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Generalization: 
how do we validate which model is better?
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Generalization

• we say a predictor generalizes if it performs well on unseen data

• formal mathematical definition involves probabilistic assumptions

• first, we study practical methods for assessing generalization
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In-sample and out-of-sample data
• the data used to construct a predictor is training data or 

in-sample data 
• we want the predictor to work on out-of-sample data 

• we say a predictor fails to generalize if it does not 

perform well on out-of-sample data
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• train a cubic predictor on 32 (in-sample) black circles: MSE 174 
• predict y for 30 (out-of-sample) blue points: MSE 192

• conclude this predictor generalizes: in-sample MSE       out-of-sample MSE≈



Validation
• a way to mimic how the predictor performs on unseen data

• key idea: divide the data into two set for training and testing 

• training set used to construct (“train”) the predictor

• test set or validation set used to evaluate the predictor


• based on the assumption that test set is similar to unseen 
data 
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Validation
• we use training error for optimization (or finding the model) 


• we use test error for validation


• selecting train/test sets should be random 
(80/20 or 90/10 are common)


• we say a model or predictor is overfit if 
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MSEtrain =
1

|Strain|
X

i2Strain

(f(xi)� yi)
2

<latexit sha1_base64="wW48ko+A1sAlLzs4kvpYbBn9yqA="></latexit>

MSEtest =
1

|Stest|
X

i2Stest

(f(xi)� yi)
2

<latexit sha1_base64="AkLTp2GqvGR3BCYzMUrnJ24TYo4="></latexit>

MSEtest � MSEtrain
<latexit sha1_base64="RO3SrMxDuA+fd9Ip3vbWnY6TFm0=">AAACIXicbZDLSsNAFIYnXmu9RV26GSyCq5JUwUI3RRHcCBXtBZpSJtNpO3QyCTMnQgl5FTe+ihsXinQnvozTNgtt/WHg4z/ncOb8fiS4Bsf5slZW19Y3NnNb+e2d3b19++CwocNYUVanoQhVyyeaCS5ZHTgI1ooUI4EvWNMfXU/rzSemNA/lI4wj1gnIQPI+pwSM1bXLiacCfPdwk3ZnBExDir2KV8HeYDCHxRZFuEy7dsEpOjPhZXAzKKBMta498XohjQMmgQqiddt1IugkRAGngqV5L9YsInREBqxtUJKA6U4yuzDFp8bp4X6ozJOAZ+7viYQEWo8D33QGBIZ6sTY1/6u1Y+iXOwmXUQxM0vmifiwwhHgaF+5xxSiIsQFCFTd/xXRIFKFgQs2bENzFk5ehUSq658XS/UWhepXFkUPH6ASdIRddoiq6RTVURxQ9o1f0jj6sF+vN+rQm89YVK5s5Qn9kff8ApU2ilw==</latexit>
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small training error              large training error

small test error

large test error
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• between two models, the one with smaller test error should be 
chosen



Overfitting
• a model that fits the training data well but performs poorly on 

test data suffers from overfitting 
• overfitting happens if we use a model with high model 

complexity 

• for example, for linear regression with polynomial features


• N = 60 data points, and            3, 4, 5, 20
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ŷ = f(x) = w0 + w1x+ w2x
2 + · · ·+ wpx

p
<latexit sha1_base64="I5Brfh8LsBRtm4FOShCHjLhcZ6k="></latexit>

p 2 { }
<latexit sha1_base64="laBQGezMjFmTbyzDejN9Sa/s6qw=">AAACGHicbVDLSgMxFL1TX7W+Rl26CRbBVZ2pgoKbohuXFewDOkPJpGkbmskMSUYoQz/Djb/ixoUibrvzb8y0s6itJwQO55xLck8Qc6a04/xYhbX1jc2t4nZpZ3dv/8A+PGqqKJGENkjEI9kOsKKcCdrQTHPajiXFYcBpKxjdZ37rmUrFIvGkxzH1QzwQrM8I1kbq2hexx4SXIoS829WzqKIsM+naZafizIBWiZuTMuSod+2p14tIElKhCcdKdVwn1n6KpWaE00nJSxSNMRnhAe0YKnBIlZ/OFpugM6P0UD+S5gqNZuriRIpDpcZhYJIh1kO17GXif14n0f0bP2UiTjQVZP5QP+FIRyhrCfWYpETzsSGYSGb+isgQS0y06bJkSnCXV14lzWrFvaxUH6/Ktbu8jiKcwCmcgwvXUIMHqEMDCLzAG3zAp/VqvVtf1vc8WrDymWP4A2v6C8G7m9E=</latexit>

degree 3 degree 4 degree 5 degree 20

MSEtrain
<latexit sha1_base64="bLIc5rGQSmvmgq0D0AoXIysdzso=">AAAB/nicbZDLSsNAFIYn9VbrLSqu3AwWwVVJqqDLoghuhIr2Am0Ik+mkHTozCTMToYSAr+LGhSJufQ53vo3TNAtt/WHg4z/ncM78Qcyo0o7zbZWWlldW18rrlY3Nre0de3evraJEYtLCEYtkN0CKMCpIS1PNSDeWBPGAkU4wvprWO49EKhqJBz2JicfRUNCQYqSN5dsHaV9yeHt/nfk5aYmoyHy76tScXHAR3AKqoFDTt7/6gwgnnAiNGVKq5zqx9lIkNcWMZJV+okiM8BgNSc+gQJwoL83Pz+CxcQYwjKR5QsPc/T2RIq7UhAemkyM9UvO1qflfrZfo8MJLqYgTTQSeLQoTBnUEp1nAAZUEazYxgLCk5laIR0girE1iFROCO//lRWjXa+5prX53Vm1cFnGUwSE4AifABeegAW5AE7QABil4Bq/gzXqyXqx362PWWrKKmX3wR9bnDwhmlYk=</latexit>

MSEtest
<latexit sha1_base64="bnjMEZxz/IY+pt1vfqgSuMnnuks=">AAAB/XicbZDLSsNAFIYn9VbrLV52bgaL4KokVdBlUQQ3QkXbCm0Ik+mkHTq5MHMi1BB8FTcuFHHre7jzbZymWWjrDwMf/zmHc+b3YsEVWNa3UVpYXFpeKa9W1tY3NrfM7Z22ihJJWYtGIpL3HlFM8JC1gINg97FkJPAE63iji0m988Ck4lF4B+OYOQEZhNznlIC2XHMv7ckAX99eZm5OwBRkrlm1alYuPA92AVVUqOmaX71+RJOAhUAFUaprWzE4KZHAqWBZpZcoFhM6IgPW1RiSgCknza/P8KF2+tiPpH4h4Nz9PZGSQKlx4OnOgMBQzdYm5n+1bgL+mZPyME6AhXS6yE8EhghPosB9LhkFMdZAqOT6VkyHRBIKOrCKDsGe/fI8tOs1+7hWvzmpNs6LOMpoHx2gI2SjU9RAV6iJWoiiR/SMXtGb8WS8GO/Gx7S1ZBQzu+iPjM8fTTOVIQ==</latexit>



