJKRbgXMgBQK6ihQQivWwMJAQjMYXU395hNoIyL1gOMY/JANlOgLztBKLQSD9Pb+ulssuWV3BrpMvIyUSIZat/jV6UU8CUEhl8yYtufG6KdMo+ASJoVOYiBmfMQG0LZUsRCMn87undATq/RoP9K2FNKZ+nsiZaEx4zCwnSHDoVn0puJ/XjvB/oWfChUnCIrPF/UTSTGi0+dpT2jgKMeWMK6FvZXyIdOMo42oYEPwFl9eJo1K2TsrV+4qpeplFkeeHJFjcko8ck6q5IbUSJ1wIskzeSVvzqPz4rw7H/PWnJPNHJI/cD5/AHEyj5E=</latexit>



Ridge regression
• ridge regression: quadratic loss and quadratic regularizer


• also called Tykhonov regularized least squares 

•  
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or r(w) = kw1:dk2 if x0 = 1
<latexit sha1_base64="JiZN6L84GZPW9w86gZI5vrv6Ao4=">AAACDXicbVC7TsMwFHV4lvIqMLJYNEhlqZIygJAqVbAwFok+pKZEjuu0Vh0nsh1KlfYHWPgVFgYQYmVn429w2wzQcqajc+7VPfd4EaNSWda3sbS8srq2ntnIbm5t7+zm9vbrMowFJjUcslA0PSQJo5zUFFWMNCNBUOAx0vD6VxO/cU+EpCG/VcOItAPU5dSnGCktuTkzFNAUhcEJLENnNHAT+6IzdkZ3JRNSH5oPrlW2TTeXt4rWFHCR2CnJgxRVN/fldEIcB4QrzJCULduKVDtBQlHMyDjrxJJECPdRl7Q05Sggsp1MvxnDY610oK+D+SFXcKr+3khQIOUw8PRkgFRPznsT8T+vFSv/vJ1QHsWKcDw75McMqhBOqoEdKghWbKgJwoLqrBD3kEBY6QKzugR7/uVFUi8V7dNi6aaUr1ymdWTAITgCBWCDM1AB16AKagCDR/AMXsGb8WS8GO/Gx2x0yUh3DsAfGJ8/pe2Yvg==</latexit>

MSE(w) + � r(w) =
1

N

NX

i=1

(wTxi � yi)
2

| {z }
1
N kXw�yk2

+ �
dX

j=0

w2
j

| {z }
kwk2

<latexit sha1_base64="xEOI3/+N0JGfsFwBE8AtvSZPYHM="></latexit>



Example: housing price (data from kaggle)

• sale prices of 1459 homes in Ames, Iowa from 2006 to 2010

• out of 80 features, we use 16

• we manually remove 4 outliers with are>4000 sq.ft. 

we will learn outlier detection later
!7

Living area sq. ft.

Sale price



Input features

!8

• house price input data:  
area of living space 
garage (no:0, yes:1) 
year built 
area of lot 
year of last remodel 
area of basement 
area of first floor 
area of second floor 
number of bedrooms (above ground) 
number of kitchens (above ground) 
number of fireplaces 
area of garage 
area of wooden deck 
number of half bathrooms 
overall condition (1-10) 
overall quality of materials and finish (1-10) 
number of rooms (above ground)



Example: regression (with no regularization)

• split data randomly into 1164 training and 291 test

• target is log(price)

• standardize all features (and log(price))

• training error = 0.1093

• test error = 0.1175

• plot shows all 291 test points !9

y
<latexit sha1_base64="5+76lYR9oy3WlyICxWxdJpiaZIo=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsstCTaWGIUJIEL2Vv2YMPe3mV3zuRC+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TZxqxlsslrHuBNRwKRRvoUDJO4nmNAokfwzGNzP/8YlrI2L1gFnC/YgOlQgFo2il+2pW7Zcrbs2dg6wSLycVyNHsl796g5ilEVfIJDWm67kJ+hOqUTDJp6VeanhC2ZgOeddSRSNu/Mn81Ck5s8qAhLG2pZDM1d8TExoZk0WB7YwojsyyNxP/87ophlf+RKgkRa7YYlGYSoIxmf1NBkJzhjKzhDIt7K2EjaimDG06JRuCt/zyKmnXa95FrX5XrzSu8ziKcAKncA4eXEIDbqEJLWAwhGd4hTdHOi/Ou/OxaC04+cwx/IHz+QOgJY1b</latexit>

prediction ŷ
<latexit sha1_base64="uJpWFMYdANdmk99ktBejslaed3k=">AAAB/XicbVC7TsMwFL3hWcorPDYWixaJqUrKAGMFC2OR6ENqo8px3Naq40S2gxSiil9hYQAhVv6Djb/BaTNAy5EsHZ9zrnx9/JgzpR3n21pZXVvf2Cxtlbd3dvf27YPDtooSSWiLRDySXR8rypmgLc00p91YUhz6nHb8yU3udx6oVCwS9zqNqRfikWBDRrA20sA+NumAkfyCqv0x1lk6rQ7silNzZkDLxC1IBQo0B/ZXP4hIElKhCcdK9Vwn1l6GpWaE02m5nygaYzLBI9ozVOCQKi+bbT9FZ0YJ0DCS5giNZurviQyHSqWhb5Ih1mO16OXif14v0cMrL2MiTjQVZP7QMOFIRyivAgVMUqJ5aggmkpldERljiYk2hZVNCe7il5dJu15zL2r1u3qlcV3UUYITOIVzcOESGnALTWgBgUd4hld4s56sF+vd+phHV6xi5gj+wPr8AUYKlRg=</latexit>