How does one choose which model to use?
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• first use 60 data points to train and 60 data points to test

• then choose degree 5 as per the above test error

• now re-train on all 120 data points with degree 5 polynomial model



Cross validation
• systematic method for out-of-sample validation

• divide the data into k folds 
• for each i, fit predictor on all data but fold i

• compute test error on fold i

• average the test error across the folds


• gives some idea of the variability (or variance) of the test 
error


• we can estimate stability of the ML pipeline, by 
comparing the model parameters found in each fold
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pseudo code for k-fold cross validation 
• Input: data D={(xi,yi)}i=1,…,N, number of folds k, model

• Output: trained model parameters w, training error, test error


• D <- shuffle(D) 

• D1=D[0:N/k],D2=D[N/k:2N/k],…

• For j=1,…,k do

• w <- fit({D1,…,Dj-1,Dj+1,…,Dk})

•  


•  


•  


•  
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• shuffle the data randomly

• split the data into k groups

• repeat for each fold

• train on the rest of data

• compute training error


• compute test error

MSE(j)
train  

k

(k � 1)N

X

i2training data

(wTxi � yi)
2

<latexit sha1_base64="yc9ly2L6dOYhyYxJu1KQ3fqyB38="></latexit>

MSE(j)
test  

k

N

X

i2Dj

(wTxi � yi)
2

<latexit sha1_base64="PidZ/a60w+24ULiUzHUdYHn9HHc="></latexit>

MSEtest  
1

k

kX

j=1

MSE(j)
test

<latexit sha1_base64="2WYljyMTQrnMfsV9KmRNwPswUTE="></latexit>

MSEtrain  
1

k

kX

j=1

MSE(j)
train

<latexit sha1_base64="K0nxM3lZ3NS2H7Wy1qj92Y36t5I="></latexit>



How to choose k?
• k = 5 to 10 seems to work well in practice


• small k leads to overestimating the test error

• because we are training on much smaller data size


• if k=N it is called Leave-one-out (LOO) cross validation


• it takes longer to cross validate for large k
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Model selection via (cross) validation
• whether you use cross validation or just validation on a single 

split data, you can compute the                   and  
            


• such validation this requires: 


• ignoring k for now, as it is not too sensitive to this choice as 
long as it is large enough, the computed MSEs are functions 
of sample size N and model complexity p!14

MSEtrain
<latexit sha1_base64="bLIc5rGQSmvmgq0D0AoXIysdzso=">AAAB/nicbZDLSsNAFIYn9VbrLSqu3AwWwVVJqqDLoghuhIr2Am0Ik+mkHTozCTMToYSAr+LGhSJufQ53vo3TNAtt/WHg4z/ncM78Qcyo0o7zbZWWlldW18rrlY3Nre0de3evraJEYtLCEYtkN0CKMCpIS1PNSDeWBPGAkU4wvprWO49EKhqJBz2JicfRUNCQYqSN5dsHaV9yeHt/nfk5aYmoyHy76tScXHAR3AKqoFDTt7/6gwgnnAiNGVKq5zqx9lIkNcWMZJV+okiM8BgNSc+gQJwoL83Pz+CxcQYwjKR5QsPc/T2RIq7UhAemkyM9UvO1qflfrZfo8MJLqYgTTQSeLQoTBnUEp1nAAZUEazYxgLCk5laIR0girE1iFROCO//lRWjXa+5prX53Vm1cFnGUwSE4AifABeegAW5AE7QABil4Bq/gzXqyXqx362PWWrKKmX3wR9bnDwhmlYk=</latexit>

MSEtest
<latexit sha1_base64="bnjMEZxz/IY+pt1vfqgSuMnnuks=">AAAB/XicbZDLSsNAFIYn9VbrLV52bgaL4KokVdBlUQQ3QkXbCm0Ik+mkHTq5MHMi1BB8FTcuFHHre7jzbZymWWjrDwMf/zmHc+b3YsEVWNa3UVpYXFpeKa9W1tY3NrfM7Z22ihJJWYtGIpL3HlFM8JC1gINg97FkJPAE63iji0m988Ck4lF4B+OYOQEZhNznlIC2XHMv7ckAX99eZm5OwBRkrlm1alYuPA92AVVUqOmaX71+RJOAhUAFUaprWzE4KZHAqWBZpZcoFhM6IgPW1RiSgCknza/P8KF2+tiPpH4h4Nz9PZGSQKlx4OnOgMBQzdYm5n+1bgL+mZPyME6AhXS6yE8EhghPosB9LhkFMdZAqOT6VkyHRBIKOrCKDsGe/fI8tOs1+7hWvzmpNs6LOMpoHx2gI2SjU9RAV6iJWoiiR/SMXtGb8WS8GO/Gx7S1ZBQzu+iPjM8fTTOVIQ==</latexit>

- dataset of N samples
- choice of k, if using cross validation
- choices of model classes to be validated
(e.g. linear regression with quadratic loss,
and polynomial features of degrees p = 3, 4, 5, 10, 15, and 20)

<latexit sha1_base64="Rn4hpO8fip/PUkhX6es6wUGqcUc="></latexit>



• let us first fix sample size N=30, collect one dataset of size N, randomly shuffle 
the dataset, and fix one training set            and test set            via 80/20 split


• then we run multiple validations and plot the computed MSEs for all values of 
p that we are interested in
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model complexity p
<latexit sha1_base64="m6+5xwGU2SjziDdDEMDPKh3Qc94=">AAAB/XicbVDLTgJBEJzFF+Jrfdy8TAQTT2QXD3okevGIiTwS2JDZ2QYmzOxsZmaNSIi/4sWDxnj1P7z5Nw6wBwUr6aRS1Z3urjDhTBvP+3ZyK6tr6xv5zcLW9s7unrt/0NAyVRTqVHKpWiHRwFkMdcMMh1aigIiQQzMcXk/95j0ozWR8Z0YJBIL0Y9ZjlBgrdd0jISPgmEqRcHhgZoRLSanrFr2yNwNeJn5GiihDret+dSJJUwGxoZxo3fa9xARjogyjHCaFTqohIXRI+tC2NCYCdDCeXT/Bp1aJcE8qW7HBM/X3xJgIrUcitJ2CmIFe9Kbif147Nb3LYMziJDUQ0/miXsqxkXgaBY6YAmr4yBJCFbO3YjogilBjAyvYEPzFl5dJo1L2z8uV20qxepXFkUfH6ASdIR9doCq6QTVURxQ9omf0it6cJ+fFeXc+5q05J5s5RH/gfP4A0nCUzA==</latexit>