Example: Ridge regression

• leftmost training error is with no regularization: 0.1093

• rightmost training error is variance of the training data: 0.9991

• the right plot is called regularization path

!10

training MSE
<latexit sha1_base64="lf01m9336ECx70CC9KiAIx78lsA=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4Kkk96LEoghehov2ANpTNdtMu3WzC7kQooX/DiwdFvPpnvPlv3LY5aOuDgcd7M8zMCxIpDLrut7Oyura+sVnYKm7v7O7tlw4OmyZONeMNFstYtwNquBSKN1Cg5O1EcxoFkreC0fXUbz1xbUSsHnGccD+iAyVCwShaqYuaCiXUgNw93PRKZbfizkCWiZeTMuSo90pf3X7M0ogrZJIa0/HcBP2MahRM8kmxmxqeUDaiA96xVNGIGz+b3Twhp1bpkzDWthSSmfp7IqORMeMosJ0RxaFZ9Kbif14nxfDSz4RKUuSKzReFqSQYk2kApC80ZyjHllCmhb2VsCHVlKGNqWhD8BZfXibNasU7r1Tvq+XaVR5HAY7hBM7AgwuowS3UoQEMEniGV3hzUufFeXc+5q0rTj5zBH/gfP4AhWWRVQ==</latexit>

log10(�)
<latexit sha1_base64="6xgAPo93WKN2uQVBvdIVatI4UoA=">AAAB/XicbVC7TsMwFHV4lvIKj43FokUqS5WUAcYKFsYi0YfURJHjOK1Vx45sB6lEFb/CwgBCrPwHG3+D22aAliNZOjrnHt3rE6aMKu0439bK6tr6xmZpq7y9s7u3bx8cdpTIJCZtLJiQvRApwignbU01I71UEpSEjHTD0c3U7z4Qqajg93qcEj9BA05jipE2UmAfVz0mBkHuOpOax0wuQufVwK44dWcGuEzcglRAgVZgf3mRwFlCuMYMKdV3nVT7OZKaYkYmZS9TJEV4hAakbyhHCVF+Prt+As+MEsFYSPO4hjP1dyJHiVLjJDSTCdJDtehNxf+8fqbjKz+nPM004Xi+KM4Y1AJOq4ARlQRrNjYEYUnNrRAPkURYm8LKpgR38cvLpNOouxf1xl2j0rwu6iiBE3AKasAFl6AJbkELtAEGj+AZvII368l6sd6tj/noilVkjsAfWJ8/xkaUIQ==</latexit> log10(�)

<latexit sha1_base64="6xgAPo93WKN2uQVBvdIVatI4UoA=">AAAB/XicbVC7TsMwFHV4lvIKj43FokUqS5WUAcYKFsYi0YfURJHjOK1Vx45sB6lEFb/CwgBCrPwHG3+D22aAliNZOjrnHt3rE6aMKu0439bK6tr6xmZpq7y9s7u3bx8cdpTIJCZtLJiQvRApwignbU01I71UEpSEjHTD0c3U7z4Qqajg93qcEj9BA05jipE2UmAfVz0mBkHuOpOax0wuQufVwK44dWcGuEzcglRAgVZgf3mRwFlCuMYMKdV3nVT7OZKaYkYmZS9TJEV4hAakbyhHCVF+Prt+As+MEsFYSPO4hjP1dyJHiVLjJDSTCdJDtehNxf+8fqbjKz+nPM004Xi+KM4Y1AJOq4ARlQRrNjYEYUnNrRAPkURYm8LKpgR38cvLpNOouxf1xl2j0rwu6iiBE3AKasAFl6AJbkELtAEGj+AZvII368l6sd6tj/noilVkjsAfWJ8/xkaUIQ==</latexit>

wi’s
<latexit sha1_base64="xhDj4cmB5p1VaVOBU9OfgOgnTaA=">AAAB7nicbVA9TwJBEJ3DL8Qv1NJmIxityB0WWhJtLDGRjwQuZG/Zgw17e5fdOQ0h/AgbC42x9ffY+W9c4AoFXzLJy3szmZkXJFIYdN1vJ7e2vrG5ld8u7Ozu7R8UD4+aJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR7cxvPXJtRKwecJxwP6IDJULBKFqpVX7qifK56RVLbsWdg6wSLyMlyFDvFb+6/ZilEVfIJDWm47kJ+hOqUTDJp4VuanhC2YgOeMdSRSNu/Mn83Ck5s0qfhLG2pZDM1d8TExoZM44C2xlRHJplbyb+53VSDK/9iVBJilyxxaIwlQRjMvud9IXmDOXYEsq0sLcSNqSaMrQJFWwI3vLLq6RZrXiXlep9tVS7yeLIwwmcwgV4cAU1uIM6NIDBCJ7hFd6cxHlx3p2PRWvOyWaO4Q+czx9PDo7j</latexit>

1

N

NX

i=1

(wTxi � yi)
2 + � r(w)

<latexit sha1_base64="kdJKe8kPzE+SsSwW4efPCJfnUqc="></latexit>

minimize
<latexit sha1_base64="ktlTKFxO5ZoEFHxT2vrLRsla8Oc=">AAAB73icbVA9SwNBEJ2LXzF+RS1tDoNgFe5ioWXQxjKC+YDkCHubuWTJ7t65uyfEI3/CxkIRW/+Onf/GTXKFJj4YeLw3w8y8MOFMG8/7dgpr6xubW8Xt0s7u3v5B+fCopeNUUWzSmMeqExKNnElsGmY4dhKFRIQc2+H4Zua3H1FpFst7M0kwEGQoWcQoMVbqCCaZYE/YL1e8qjeHu0r8nFQgR6Nf/uoNYpoKlIZyonXX9xITZEQZRjlOS71UY0LomAyxa6kkAnWQze+dumdWGbhRrGxJ487V3xMZEVpPRGg7BTEjvezNxP+8bmqiqyBjMkkNSrpYFKXcNbE7e94dMIXU8IklhCpmb3XpiChCjY2oZEPwl19eJa1a1b+o1u5qlfp1HkcRTuAUzsGHS6jDLTSgCRQ4PMMrvDkPzovz7nwsWgtOPnMMf+B8/gBgHZAu</latexit>