error
<latexit sha1_base64="3srcD6Q8A6U49q6u0/IMHrACHCg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqST1oMeiF48VTFtoQ9lsJ+3SzW7Y3Qgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5UcqZNp737ZQ2Nre2d8q7lb39g8Oj6vFJW8tMUQyo5FJ1I6KRM4GBYYZjN1VIkohjJ5rczf3OEyrNpHg00xTDhIwEixklxkoBKiXVoFrz6t4C7jrxC1KDAq1B9as/lDRLUBjKidY930tNmBNlGOU4q/QzjSmhEzLCnqWCJKjDfHHszL2wytCNpbIljLtQf0/kJNF6mkS2MyFmrFe9ufif18tMfBPmTKSZQUGXi+KMu0a688/dIVNIDZ9aQqhi9laXjoki1Nh8KjYEf/XlddJu1P2reuOhUWveFnGU4QzO4RJ8uIYm3EMLAqDA4Ble4c0Rzovz7nwsW0tOMXMKf+B8/gAQxI7Y</latexit>

test error: MSEtest
<latexit sha1_base64="tLjjDt55hWqxOKl8YQU6Qn3xWmo=">AAACC3icbZC7SgNBFIZnvcZ4i1raDEkEq7AbC8UqKIKNENFcIFmW2clJMmT2wsxZISzpbXwVGwtFbH0BO9/GyaXQxAMDH/9/DmfO78dSaLTtb2tpeWV1bT2zkd3c2t7Zze3t13WUKA41HslINX2mQYoQaihQQjNWwAJfQsMfXI79xgMoLaLwHocxuAHrhaIrOEMjebk8gkYKSkXqnBbTtgrozd3VyJvQ2BsVvVzBLtmToovgzKBAZlX1cl/tTsSTAELkkmndcuwY3ZQpFFzCKNtONMSMD1gPWgZDFoB208ktI3pklA7tRsq8EOlE/T2RskDrYeCbzoBhX897Y/E/r5Vg98xNRRgnCCGfLuomkmJEx8HQjlDAUQ4NMK6E+SvlfaYYRxNf1oTgzJ+8CPVyyTkplW/LhcrFLI4MOSR5ckwcckoq5JpUSY1w8kieySt5s56sF+vd+pi2LlmzmQPyp6zPH/A4mlc=</latexit>

Strain
<latexit sha1_base64="pDU9BxH45+gYSRXAaVPa3hegX2M=">AAAB+HicbVA9TwJBEJ3DL8QPTi1tNoKJFbnDQkuijSVGQRK4XPaWBTbs7l1290zwwi+xsdAYW3+Knf/GBa5Q8CWTvLw3k5l5UcKZNp737RTW1jc2t4rbpZ3dvf2ye3DY1nGqCG2RmMeqE2FNOZO0ZZjhtJMoikXE6UM0vp75D49UaRbLezNJaCDwULIBI9hYKXTL1bsw6ymBjMJMTquhW/Fq3hxolfg5qUCOZuh+9foxSQWVhnCsddf3EhNkWBlGOJ2WeqmmCSZjPKRdSyUWVAfZ/PApOrVKHw1iZUsaNFd/T2RYaD0Rke0U2Iz0sjcT//O6qRlcBhmTSWqoJItFg5QjE6NZCqjPFCWGTyzBRDF7KyIjrDAxNquSDcFffnmVtOs1/7xWv61XGld5HEU4hhM4Ax8uoAE30IQWEEjhGV7hzXlyXpx352PRWnDymSP4A+fzBwmTkq4=</latexit>

Stest
<latexit sha1_base64="XbZKJBZknGIpOp7eMr8aegpjAOI=">AAAB9XicbVA9TwJBEJ3zE/ELtbTZCCZW5A4LLYk2lhjlIwEke8sebNi9u+zOaciF/2FjoTG2/hc7/40LXKHgSyZ5eW8mM/P8WAqDrvvtrKyurW9s5rby2zu7e/uFg8OGiRLNeJ1FMtItnxouRcjrKFDyVqw5Vb7kTX90PfWbj1wbEYX3OI55V9FBKALBKFrpoXTXSztaEeQGJ6VeoeiW3RnIMvEyUoQMtV7hq9OPWKJ4iExSY9qeG2M3pRoFk3yS7ySGx5SN6IC3LQ2p4qabzq6ekFOr9EkQaVshkpn6eyKlypix8m2nojg0i95U/M9rJxhcdlMRxgnykM0XBYkkGJFpBKQvNGcox5ZQpoW9lbAh1ZShDSpvQ/AWX14mjUrZOy9XbivF6lUWRw6O4QTOwIMLqMIN1KAODDQ8wyu8OU/Oi/PufMxbV5xs5gj+wPn8AdkqkhU=</latexit>

training error: MSEtrain
<latexit sha1_base64="xmmmuwhT4X7YJ/2l8107aLLeuMI=">AAACEHicbZDLSgMxFIYzXmu9jbp0E2xFV2WmLhRXRRHcCBXtBdphyKRpG5pkhiQjlGEewY2v4saFIm5duvNtTKez0NYDgY//P4eT8wcRo0o7zre1sLi0vLJaWCuub2xubds7u00VxhKTBg5ZKNsBUoRRQRqaakbakSSIB4y0gtHlxG89EKloKO71OCIeRwNB+xQjbSTfPtISUUHFABIpQ3kOy0lXcnhzd5X6GWV+WvbtklNxsoLz4OZQAnnVffur2wtxzInQmCGlOq4TaS9BUlPMSFrsxopECI/QgHQMCsSJ8pLsoBQeGqUH+6E0T2iYqb8nEsSVGvPAdHKkh2rWm4j/eZ1Y98+8hIoo1kTg6aJ+zKAO4SQd2KOSYM3GBhCW1PwV4iGSCGuTYdGE4M6ePA/NasU9qVRvq6XaRR5HAeyDA3AMXHAKauAa1EEDYPAInsEreLOerBfr3fqYti5Y+cwe+FPW5w/xaJyD</latexit>

true model complexity
<latexit sha1_base64="+TnUAG3YGWh+ibnzyc7BBpgLiZ4=">AAAB/nicbVDLSgNBEJz1GeNrVTx5GQyCp7AbD3oMevEYwTwgCWF20kmGzOwsM71iWAL+ihcPinj1O7z5N04eB00saCiquunuihIpLAbBt7eyura+sZnbym/v7O7t+weHNatTw6HKtdSmETELUsRQRYESGokBpiIJ9Wh4M/HrD2Cs0PE9jhJoK9aPRU9whk7q+MdoUqBKd0FSrlUi4VHgqOMXgmIwBV0m4ZwUyByVjv/V6mqeKoiRS2ZtMwwSbGfMoOASxvlWaiFhfMj60HQ0ZgpsO5ueP6ZnTunSnjauYqRT9fdExpS1IxW5TsVwYBe9ifif10yxd9XORJykCDGfLeqlkqKmkyxoVxjgKEeOMG6Eu5XyATOMo0ss70IIF19eJrVSMbwolu5KhfL1PI4cOSGn5JyE5JKUyS2pkCrhJCPP5JW8eU/ei/fufcxaV7z5zBH5A+/zB484ld4=</latexit>