w
<latexit sha1_base64="qmdqo1LLQfKsKemQjolU5gz+88g=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsstCTaWGKUjwQI2VvmYMPe3mV3T0Mu/AQbC42x9RfZ+W9c4AoFXzLJy3szmZnnx4Jr47rfTm5tfWNzK79d2Nnd2z8oHh41dZQohg0WiUi1fapRcIkNw43AdqyQhr7Alj++mfmtR1SaR/LBTGLshXQoecAZNVa6Lz+V+8WSW3HnIKvEy0gJMtT7xa/uIGJJiNIwQbXueG5seilVhjOB00I30RhTNqZD7FgqaYi6l85PnZIzqwxIEClb0pC5+nsipaHWk9C3nSE1I73szcT/vE5igqteymWcGJRssShIBDERmf1NBlwhM2JiCWWK21sJG1FFmbHpFGwI3vLLq6RZrXgXlepdtVS7zuLIwwmcwjl4cAk1uIU6NIDBEJ7hFd4c4bw4787HojXnZDPH8AfO5w+dG41Z</latexit>



Example: Ridge regression

• optimal regularizer lambda= 0.1412

• slightly improves the test performance 

• from test MSE = 0.1175 to tes MSE = 0.1147

• this gain comes from shrinking w’s to get a less sensitive predictor
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training MSE
<latexit sha1_base64="lf01m9336ECx70CC9KiAIx78lsA=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4Kkk96LEoghehov2ANpTNdtMu3WzC7kQooX/DiwdFvPpnvPlv3LY5aOuDgcd7M8zMCxIpDLrut7Oyura+sVnYKm7v7O7tlw4OmyZONeMNFstYtwNquBSKN1Cg5O1EcxoFkreC0fXUbz1xbUSsHnGccD+iAyVCwShaqYuaCiXUgNw93PRKZbfizkCWiZeTMuSo90pf3X7M0ogrZJIa0/HcBP2MahRM8kmxmxqeUDaiA96xVNGIGz+b3Twhp1bpkzDWthSSmfp7IqORMeMosJ0RxaFZ9Kbif14nxfDSz4RKUuSKzReFqSQYk2kApC80ZyjHllCmhb2VsCHVlKGNqWhD8BZfXibNasU7r1Tvq+XaVR5HAY7hBM7AgwuowS3UoQEMEniGV3hzUufFeXc+5q0rTj5zBH/gfP4AhWWRVQ==</latexit>

log10(�)
<latexit sha1_base64="6xgAPo93WKN2uQVBvdIVatI4UoA=">AAAB/XicbVC7TsMwFHV4lvIKj43FokUqS5WUAcYKFsYi0YfURJHjOK1Vx45sB6lEFb/CwgBCrPwHG3+D22aAliNZOjrnHt3rE6aMKu0439bK6tr6xmZpq7y9s7u3bx8cdpTIJCZtLJiQvRApwignbU01I71UEpSEjHTD0c3U7z4Qqajg93qcEj9BA05jipE2UmAfVz0mBkHuOpOax0wuQufVwK44dWcGuEzcglRAgVZgf3mRwFlCuMYMKdV3nVT7OZKaYkYmZS9TJEV4hAakbyhHCVF+Prt+As+MEsFYSPO4hjP1dyJHiVLjJDSTCdJDtehNxf+8fqbjKz+nPM004Xi+KM4Y1AJOq4ARlQRrNjYEYUnNrRAPkURYm8LKpgR38cvLpNOouxf1xl2j0rwu6iiBE3AKasAFl6AJbkELtAEGj+AZvII368l6sd6tj/noilVkjsAfWJ8/xkaUIQ==</latexit> log10(�)

<latexit sha1_base64="6xgAPo93WKN2uQVBvdIVatI4UoA=">AAAB/XicbVC7TsMwFHV4lvIKj43FokUqS5WUAcYKFsYi0YfURJHjOK1Vx45sB6lEFb/CwgBCrPwHG3+D22aAliNZOjrnHt3rE6aMKu0439bK6tr6xmZpq7y9s7u3bx8cdpTIJCZtLJiQvRApwignbU01I71UEpSEjHTD0c3U7z4Qqajg93qcEj9BA05jipE2UmAfVz0mBkHuOpOax0wuQufVwK44dWcGuEzcglRAgVZgf3mRwFlCuMYMKdV3nVT7OZKaYkYmZS9TJEV4hAakbyhHCVF+Prt+As+MEsFYSPO4hjP1dyJHiVLjJDSTCdJDtehNxf+8fqbjKz+nPM004Xi+KM4Y1AJOq4ARlQRrNjYEYUnNrRAPkURYm8LKpgR38cvLpNOouxf1xl2j0rwu6iiBE3AKasAFl6AJbkELtAEGj+AZvII368l6sd6tj/noilVkjsAfWJ8/xkaUIQ==</latexit>

wi’s
<latexit sha1_base64="xhDj4cmB5p1VaVOBU9OfgOgnTaA=">AAAB7nicbVA9TwJBEJ3DL8Qv1NJmIxityB0WWhJtLDGRjwQuZG/Zgw17e5fdOQ0h/AgbC42x9ffY+W9c4AoFXzLJy3szmZkXJFIYdN1vJ7e2vrG5ld8u7Ozu7R8UD4+aJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR7cxvPXJtRKwecJxwP6IDJULBKFqpVX7qifK56RVLbsWdg6wSLyMlyFDvFb+6/ZilEVfIJDWm47kJ+hOqUTDJp4VuanhC2YgOeMdSRSNu/Mn83Ck5s0qfhLG2pZDM1d8TExoZM44C2xlRHJplbyb+53VSDK/9iVBJilyxxaIwlQRjMvud9IXmDOXYEsq0sLcSNqSaMrQJFWwI3vLLq6RZrXiXlep9tVS7yeLIwwmcwgV4cAU1uIM6NIDBCJ7hFd6cxHlx3p2PRWvOyWaO4Q+czx9PDo7j</latexit>

test MSE
<latexit sha1_base64="Ah5EKURToUD74zbDd+jAc9AU8xw=">AAAB73icbVDLSgNBEJyNrxhfUY9eBoPgKezGgx6DIngRIpoHJEuYnXSSIbOz60yvEJb8hBcPinj1d7z5N06SPWhiQUNR1U13VxBLYdB1v53cyura+kZ+s7C1vbO7V9w/aJgo0RzqPJKRbgXMgBQK6ihQQivWwMJAQjMYXU395hNoIyL1gOMY/JANlOgLztBKLQSD9Pb+ulssuWV3BrpMvIyUSIZat/jV6UU8CUEhl8yYtufG6KdMo+ASJoVOYiBmfMQG0LZUsRCMn87undATq/RoP9K2FNKZ+nsiZaEx4zCwnSHDoVn0puJ/XjvB/oWfChUnCIrPF/UTSTGi0+dpT2jgKMeWMK6FvZXyIdOMo42oYEPwFl9eJo1K2TsrV+4qpeplFkeeHJFjcko8ck6q5IbUSJ1wIskzeSVvzqPz4rw7H/PWnJPNHJI/cD5/AHEyj5E=</latexit>

1

N

NX

i=1

(wTxi � yi)
2 + � r(w)

<latexit sha1_base64="kdJKe8kPzE+SsSwW4efPCJfnUqc="></latexit>

minimize
<latexit sha1_base64="ktlTKFxO5ZoEFHxT2vrLRsla8Oc=">AAAB73icbVA9SwNBEJ2LXzF+RS1tDoNgFe5ioWXQxjKC+YDkCHubuWTJ7t65uyfEI3/CxkIRW/+Onf/GTXKFJj4YeLw3w8y8MOFMG8/7dgpr6xubW8Xt0s7u3v5B+fCopeNUUWzSmMeqExKNnElsGmY4dhKFRIQc2+H4Zua3H1FpFst7M0kwEGQoWcQoMVbqCCaZYE/YL1e8qjeHu0r8nFQgR6Nf/uoNYpoKlIZyonXX9xITZEQZRjlOS71UY0LomAyxa6kkAnWQze+dumdWGbhRrGxJ487V3xMZEVpPRGg7BTEjvezNxP+8bmqiqyBjMkkNSrpYFKXcNbE7e94dMIXU8IklhCpmb3XpiChCjY2oZEPwl19eJa1a1b+o1u5qlfp1HkcRTuAUzsGHS6jDLTSgCRQ4PMMrvDkPzovz7nwsWgtOPnMMf+B8/gBgHZAu</latexit>

w
<latexit sha1_base64="qmdqo1LLQfKsKemQjolU5gz+88g=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsstCTaWGKUjwQI2VvmYMPe3mV3T0Mu/AQbC42x9RfZ+W9c4AoFXzLJy3szmZnnx4Jr47rfTm5tfWNzK79d2Nnd2z8oHh41dZQohg0WiUi1fapRcIkNw43AdqyQhr7Alj++mfmtR1SaR/LBTGLshXQoecAZNVa6Lz+V+8WSW3HnIKvEy0gJMtT7xa/uIGJJiNIwQbXueG5seilVhjOB00I30RhTNqZD7FgqaYi6l85PnZIzqwxIEClb0pC5+nsipaHWk9C3nSE1I73szcT/vE5igqteymWcGJRssShIBDERmf1NBlwhM2JiCWWK21sJG1FFmbHpFGwI3vLLq6RZrXgXlepdtVS7zuLIwwmcwjl4cAk1uIU6NIDBEJ7hFd4c4bw4787HojXnZDPH8AfO5w+dG41Z</latexit>
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Example: piecewise linear fit

• features engineering:  
use piecewise linear functions

h(x) = (1, x, [x+ 0.75]+, [x+ 0.2]+, [x� 0.4]+, [x� 0.8]+)
<latexit sha1_base64="85EBUFBBOKqZ2JLuGhfjgmJe2MI=">AAACIXicbZDLSgMxFIYz9VbrrerSTbAVWlqHmVFpN0LRjcsK9gLTsWTStA3NXEgy0jL0Vdz4Km5cKNKd+DKmF0SrPwQ+/nMOJ+d3Q0aFNIwPLbGyura+kdxMbW3v7O6l9w/qIog4JjUcsIA3XSQIoz6pSSoZaYacIM9lpOEOrqf1xgPhggb+nRyFxPFQz6ddipFUVjtdzvZzwzy8hDmzOCxCe1gw9NKFc18oztCa06mhn39TWVE+205nDN2YCf4FcwEZsFC1nZ60OgGOPOJLzJAQtmmE0okRlxQzMk61IkFChAeoR2yFPvKIcOLZhWN4opwO7AZcPV/CmftzIkaeECPPVZ0ekn2xXJua/9XsSHbLTkz9MJLEx/NF3YhBGcBpXLBDOcGSjRQgzKn6K8R9xBGWKtSUCsFcPvkv1C3dPNOtWytTuVrEkQRH4BjkgAlKoAJuQBXUAAaP4Bm8gjftSXvR3rXJvDWhLWYOwS9pn19gUpzf</latexit>