• Given sample size N there is a threshold where training error is zero

• Training error is always monotonically non-increasing

• Test error has a trend of going down and up, but fluctuates

p⇤N ⇡ 30⇥ 0.8
<latexit sha1_base64="nVwoCJ12HHB1agj3th2xyz2qEYs=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBZBXISkFeyy6MaVVLAPaGKYTCft0EkyzEzEEgpu/BU3LhRx60+482+ctllo64ELh3Pu5d57As6oVLb9bRSWlldW14rrpY3Nre0dc3evJZNUYNLECUtEJ0CSMBqTpqKKkQ4XBEUBI+1geDnx2/dESJrEt2rEiRehfkxDipHSkm8e8LtT/xq6iHORPMCq7SoaEQltq+abZduyp4CLxMlJGeRo+OaX20twGpFYYYak7Do2V16GhKKYkXHJTSXhCA9Rn3Q1jZFe5GXTH8bwWCs9GCZCV6zgVP09kaFIylEU6M4IqYGc9ybif143VWHNy2jMU0ViPFsUpgyqBE4CgT0qCFZspAnCgupbIR4ggbDSsZV0CM78y4ukVbGcqlW5OSvXL/I4iuAQHIET4IBzUAdXoAGaAINH8AxewZvxZLwY78bHrLVg5DP74A+Mzx+DJZYl</latexit>



• let us now repeat the process changing the sample size 
to N=40 , and see how the curves change

model complexity p
<latexit sha1_base64="m6+5xwGU2SjziDdDEMDPKh3Qc94=">AAAB/XicbVDLTgJBEJzFF+Jrfdy8TAQTT2QXD3okevGIiTwS2JDZ2QYmzOxsZmaNSIi/4sWDxnj1P7z5Nw6wBwUr6aRS1Z3urjDhTBvP+3ZyK6tr6xv5zcLW9s7unrt/0NAyVRTqVHKpWiHRwFkMdcMMh1aigIiQQzMcXk/95j0ozWR8Z0YJBIL0Y9ZjlBgrdd0jISPgmEqRcHhgZoRLSanrFr2yNwNeJn5GiihDret+dSJJUwGxoZxo3fa9xARjogyjHCaFTqohIXRI+tC2NCYCdDCeXT/Bp1aJcE8qW7HBM/X3xJgIrUcitJ2CmIFe9Kbif147Nb3LYMziJDUQ0/miXsqxkXgaBY6YAmr4yBJCFbO3YjogilBjAyvYEPzFl5dJo1L2z8uV20qxepXFkUfH6ASdIR9doCq6QTVURxQ9omf0it6cJ+fFeXc+5q05J5s5RH/gfP4A0nCUzA==</latexit>

training error: MSEtrain
<latexit sha1_base64="xmmmuwhT4X7YJ/2l8107aLLeuMI=">AAACEHicbZDLSgMxFIYzXmu9jbp0E2xFV2WmLhRXRRHcCBXtBdphyKRpG5pkhiQjlGEewY2v4saFIm5duvNtTKez0NYDgY//P4eT8wcRo0o7zre1sLi0vLJaWCuub2xubds7u00VxhKTBg5ZKNsBUoRRQRqaakbakSSIB4y0gtHlxG89EKloKO71OCIeRwNB+xQjbSTfPtISUUHFABIpQ3kOy0lXcnhzd5X6GWV+WvbtklNxsoLz4OZQAnnVffur2wtxzInQmCGlOq4TaS9BUlPMSFrsxopECI/QgHQMCsSJ8pLsoBQeGqUH+6E0T2iYqb8nEsSVGvPAdHKkh2rWm4j/eZ1Y98+8hIoo1kTg6aJ+zKAO4SQd2KOSYM3GBhCW1PwV4iGSCGuTYdGE4M6ePA/NasU9qVRvq6XaRR5HAeyDA3AMXHAKauAa1EEDYPAInsEreLOerBfr3fqYti5Y+cwe+FPW5w/xaJyD</latexit>

error
<latexit sha1_base64="3srcD6Q8A6U49q6u0/IMHrACHCg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqST1oMeiF48VTFtoQ9lsJ+3SzW7Y3Qgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5UcqZNp737ZQ2Nre2d8q7lb39g8Oj6vFJW8tMUQyo5FJ1I6KRM4GBYYZjN1VIkohjJ5rczf3OEyrNpHg00xTDhIwEixklxkoBKiXVoFrz6t4C7jrxC1KDAq1B9as/lDRLUBjKidY930tNmBNlGO U4q/QzjSmhEzLCnqWCJKjDfHHszL2wytCNpbIljLtQf0/kJNF6mkS2MyFmrFe9ufif18tMfBPmTKSZQUGXi+KMu0a688/dIVNIDZ9aQqhi9laXjoki1Nh8KjYEf/XlddJu1P2reuOhUWveFnGU4QzO4RJ8uIYm3EMLAqDA4Ble4c0Rzovz7nwsW0tOMXMKf+B8/gAQxI7Y</latexit>

test error: MSEtest
<latexit sha1_base64="tLjjDt55hWqxOKl8YQU6Qn3xWmo=">AAACC3icbZC7SgNBFIZnvcZ4i1raDEkEq7AbC8UqKIKNENFcIFmW2clJMmT2wsxZISzpbXwVGwtFbH0BO9/GyaXQxAMDH/9/DmfO78dSaLTtb2tpeWV1bT2zkd3c2t7Zze3t13WUKA41HslINX2mQYoQaihQQjNWwAJfQsMfXI79xgMoLaLwHocxuAHrhaIrOEMjebk8gkYKSkXqnBbTtgrozd3VyJvQ2BsVvVzBLtmToovgzKBAZlX1cl/tTsSTAELkkmndcuwY3ZQpFFzCKNtONMSMD1gPWgZDFoB208ktI3pklA7tRsq8EOlE/T2RskDrYeCbzoBhX897Y/E/r5Vg98xNRRgnCCGfLuomkmJEx8HQjlDAUQ4NMK6E+SvlfaYYRxNf1oTgzJ+8CPVyyTkplW/LhcrFLI4MOSR5ckwcckoq5JpUSY1w8kieySt5s56sF+vd+pi2LlmzmQPyp6zPH/A4mlc=</latexit>