Example: piecewise linear fit

• features: 

• lambda=1 gives  

w= [-0.0377, 0.00140, -0.00177,  0.01014,  0.00875,  0.01482]

• lambda=1e-6 gives 

w=[-0.1382, 0.97846, -1.3467, 0.57375, -0.32763,   0.2658]
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� = 0.005
<latexit sha1_base64="tNS298VahgESe8U91hnv2y40kNk=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M9gKrkpSEd0IRTcuK9gHtKFMJpN26GQSZiZCLf0SNy4UceunuPNvnLRZaOuBgcM553LvHD/hTGnH+bYKa+sbm1vF7dLO7t5+2T44bKs4lYS2SMxj2fWxopwJ2tJMc9pNJMWRz2nHH99mfueRSsVi8aAnCfUiPBQsZARrIw3scrXPTTrA107NcS6qA7uSkQxolbg5qUCO5sD+6gcxSSMqNOFYqZ7rJNqbYqkZ4XRW6qeKJpiM8ZD2DBU4osqbzg+foVOjBCiMpXlCo7n6e2KKI6UmkW+SEdYjtexl4n9eL9XhlTdlIkk1FWSxKEw50jHKWkABk5RoPjEEE8nMrYiMsMREm65KpgR3+curpF2vuee1+n290rjJ6yjCMZzAGbhwCQ24gya0gEAKz/AKb9aT9WK9Wx+LaMHKZ47gD6zPHzBakXg=</latexit>

� = 0.000001
<latexit sha1_base64="tDVNuxalqRp5b7zdN82zvk+hpxI=">AAAB+3icbVBNS8NAFHypX7V+xXr0stgKnkpSD3oRil48VrC10Iay2WzapZtN2N2IJfSvePGgiFf/iDf/jZs2B20dWBhm5vHejp9wprTjfFultfWNza3ydmVnd2//wD6sdlWcSkI7JOax7PlYUc4E7WimOe0lkuLI5/TBn9zk/sMjlYrF4l5PE+pFeCRYyAjWRhra1fqAm3SAr5yGk8OtD+1awR20StyC1KBAe2h/DYKYpBEVmnCsVN91Eu1lWGpGOJ1VBqmiCSYTPKJ9QwWOqPKy+e0zdGqUAIWxNE9oNFd/T2Q4Umoa+SYZYT1Wy14u/uf1Ux1eehkTSaqpIItFYcqRjlFeBAqYpETzqSGYSGZuRWSMJSba1FUxJbjLX14l3WbDPW8075q11nVRRxmO4QTOwIULaMEttKEDBJ7gGV7hzZpZL9a79bGIlqxi5gj+wPr8AYE8kiI=</latexit>

� = 1
<latexit sha1_base64="bi4HpZcSj7aJHPC01f+B69ptUoM=">AAAB8nicbVBNSwMxFMzWr1q/qh69BFvBU9mtB70IRS8eK9ha2C4lm822odlkSd4KZenP8OJBEa/+Gm/+G9N2D9o6EBhm5pH3JkwFN+C6305pbX1jc6u8XdnZ3ds/qB4edY3KNGUdqoTSvZAYJrhkHeAgWC/VjCShYI/h+HbmPz4xbbiSDzBJWZCQoeQxpwSs5Nf7wmYjcu3VB9Wa23DnwKvEK0gNFWgPql/9SNEsYRKoIMb4nptCkBMNnAo2rfQzw1JCx2TIfEslSZgJ8vnKU3xmlQjHStsnAc/V3xM5SYyZJKFNJgRGZtmbif95fgbxVZBzmWbAJF18FGcCg8Kz+3HENaMgJpYQqrndFdMR0YSCbaliS/CWT14l3WbDu2g075u11k1RRxmdoFN0jjx0iVroDrVRB1Gk0DN6RW8OOC/Ou/OxiJacYuYY/YHz+QPvcJBd</latexit>

h(x) = (1, x, [x+ 0.75]+, [x+ 0.2]+, [x� 0.4]+, [x� 0.8]+)
<latexit sha1_base64="85EBUFBBOKqZ2JLuGhfjgmJe2MI=">AAACIXicbZDLSgMxFIYz9VbrrerSTbAVWlqHmVFpN0LRjcsK9gLTsWTStA3NXEgy0jL0Vdz4Km5cKNKd+DKmF0SrPwQ+/nMOJ+d3Q0aFNIwPLbGyura+kdxMbW3v7O6l9w/qIog4JjUcsIA3XSQIoz6pSSoZaYacIM9lpOEOrqf1xgPhggb+nRyFxPFQz6ddipFUVjtdzvZzwzy8hDmzOCxCe1gw9NKFc18oztCa06mhn39TWVE+205nDN2YCf4FcwEZsFC1nZ60OgGOPOJLzJAQtmmE0okRlxQzMk61IkFChAeoR2yFPvKIcOLZhWN4opwO7AZcPV/CmftzIkaeECPPVZ0ekn2xXJua/9XsSHbLTkz9MJLEx/NF3YhBGcBpXLBDOcGSjRQgzKn6K8R9xBGWKtSUCsFcPvkv1C3dPNOtWytTuVrEkQRH4BjkgAlKoAJuQBXUAAaP4Bm8gjftSXvR3rXJvDWhLWYOwS9pn19gUpzf</latexit>



Fitting predictors with more parameters than data points

• in general, fitting a model with more parameters than data points does 
not make sense


• but one can fit such overparametrized models with regularization

• lambda=100 gives [0.01827, -0.00066429, -0.00069, -0.00109, -0.00268, 

-0.00962]

• lambda=0.0001 gives [0.471, -0.01027461, -0.0109, -0.0196, -0.0691, 

-0.4807]
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� = 100
<latexit sha1_base64="X29PkKCkBBayDGGWAf1ftvVHk38=">AAAB9HicbVBNTwIxFHzFL8Qv1KOXRjDxRHbxoBcTohePmAiSwIZ0u11o6HbXtktCNvwOLx40xqs/xpv/xgJ7UHCSJpOZeXmv4yeCa+M436iwtr6xuVXcLu3s7u0flA+P2jpOFWUtGotYdXyimeCStQw3gnUSxUjkC/boj25n/uOYKc1j+WAmCfMiMpA85JQYK3nVnrDZgFy7jlPtlytOzZkDrxI3JxXI0eyXv3pBTNOISUMF0brrOonxMqIMp4JNS71Us4TQERmwrqWSREx72fzoKT6zSoDDWNknDZ6rvycyEmk9iXybjIgZ6mVvJv7ndVMTXnkZl0lqmKSLRWEqsInxrAEccMWoERNLCFXc3orpkChCje2pZEtwl7+8Str1mntRq9/XK42bvI4inMApnIMLl9CAO2hCCyg8wTO8whsaoxf0jj4W0QLKZ47hD9DnD9IfkNE=</latexit>

� = 3
<latexit sha1_base64="+6nNCW4i0Aq5R10oo0g1VnruA8g=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBFvBVZlpF7oRim5cVrAPmA4lk8m0oZlkSDJCKf0MNy4UcevXuPNvTNtZaOuBwOGcc8m9J0w508Z1v53CxubW9k5xt7S3f3B4VD4+6WiZKULbRHKpeiHWlDNB24YZTnupojgJOe2G47u5332iSjMpHs0kpUGCh4LFjGBjJb/a5zYb4ZtGdVCuuDV3AbROvJxUIEdrUP7qR5JkCRWGcKy177mpCaZYGUY4nZX6maYpJmM8pL6lAidUB9PFyjN0YZUIxVLZJwxaqL8npjjRepKENplgM9Kr3lz8z/MzE18HUybSzFBBlh/FGUdGovn9KGKKEsMnlmCimN0VkRFWmBjbUsmW4K2evE469ZrXqNUf6pXmbV5HEc7gHC7Bgytowj20oA0EJDzDK7w5xnlx3p2PZbTg5DOn8AfO5w/yepBf</latexit> � = 0.0001

<latexit sha1_base64="4YCnIRkNEX4bWkiQlaANerQmPwg=">AAAB+XicbVDLSsNAFL2pr1pfUZduBlvBVUnqQjdC0Y3LCvYBbSiTyaQdOpmEmUmhhP6JGxeKuPVP3Pk3TtMstPXAwOGcc7l3jp9wprTjfFuljc2t7Z3ybmVv/+DwyD4+6ag4lYS2Scxj2fOxopwJ2tZMc9pLJMWRz2nXn9wv/O6USsVi8aRnCfUiPBIsZARrIw1tuzbgJh3gW6fuOI5bG9rVnBmgdeIWpAoFWkP7axDEJI2o0IRjpfquk2gvw1Izwum8MkgVTTCZ4BHtGypwRJWX5ZfP0YVRAhTG0jyhUa7+nshwpNQs8k0ywnqsVr2F+J/XT3V442VMJKmmgiwXhSlHOkaLGlDAJCWazwzBRDJzKyJjLDHRpqyKKcFd/fI66TTq7lW98dioNu+KOspwBudwCS5cQxMeoAVtIDCFZ3iFNyuzXqx362MZLVnFzCn8gfX5A5xhka4=</latexit>



Fitting predictors with more parameters than data points
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• appropriate lambda balances fitting training data vs. 
sensitivity

training MSE
<latexit sha1_base64="lf01m9336ECx70CC9KiAIx78lsA=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4Kkk96LEoghehov2ANpTNdtMu3WzC7kQooX/DiwdFvPpnvPlv3LY5aOuDgcd7M8zMCxIpDLrut7Oyura+sVnYKm7v7O7tlw4OmyZONeMNFstYtwNquBSKN1Cg5O1EcxoFkreC0fXUbz1xbUSsHnGccD+iAyVCwShaqYuaCiXUgNw93PRKZbfizkCWiZeTMuSo90pf3X7M0ogrZJIa0/HcBP2MahRM8kmxmxqeUDaiA96xVNGIGz+b3Twhp1bpkzDWthSSmfp7IqORMeMosJ0RxaFZ9Kbif14nxfDSz4RKUuSKzReFqSQYk2kApC80ZyjHllCmhb2VsCHVlKGNqWhD8BZfXibNasU7r1Tvq+XaVR5HAY7hBM7AgwuowS3UoQEMEniGV3hzUufFeXc+5q0rTj5zBH/gfP4AhWWRVQ==</latexit>

test MSE
<latexit sha1_base64="Ah5EKURToUD74zbDd+jAc9AU8xw=">AAAB73icbVDLSgNBEJyNrxhfUY9eBoPgKezGgx6DIngRIpoHJEuYnXSSIbOz60yvEJb8hBcPinj1d7z5N06SPWhiQUNR1U13VxBLYdB1v53cyura+kZ+s7C1vbO7V9w/aJgo0RzqPJKRbgXMgBQK6ihQQivWwMJAQjMYXU395hNoIyL1gOMY/JANlOgLztBKLQSD9Pb+ulssuWV3BrpMvIyUSIZat/jV6UU8CUEhl8yYtufG6KdMo+ASJoVOYiBmfMQG0LZUsRCMn87undATq/RoP9K2FNKZ+nsiZaEx4zCwnSHDoVn0puJ/XjvB/oWfChUnCIrPF/UTSTGi0+dpT2jgKMeWMK6FvZXyIdOMo42oYEPwFl9eJo1K2TsrV+4qpeplFkeeHJFjcko8ck6q5IbUSJ1wIskzeSVvzqPz4rw7H/PWnJPNHJI/cD5/AHEyj5E=</latexit>