true model complexity
<latexit sha1_base64="+TnUAG3YGWh+ibnzyc7BBpgLiZ4=">AAAB/nicbVDLSgNBEJz1GeNrVTx5GQyCp7AbD3oMevEYwTwgCWF20kmGzOwsM71iWAL+ihcPinj1O7z5N04eB00saCiquunuihIpLAbBt7eyura+sZnbym/v7O7t+weHNatTw6HKtdSmETELUsRQRYESGokBpiIJ9Wh4M/HrD2Cs0PE9jhJoK9aPRU9whk7q+MdoUqBKd0FSrlUi4VHgqOMXgmIwBV0m4ZwUyByVjv/V6mqeKoiRS2ZtMwwSbGfMoOASxvlWaiFhfMj60HQ0ZgpsO5ueP6ZnTunSnjauYqRT9fdExpS1IxW5TsVwYBe9ifif10yxd9XORJykCDGfLeqlkqKmkyxoVxjgKEeOMG6Eu5XyATOMo0ss70IIF19eJrVSMbwolu5KhfL1PI4cOSGn5JyE5JKUyS2pkCrhJCPP5JW8eU/ei/fufcxaV7z5zBH5A+/zB484ld4=</latexit>

p⇤24
<latexit sha1_base64="p7Coty7qlwiFjV+FYNx+txI/4zw=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBDEQ9iNAT0GvXiMYB6QxDA76U2GzM6uM7NCWPITXjwo4tXf8ebfOEn2oIkFDUVVN91dfiy4Nq777aysrq1vbOa28ts7u3v7hYPDho4SxbDOIhGplk81Ci6xbrgR2IoV0tAX2PRHN1O/+YRK80jem3GM3ZAOJA84o8ZKrfjhvJeWK5NeoeiW3BnIMvEyUoQMtV7hq9OPWBKiNExQrdueG5tuSpXhTOAk30k0xpSN6ADblkoaou6ms3sn5NQqfRJEypY0ZKb+nkhpqPU49G1nSM1QL3pT8T+vnZjgqptyGScGJZsvChJBTESmz5M+V8iMGFtCmeL2VsKGVFFmbER5G4K3+PIyaZRL3kWpfFcpVq+zOHJwDCdwBh5cQhVuoQZ1YCDgGV7hzXl0Xpx352PeuuJkM0fwB87nD1hHj4M=</latexit>

p⇤32
<latexit sha1_base64="imkQXCtlBfHMS2YknuSm9SVzV2U=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBDEQ9hNBD0GvXiMYB6QxDA76U2GzM6uM7NCWPITXjwo4tXf8ebfOEn2oIkFDUVVN91dfiy4Nq777aysrq1vbOa28ts7u3v7hYPDho4SxbDOIhGplk81Ci6xbrgR2IoV0tAX2PRHN1O/+YRK80jem3GM3ZAOJA84o8ZKrfjhvJdWypNeoeiW3BnIMvEyUoQMtV7hq9OPWBKiNExQrdueG5tuSpXhTOAk30k0xpSN6ADblkoaou6ms3sn5NQqfRJEypY0ZKb+nkhpqPU49G1nSM1QL3pT8T+vnZjgqptyGScGJZsvChJBTESmz5M+V8iMGFtCmeL2VsKGVFFmbER5G4K3+PIyaZRLXqVUvrsoVq+zOHJwDCdwBh5cQhVuoQZ1YCDgGV7hzXl0Xpx352PeuuJkM0fwB87nD1bDj4I=</latexit>

• The threshold moves right

• Training error tends to increase: more points need to fit

• Test error tends to decrease: with more samples complex models can be fit well



• let us now fix model complexity p=30, collect multiple datasets by 
starting with 3 samples and adding one sample at a time to the 
training set, but keeping a large enough test set fixed


• then we run multiple validations and plot the computed MSEs for all 
values of train sample size Ntrain that we are interested in

!17

training error: MSEtrain
<latexit sha1_base64="xmmmuwhT4X7YJ/2l8107aLLeuMI=">AAACEHicbZDLSgMxFIYzXmu9jbp0E2xFV2WmLhRXRRHcCBXtBdphyKRpG5pkhiQjlGEewY2v4saFIm5duvNtTKez0NYDgY//P4eT8wcRo0o7zre1sLi0vLJaWCuub2xubds7u00VxhKTBg5ZKNsBUoRRQRqaakbakSSIB4y0gtHlxG89EKloKO71OCIeRwNB+xQjbSTfPtISUUHFABIpQ3kOy0lXcnhzd5X6GWV+WvbtklNxsoLz4OZQAnnVffur2wtxzInQmCGlOq4TaS9BUlPMSFrsxopECI/QgHQMCsSJ8pLsoBQeGqUH+6E0T2iYqb8nEsSVGvPAdHKkh2rWm4j/eZ1Y98+8hIoo1kTg6aJ+zKAO4SQd2KOSYM3GBhCW1PwV4iGSCGuTYdGE4M6ePA/NasU9qVRvq6XaRR5HAeyDA3AMXHAKauAa1EEDYPAInsEreLOerBfr3fqYti5Y+cwe+FPW5w/xaJyD</latexit>

test error: MSEtest
<latexit sha1_base64="tLjjDt55hWqxOKl8YQU6Qn3xWmo=">AAACC3icbZC7SgNBFIZnvcZ4i1raDEkEq7AbC8UqKIKNENFcIFmW2clJMmT2wsxZISzpbXwVGwtFbH0BO9/GyaXQxAMDH/9/DmfO78dSaLTtb2tpeWV1bT2zkd3c2t7Zze3t13WUKA41HslINX2mQYoQaihQQjNWwAJfQsMfXI79xgMoLaLwHocxuAHrhaIrOEMjebk8gkYKSkXqnBbTtgrozd3VyJvQ2BsVvVzBLtmToovgzKBAZlX1cl/tTsSTAELkkmndcuwY3ZQpFFzCKNtONMSMD1gPWgZDFoB208ktI3pklA7tRsq8EOlE/T2RskDrYeCbzoBhX897Y/E/r5Vg98xNRRgnCCGfLuomkmJEx8HQjlDAUQ4NMK6E+SvlfaYYRxNf1oTgzJ+8CPVyyTkplW/LhcrFLI4MOSR5ckwcckoq5JpUSY1w8kieySt5s56sF+vd+pi2LlmzmQPyp6zPH/A4mlc=</latexit>

error
<latexit sha1_base64="3srcD6Q8A6U49q6u0/IMHrACHCg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqST1oMeiF48VTFtoQ9lsJ+3SzW7Y3Qgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5UcqZNp737ZQ2Nre2d8q7lb39g8Oj6vFJW8tMUQyo5FJ1I6KRM4GBYYZjN1VIkohjJ5rczf3OEyrNpHg00xTDhIwEixklxkoBKiXVoFrz6t4C7jrxC1KDAq1B9as/lDRLUBjKidY930tNmBNlGOU4q/QzjSmhEzLCnqWCJKjDfHHszL2wytCNpbIljLtQf0/kJNF6mkS2MyFmrFe9ufif18tMfBPmTKSZQUGXi+KMu0a688/dIVNIDZ9aQqhi9laXjoki1Nh8KjYEf/XlddJu1P2reuOhUWveFnGU4QzO4RJ8uIYm3EMLAqDA4Ble4c0Rzovz7nwsW0tOMXMKf+B8/gAQxI7Y</latexit>

N⇤
p

<latexit sha1_base64="bnnHUm0Yepf/lGIgSTchrw1JMj4=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tFhNBLMJdLLQM2lhJBPMhyRn2NnvJkt29Y3dPCEd+hY2FIrb+HDv/jZvkCk18MPB4b4aZeUHMmTau++3kVlbX1jfym4Wt7Z3dveL+QVNHiSK0QSIeqXaANeVM0oZhhtN2rCgWAaetYHQ99VtPVGkWyXszjqkv8ECykBFsrPRQvn0866XxpNwrltyKOwNaJl5GSpCh3it+dfsRSQSVhnCsdcdzY+OnWBlGOJ0UuommMSYjPKAdSyUWVPvp7OAJOrFKH4WRsiUNmqm/J1IstB6LwHYKbIZ60ZuK/3mdxISXfspknBgqyXxRmHBkIjT9HvWZosTwsSWYKGZvRWSIFSbGZlSwIXiLLy+TZrXinVeqd9VS7SqLIw9HcAyn4MEF1OAG6tAAAgKe4RXeHOW8OO/Ox7w152Qzh/AHzucPxlCPuw==</latexit>

train sample size Ntrain
<latexit sha1_base64="fIJ2//F1hnbZnFY00Jg2CEjXpt8=">AAACCnicbVA9SwNBEN3zM8avqKXNaiJYhbtYaBm0sZII5gOS49jbTJIlu3vH7p4Qj9Q2/hUbC0Vs/QV2/hs3lxSa+GDg8d4MM/PCmDNtXPfbWVpeWV1bz23kN7e2d3YLe/sNHSWKQp1GPFKtkGjgTELdMMOhFSsgIuTQDIdXE795D0qzSN6ZUQy+IH3JeowSY6WgcGQUYRJrImIOWLMHwKWbIO0ogTNnXAoKRbfsZsCLxJuRIpqhFhS+Ot2IJgKkoZxo3fbc2PgpUYZRDuN8J9EQEzokfWhbKokA7afZK2N8YpUu7kXKljQ4U39PpERoPRKh7RTEDPS8NxH/89qJ6V34KZNxYkDS6aJewrGJ8CQX3GUKqOEjSwhVzN6K6YAoQo1NL29D8OZfXiSNStk7K1duK8Xq5SyOHDpEx+gUeegcVdE1qqE6ougRPaNX9OY8OS/Ou/MxbV1yZjMH6A+czx9z+5oY</latexit>

• There is a threshold below which training error is zero (extreme overfit)

• Below this threshold, test error is meaningless

• Test error tends to decrease

• Training error tends to increase



!18

From practice to theory



Why does test error go down and up with increasing model complexity?

!19

MSEtest(w) =
1
N

PN
i=1(fw(xi)| {z }

ŷi

� (f0(xi) + "i)| {z }
yi

)2 is a random variable

to understand the behavior, we consider the expected error:

MSEtest(xi) =
1

|W |
X

w2W

(fw(xi)� (f0(xi) + "i))
2

= E[(fw(xi)� (f0(xi) + "i))
2]

= Var[fw(xi)� (f0(xi) + "i)] + E[fw(xi)� (f0(xi) + "i)]
2

= Var[fw(xi)� f0(xi)] + Var["i] + E[fw(xi)� f0(xi)]
2

<latexit sha1_base64="ekgoqEagRBIJvHzvoI03v3YD084="></latexit>

MSEnoise
<latexit sha1_base64="qc9oKioCDJwrKcCFe7ijYY3KXHs=">AAACAHicbZDLSsNAFIYnXmu9RV24cDPYCq5KUhe6LIrgRqhoL9CGMJlO2qEzkzAzEUrIxldx40IRtz6GO9/GaZqFtv4w8PGfczhz/iBmVGnH+baWlldW19ZLG+XNre2dXXtvv62iRGLSwhGLZDdAijAqSEtTzUg3lgTxgJFOML6a1juPRCoaiQc9iYnH0VDQkGKkjeXbh9W0Lzm8vb/O/JxERBXJqr5dcWpOLrgIbgEVUKjp21/9QYQTToTGDCnVc51YeymSmmJGsnI/USRGeIyGpGdQIE6Ul+YHZPDEOAMYRtI8oWHu/p5IEVdqwgPTyZEeqfna1Pyv1kt0eOGlVMSJJgLPFoUJgzqC0zTggEqCNZsYQFhS81eIR0girE1mZROCO3/yIrTrNfesVr+rVxqXRRwlcASOwSlwwTlogBvQBC2AQQaewSt4s56sF+vd+pi1LlnFzAH4I+vzB8pXleM=</latexit>

MSEbias
<latexit sha1_base64="vKJeTGG/cwPYJqyopIre/oLGpog=">AAAB/3icbZDLSgMxFIYz9VbrbVRw4ybYCq7KTF3osiiCG6GivUA7DJk0bUOTzJBkhDLOwldx40IRt76GO9/GdDoLbf0h8PGfczgnfxAxqrTjfFuFpeWV1bXiemljc2t7x97da6kwlpg0cchC2QmQIowK0tRUM9KJJEE8YKQdjC+n9fYDkYqG4l5PIuJxNBR0QDHSxvLtg0rSkxze3F2lfkYBRSqt+HbZqTqZ4CK4OZRBroZvf/X6IY45ERozpFTXdSLtJUhqihlJS71YkQjhMRqSrkGBOFFekt2fwmPj9OEglOYJDTP390SCuFITHphOjvRIzdem5n+1bqwH515CRRRrIvBs0SBmUIdwGgbsU0mwZhMDCEtqboV4hCTC2kRWMiG4819ehFat6p5Wa7e1cv0ij6MIDsEROAEuOAN1cA0aoAkweATP4BW8WU/Wi/VufcxaC1Y+sw/+yPr8AdwflVo=</latexit>

MSEvariance
<latexit sha1_base64="Jkzgh5krNW8JM+DFZ5I0xprTDzk=">AAACA3icbZDLSgMxFIYzXmu9jbrTTbAVXJWZutBlUQQ3QkV7gXYYMmmmDU0yQ5IplKHgxldx40IRt76EO9/GdDoLbf0h8PGfczg5fxAzqrTjfFtLyyura+uFjeLm1vbOrr2331RRIjFp4IhFsh0gRRgVpKGpZqQdS4J4wEgrGF5N660RkYpG4kGPY+Jx1Bc0pBhpY/n2YTntSg5v768nfkYjJCkSmEzKvl1yKk4muAhuDiWQq+7bX91ehBNOhMYMKdVxnVh7KZKaYkYmxW6iSIzwEPVJx6BAnCgvzW6YwBPj9GAYSfOEhpn7eyJFXKkxD0wnR3qg5mtT879aJ9HhhZdSESeaCDxbFCYM6ghOA4E9KgnWbGwAYUnNXyEeIImwNrEVTQju/MmL0KxW3LNK9a5aql3mcRTAETgGp8AF56AGbkAdNAAGj+AZvII368l6sd6tj1nrkpXPHIA/sj5/ABnClyw=</latexit>



Why does test error go down and up with increasing model 
complexity?