�
<latexit sha1_base64="XSowtl+Vgdk+vmznhbHzb3KsrlA=">AAAB8HicbVDLTgIxFL2DL8QX6tJNI5i4IjOw0CXRjUtM5GFgQjqdDjS0nUnbMSETvsKNC41x6+e4828sMAsFT9Lk5Jxz03tPkHCmjet+O4WNza3tneJuaW//4PCofHzS0XGqCG2TmMeqF2BNOZO0bZjhtJcoikXAaTeY3M797hNVmsXywUwT6gs8kixiBBsrPVYH3GZDXB2WK27NXQCtEy8nFcjRGpa/BmFMUkGlIRxr3ffcxPgZVoYRTmelQappgskEj2jfUokF1X62WHiGLqwSoihW9kmDFurviQwLracisEmBzVivenPxP6+fmujaz5hMUkMlWX4UpRyZGM2vRyFTlBg+tQQTxeyuiIyxwsTYjkq2BG/15HXSqde8Rq1+X680b/I6inAG53AJHlxBE+6gBW0gIOAZXuHNUc6L8+58LKMFJ585hT9wPn8A+FKP2w==</latexit>



Model complexity and lambda

• Having large regularization limits what type of models we 
can choose from, hence enforces simpler models
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training MSE
<latexit sha1_base64="lf01m9336ECx70CC9KiAIx78lsA=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4Kkk96LEoghehov2ANpTNdtMu3WzC7kQooX/DiwdFvPpnvPlv3LY5aOuDgcd7M8zMCxIpDLrut7Oyura+sVnYKm7v7O7tlw4OmyZONeMNFstYtwNquBSKN1Cg5O1EcxoFkreC0fXUbz1xbUSsHnGccD+iAyVCwShaqYuaCiXUgNw93PRKZbfizkCWiZeTMuSo90pf3X7M0ogrZJIa0/HcBP2MahRM8kmxmxqeUDaiA96xVNGIGz+b3Twhp1bpkzDWthSSmfp7IqORMeMosJ0RxaFZ9Kbif14nxfDSz4RKUuSKzReFqSQYk2kApC80ZyjHllCmhb2VsCHVlKGNqWhD8BZfXibNasU7r1Tvq+XaVR5HAY7hBM7AgwuowS3UoQEMEniGV3hzUufFeXc+5q0rTj5zBH/gfP4AhWWRVQ==</latexit>

test MSE
<latexit sha1_base64="Ah5EKURToUD74zbDd+jAc9AU8xw=">AAAB73icbVDLSgNBEJyNrxhfUY9eBoPgKezGgx6DIngRIpoHJEuYnXSSIbOz60yvEJb8hBcPinj1d7z5N06SPWhiQUNR1U13VxBLYdB1v53cyura+kZ+s7C1vbO7V9w/aJgo0RzqPJKRbgXMgBQK6ihQQivWwMJAQjMYXU395hNoIyL1gOMY/JANlOgLztBKLQSD9Pb+ulssuWV3BrpMvIyUSIZat/jV6UU8CUEhl8yYtufG6KdMo+ASJoVOYiBmfMQG0LZUsRCMn87undATq/RoP9K2FNKZ+nsiZaEx4zCwnSHDoVn0puJ/XjvB/oWfChUnCIrPF/UTSTGi0+dpT2jgKMeWMK6FvZXyIdOMo42oYEPwFl9eJo1K2TsrV+4qpeplFkeeHJFjcko8ck6q5IbUSJ1wIskzeSVvzqPz4rw7H/PWnJPNHJI/cD5/AHEyj5E=</latexit>

�
<latexit sha1_base64="XSowtl+Vgdk+vmznhbHzb3KsrlA=">AAAB8HicbVDLTgIxFL2DL8QX6tJNI5i4IjOw0CXRjUtM5GFgQjqdDjS0nUnbMSETvsKNC41x6+e4828sMAsFT9Lk5Jxz03tPkHCmjet+O4WNza3tneJuaW//4PCofHzS0XGqCG2TmMeqF2BNOZO0bZjhtJcoikXAaTeY3M797hNVmsXywUwT6gs8kixiBBsrPVYH3GZDXB2WK27NXQCtEy8nFcjRGpa/BmFMUkGlIRxr3ffcxPgZVoYRTmelQappgskEj2jfUokF1X62WHiGLqwSoihW9kmDFurviQwLracisEmBzVivenPxP6+fmujaz5hMUkMlWX4UpRyZGM2vRyFTlBg+tQQTxeyuiIyxwsTYjkq2BG/15HXSqde8Rq1+X680b/I6inAG53AJHlxBE+6gBW0gIOAZXuHNUc6L8+58LKMFJ585hT9wPn8A+FKP2w==</latexit>

large
<latexit sha1_base64="hjKiFMqGeTsHtTTAJz1VzR0/2YA=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0nqQY9FLx4rmLbQhrLZTtqlm03Y3Qgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSq4Nq777ZQ2Nre2d8q7lb39g8Oj6vFJWyeZYuizRCSqG1KNgkv0DTcCu6lCGocCO+Hkbu53nlBpnshHM00xiOlI8ogzaqzkC6pGOKjW3Lq7AFknXkFqUKA1qH71hwnLYpSGCap1z3NTE+RUGc4Ezir9TGNK2YSOsGeppDHqIF8cOyMXVhmSKFG2pCEL9fdETmOtp3FoO2NqxnrVm4v/eb3MRDdBzmWaGZRsuSjKBDEJmX9OhlwhM2JqCWWK21sJG1NFmbH5VGwI3urL66TdqHtX9cZDo9a8LeIowxmcwyV4cA1NuIcW+MCAwzO8wpsjnRfn3flYtpacYuYU/sD5/AHhmo65</latexit>