• three sources of error: noise, bias, and variance  

• error from noise in the data cannot be reduced

!20

MSEtrue = MSEnoise +MSEbias +MSEvariance
<latexit sha1_base64="Wrk3uysriHwGz0oPp/1XMpokaQk="></latexit>

y = f0(x) + "
<latexit sha1_base64="aDvzIQ19bnw45MymQbKjgg/qB2g=">AAACBXicbVDLSsNAFJ3UV62vqktdDBahIpSkCgpFKLpxWcE+oAllMp20QyeTMDMphtCNG3/FjQtF3PoP7vwbJ20W2nrgwuGce7n3HjdkVCrT/DZyS8srq2v59cLG5tb2TnF3ryWDSGDSxAELRMdFkjDKSVNRxUgnFAT5LiNtd3ST+u0xEZIG/F7FIXF8NODUoxgpLfWKhzG0a1d2DXo9s/xwAk+hPUaChJKy1C6ZFXMKuEisjJRAhkav+GX3Axz5hCvMkJRdywyVkyChKGZkUrAjSUKER2hAuppy5BPpJNMvJvBYK33oBUIXV3Cq/p5IkC9l7Lu600dqKOe9VPzP60bKu3QSysNIEY5ni7yIQRXANBLYp4JgxWJNEBZU3wrxEAmElQ6uoEOw5l9eJK1qxTqrVO/OS/XrLI48OABHoAwscAHq4BY0QBNg8AiewSt4M56MF+Pd+Ji15oxsZh/8gfH5A4SylrM=</latexit>

MSEnoise = E["2]
<latexit sha1_base64="lCK1YGrnew9GrZao5FBlE+mo+0o=">AAACG3icbZDLSgMxFIYzXmu9VV26CRbBVZmpgm6EohTcCBXtBTpjyaSnGppJhiRTKMO8hxtfxY0LRVwJLnwb08tCrT8EPv5zDjnnD2POtHHdL2dufmFxaTm3kl9dW9/YLGxtN7RMFIU6lVyqVkg0cCagbpjh0IoVkCjk0Az756N6cwBKMyluzDCGICJ3gvUYJcZanUI59VWEL6+rWWdMQjINGT7FqR8Rcx+GuJq1/QFREGvGpbgtB51C0S25Y+FZ8KZQRFPVOoUPvytpEoEwlBOt254bmyAlyjDKIcv7iYaY0D65g7ZFQSLQQTq+LcP71uninlT2CYPH7s+JlERaD6PQdo4W1n9rI/O/WjsxvZMgZSJODAg6+aiXcGwkHgWFu0wBNXxogVDF7K6Y3hNFqLFx5m0I3t+TZ6FRLnmHpfLVUbFyNo0jh3bRHjpAHjpGFXSBaqiOKHpAT+gFvTqPzrPz5rxPWuec6cwO+iXn8xuyQqE2</latexit>



• suppose we train a constant function, many times each 
with N samples from

!21

y = f0(x) + "
<latexit sha1_base64="aDvzIQ19bnw45MymQbKjgg/qB2g=">AAACBXicbVDLSsNAFJ3UV62vqktdDBahIpSkCgpFKLpxWcE+oAllMp20QyeTMDMphtCNG3/FjQtF3PoP7vwbJ20W2nrgwuGce7n3HjdkVCrT/DZyS8srq2v59cLG5tb2TnF3ryWDSGDSxAELRMdFkjDKSVNRxUgnFAT5LiNtd3ST+u0xEZIG/F7FIXF8NODUoxgpLfWKhzG0a1d2DXo9s/xwAk+hPUaChJKy1C6ZFXMKuEisjJRAhkav+GX3Axz5hCvMkJRdywyVkyChKGZkUrAjSUKER2hAuppy5BPpJNMvJvBYK33oBUIXV3Cq/p5IkC9l7Lu600dqKOe9VPzP60bKu3QSysNIEY5ni7yIQRXANBLYp4JgxWJNEBZU3wrxEAmElQ6uoEOw5l9eJK1qxTqrVO/OS/XrLI48OABHoAwscAHq4BY0QBNg8AiewSt4M56MF+Pd+Ji15oxsZh/8gfH5A4SylrM=</latexit>

• low complexity model has a large bias

Low complexity models

MSEbias(xi) = Bias(xi)2 where Bias(xi) = E[fw(xi)� f0(xi)]
<latexit sha1_base64="Wt+fUhYg9Bo84x5LVctyJAureRU="></latexit>



• suppose we train a constant function, many times each 
with N samples from

!22

y = f0(x) + "
<latexit sha1_base64="aDvzIQ19bnw45MymQbKjgg/qB2g=">AAACBXicbVDLSsNAFJ3UV62vqktdDBahIpSkCgpFKLpxWcE+oAllMp20QyeTMDMphtCNG3/FjQtF3PoP7vwbJ20W2nrgwuGce7n3HjdkVCrT/DZyS8srq2v59cLG5tb2TnF3ryWDSGDSxAELRMdFkjDKSVNRxUgnFAT5LiNtd3ST+u0xEZIG/F7FIXF8NODUoxgpLfWKhzG0a1d2DXo9s/xwAk+hPUaChJKy1C6ZFXMKuEisjJRAhkav+GX3Axz5hCvMkJRdywyVkyChKGZkUrAjSUKER2hAuppy5BPpJNMvJvBYK33oBUIXV3Cq/p5IkC9l7Lu600dqKOe9VPzP60bKu3QSysNIEY5ni7yIQRXANBLYp4JgxWJNEBZU3wrxEAmElQ6uoEOw5l9eJK1qxTqrVO/OS/XrLI48OABHoAwscAHq4BY0QBNg8AiewSt4M56MF+Pd+Ji15oxsZh/8gfH5A4SylrM=</latexit>

• low complexity model has a small variance 

Low complexity models

MSEvariance(xi) = Var[fw(xi)]
<latexit sha1_base64="u8+zHNiYpPZH2cirGOThqiQLCwE=">AAACHnicbZDNSsNAFIUn/tb6V3XpZrAKdVOSiuhGEEVwI1S0tdCGcDOd1KGTSZiZqCXkSdz4Km5cKCK40rdxGrtQ64GBw3fv5c49fsyZ0rb9aU1MTk3PzBbmivMLi0vLpZXVpooSSWiDRDySLR8U5UzQhmaa01YsKYQ+p1d+/3hYv7qhUrFIXOpBTN0QeoIFjIA2yCvtbqYdGeKzi5PMy90NSAaC0Kxy57FtfIBz2gSZtQPvNofuplcq21U7Fx43zsiU0Uh1r/Te6UYkCanQhINSbceOtZuC1IxwmhU7iaIxkD70aNtYASFVbpqfl+EtQ7o4iKR5QuOc/pxIIVRqEPqmMwR9rf7WhvC/WjvRwb6bMhEnmgryvShIONYRHmaFu0xSovnAGCCSmb9icg0SiDaJFk0Izt+Tx02zVnV2qrXzWvnwaBRHAa2jDVRBDtpDh+gU1VEDEXSPHtEzerEerCfr1Xr7bp2wRjNr6Jesjy860qFJ</latexit>



• suppose we train a high-degree polynomial function, 
many times each with N samples from

!23

y = f0(x) + "
<latexit sha1_base64="aDvzIQ19bnw45MymQbKjgg/qB2g=">AAACBXicbVDLSsNAFJ3UV62vqktdDBahIpSkCgpFKLpxWcE+oAllMp20QyeTMDMphtCNG3/FjQtF3PoP7vwbJ20W2nrgwuGce7n3HjdkVCrT/DZyS8srq2v59cLG5tb2TnF3ryWDSGDSxAELRMdFkjDKSVNRxUgnFAT5LiNtd3ST+u0xEZIG/F7FIXF8NODUoxgpLfWKhzG0a1d2DXo9s/xwAk+hPUaChJKy1C6ZFXMKuEisjJRAhkav+GX3Axz5hCvMkJRdywyVkyChKGZkUrAjSUKER2hAuppy5BPpJNMvJvBYK33oBUIXV3Cq/p5IkC9l7Lu600dqKOe9VPzP60bKu3QSysNIEY5ni7yIQRXANBLYp4JgxWJNEBZU3wrxEAmElQ6uoEOw5l9eJK1qxTqrVO/OS/XrLI48OABHoAwscAHq4BY0QBNg8AiewSt4M56MF+Pd+Ji15oxsZh/8gfH5A4SylrM=</latexit>

• high complexity model has a large variance but small bias

High complexity models

MSEvariance(xi) = Var[fw(xi)]
<latexit sha1_base64="u8+zHNiYpPZH2cirGOThqiQLCwE=">AAACHnicbZDNSsNAFIUn/tb6V3XpZrAKdVOSiuhGEEVwI1S0tdCGcDOd1KGTSZiZqCXkSdz4Km5cKCK40rdxGrtQ64GBw3fv5c49fsyZ0rb9aU1MTk3PzBbmivMLi0vLpZXVpooSSWiDRDySLR8U5UzQhmaa01YsKYQ+p1d+/3hYv7qhUrFIXOpBTN0QeoIFjIA2yCvtbqYdGeKzi5PMy90NSAaC0Kxy57FtfIBz2gSZtQPvNofuplcq21U7Fx43zsiU0Uh1r/Te6UYkCanQhINSbceOtZuC1IxwmhU7iaIxkD70aNtYASFVbpqfl+EtQ7o4iKR5QuOc/pxIIVRqEPqmMwR9rf7WhvC/WjvRwb6bMhEnmgryvShIONYRHmaFu0xSovnAGCCSmb9icg0SiDaJFk0Izt+Tx02zVnV2qrXzWvnwaBRHAa2jDVRBDtpDh+gU1VEDEXSPHtEzerEerCfr1Xr7bp2wRjNr6Jesjy860qFJ</latexit>

MSEbias(xi) = Bias(xi)2 where Bias(xi) = E[fw(xi)� f0(xi)]
<latexit sha1_base64="Wt+fUhYg9Bo84x5LVctyJAureRU="></latexit>



Bias-Variance tradeoff
• for fixed sample size N, 

!24
model complexity

true 
error

MSEtrue = MSEnoise +MSEbias +MSEvariance
<latexit sha1_base64="Wrk3uysriHwGz0oPp/1XMpokaQk="></latexit>



For fixed model complexity
• suppose we fix model complexity such that

!25
sample size

true 
error

!25

MSEnoise
<latexit sha1_base64="Tzs7QWqUnASkAPCsy1OYtw8xPU8=">AAACAnicbZDLSsNAFIYn9VbrLepK3AwWwVVJqqDLoghuhIq2FdoQJtNJO3QuYWYilFDc+CpuXCji1qdw59uYpFlo6w8DH/85hzPnDyJGtXGcb6u0sLi0vFJeraytb2xu2ds7bS1jhUkLSybVfYA0YVSQlqGGkftIEcQDRjrB6CKrdx6I0lSKOzOOiMfRQNCQYmRSy7f3kp7i8Pr2cuLnJCTVBE4grPh21ak5ueA8uAVUQaGmb3/1+hLHnAiDGdK66zqR8RKkDMWMTCq9WJMI4REakG6KAnGivSQ/YQIPU6cPQ6nSJwzM3d8TCeJaj3mQdnJkhnq2lpn/1bqxCc+8hIooNkTg6aIwZtBImOUB+1QRbNg4BYQVTf8K8RAphE2aWhaCO3vyPLTrNfe4Vr85qTbOizjKYB8cgCPgglPQAFegCVoAg0fwDF7Bm/VkvVjv1se0tWQVM7vgj6zPH15Rlhs=</latexit>

f0(x) = w0 + w1x+ w2x
2 + w3x

3 + w4x
4 + w5x

5 + "
<latexit sha1_base64="dlkbYfND5nx/4EqQb00pWsZFVnA="></latexit>

f(x) = w0 + w1x+ w2x
2 + w3x

3
<latexit sha1_base64="taCIYKYhu8hn09DniTmThZQwSkc=">AAACDHicbVDLSgMxFM3UV62vqks3wSJUhDIzFRSKUHTjsoJ9QGc6ZNJMG5p5kGTslKEf4MZfceNCEbd+gDv/xvSx0NYDyT2cey7JPW7EqJC6/q1lVlbX1jeym7mt7Z3dvfz+QUOEMcekjkMW8paLBGE0IHVJJSOtiBPku4w03cHNpN98IFzQMLiXo4jYPuoF1KMYSSU5+YJXTE6hVbmyKnDo6GdDx0jUZSYdE6paTjplqFx6SZ8CLhNjTgpgjpqT/7K6IY59EkjMkBBtQ4+knSIuKWZknLNiQSKEB6hH2ooGyCfCTqfLjOGJUrrQC7k6gYRT9fdEinwhRr6rnD6SfbHYm4j/9dqx9C7tlAZRLEmAZw95MYMyhJNkYJdygiUbKYIwp+qvEPcRR1iq/HIqBGNx5WXSMEtGuWTenReq1/M4suAIHIMiMMAFqIJbUAN1gMEjeAav4E170l60d+1jZs1o85lD8Afa5w/QsphP</latexit>

train 
error