small
<latexit sha1_base64="lu66y5RphlNoMiC/qU/Mn3Uls5c=">AAAB7HicbVBNTwIxEJ3iF+IX6tFLIzHxRHbxoEeiF4+YuEACG9ItXWhou5u2a0I2/AYvHjTGqz/Im//GAntQ8CWTvLw3k5l5USq4sZ73jUobm1vbO+Xdyt7+weFR9fikbZJMUxbQRCS6GxHDBFcssNwK1k01IzISrBNN7uZ+54lpwxP1aKcpCyUZKR5zSqyTAiOJEINqzat7C+B14hekBgVag+pXf5jQTDJlqSDG9HwvtWFOtOVUsFmlnxmWEjohI9ZzVBHJTJgvjp3hC6cMcZxoV8rihfp7IifSmKmMXKckdmxWvbn4n9fLbHwT5lylmWWKLhfFmcA2wfPP8ZBrRq2YOkKo5u5WTMdEE2pdPhUXgr/68jppN+r+Vb3x0Kg1b4s4ynAG53AJPlxDE+6hBQFQ4PAMr/CGFHpB7+hj2VpCxcwp/AH6/AH29Y7H</latexit>

model
<latexit sha1_base64="0eFyUPt4z1d4qe9ZCitRXH3BM28=">AAAB7HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5ioWXQxjKClwSSI+ztbZIl+3Hs7gnhyG+wsVDE1h9k579xk1yhiQ8GHu/NMDMvTjkz1ve/vdLG5tb2Tnm3srd/cHhUPT5pG5VpQkOiuNLdGBvKmaShZZbTbqopFjGnnXhyN/c7T1QbpuSjnaY0Engk2ZARbJ0UCpVQPqjW/Lq/AFonQUFqUKA1qH71E0UyQaUlHBvTC/zURjnWlhFOZ5V+ZmiKyQSPaM9RiQU1Ub44doYunJKgodKupEUL9fdEjoUxUxG7ToHt2Kx6c/E/r5fZ4U2UM5lmlkqyXDTMOLIKzT9HCdOUWD51BBPN3K2IjLHGxLp8Ki6EYPXlddJu1IOreuOhUWveFnGU4QzO4RICuIYm3EMLQiDA4Ble4c2T3ov37n0sW0teMXMKf+B9/gDqwo6/</latexit>

complex
<latexit sha1_base64="aEG/lBo1BRUlYdhaeZAEPerN7uI=">AAAB7nicbVDLSgNBEJz1GeMr6tHLYBA8hd140GPQi8cI5gHJEmYnnWTIvJiZFcOSj/DiQRGvfo83/8ZJsgdNLGgoqrrp7ko0Z9aF4Xewtr6xubVd2Cnu7u0fHJaOjptWpYZCgyquTDshFjiT0HDMcWhrA0QkHFrJ+Hbmtx7BWKbkg5toiAUZSjZglDgvtagSmsNTr1QOK+EceJVEOSmjHPVe6avbVzQVIB3lxNpOFGoXZ8Q4RjlMi93UgiZ0TIbQ8VQSATbO5udO8blX+nigjC/p8Fz9PZERYe1EJL5TEDeyy95M/M/rpG5wHWdM6tSBpItFg5Rjp/Dsd9xnBqjjE08INczfiumIGEKdT6joQ4iWX14lzWoluqxU76vl2k0eRwGdojN0gSJ0hWroDtVRA1E0Rs/oFb0FOngJ3oOPRetakM+coD8IPn8Al2aPug==</latexit>

simple
<latexit sha1_base64="9DUKCG0x7AEPGRy/7mJf4Zqdy0U=">AAAB7XicbVA9SwNBEJ3zM8avqKXNYhCswl0stAzaWEYwH5AcYW8zSdbs7h27e0I48h9sLBSx9f/Y+W/cJFdo4oOBx3szzMyLEsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZxqhg0Wi1i3I2pQcIUNy63AdqKRykhgKxrfzvzWE2rDY/VgJwmGkg4VH3BGrZOahstEYK9U9iv+HGSVBDkpQ456r/TV7ccslagsE9SYTuAnNsyotpwJnBa7qcGEsjEdYsdRRSWaMJtfOyXnTumTQaxdKUvm6u+JjEpjJjJynZLakVn2ZuJ/Xie1g+sw4ypJLSq2WDRIBbExmb1O+lwjs2LiCGWau1sJG1FNmXUBFV0IwfLLq6RZrQSXlep9tVy7yeMowCmcwQUEcAU1uIM6NIDBIzzDK7x5sffivXsfi9Y1L585gT/wPn8AyWmPQg==</latexit>



How to choose lambda with validation
• also called model selection

• Naive model selection can underestimate the test error


• 1. Train models for multiple lambda and compute test MSE

• 2. Pick lambda that minimizes the test error

• 3. Report that minimum test error
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Training set Test set



• Split into train/test/validation sets 


• 1. Train models for multiple lambda by minimizing training error

• 2. Compute test error for each

• 3. Pick the lambda with smallest test error

• 4. compute validation error for that lambda


• Key idea is not to use the same data for “choosing lambda” and 
“evaluating error”
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How to choose lambda with validation

Validation 
setTraining set Test 

set

80% 10% 10%

50% 25% 25%


