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Data fitting
• goal: predicting “How much is my house worth?”


• data


• hope/belief: 


•   is called the input data 
  is called the outcome, response, target, label, or dependent variable 


•   is what we want to predict
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(x1, y1) = ( 2318 sq.ft. , $ 315k)

(x2, y2) = ( 1985 sq.ft. , $ 295k)

(x3, y3) = ( 2861 sq.ft. , $ 370k)

...
...

(xn, yn) = ( 2055 sq.ft. , $ 320k)
<latexit sha1_base64="SDEqSd/RiZ1Ab2+H9rJttrL1STo="></latexit>

We think y 2 R and x 2 Rd are approximately related by
<latexit sha1_base64="9L+N4zuBqv2U6fwh2Edd6MSbTcY="></latexit>

x
<latexit sha1_base64="efvLKTYhg8dMc+EVwyN5686ejd8=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsstLAgsbHEKB8JELK3zMGGvb3L7p6RXPgJNhYaY+svsvPfuMAVCr5kkpf3ZjIzz48F18Z1v53c2vrG5lZ+u7Czu7d/UDw8auooUQwbLBKRavtUo+ASG4Ybge1YIQ19gS1/fDPzW4+oNI/kg5nE2AvpUPKAM2qsdF9+KveLJbfizkFWiZeREmSo94tf3UHEkhClYYJq3fHc2PRSqgxnAqeFbqIxpmxMh9ixVNIQdS+dnzolZ1YZkCBStqQhc/X3REpDrSehbztDakZ62ZuJ/3mdxARXvZTLODEo2WJRkAhiIjL7mwy4QmbExBLKFLe3EjaiijJj0ynYELzll1dJs1rxLirVu2qpdp3FkYcTOIVz8OASanALdWgAgyE8wyu8OcJ5cd6dj0VrzslmjuEPnM8fnNKNVA==</latexit>

y
<latexit sha1_base64="EjXvK6VoKT+hOI0QTfx/Fh3liVQ=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsstLAgsbHEKEgCF7K37MGGvb3L7pzJhfATbCw0xtZfZOe/cYErFHzJJC/vzWRmXpBIYdB1v53C2vrG5lZxu7Szu7d/UD48aps41Yy3WCxj3Qmo4VIo3kKBkncSzWkUSP4YjG9m/uMT10bE6gGzhPsRHSoRCkbRSvfVrNovV9yaOwdZJV5OKpCj2S9/9QYxSyOukElqTNdzE/QnVKNgkk9LvdTwhLIxHfKupYpG3PiT+alTcmaVAQljbUshmau/JyY0MiaLAtsZURyZZW8m/ud1Uwyv/IlQSYpcscWiMJUEYzL7mwyE5gxlZgllWthbCRtRTRnadEo2BG/55VXSrte8i1r9rl5pXOdxFOEETuEcPLiEBtxCE1rAYAjP8ApvjnRenHfnY9FacPKZY/gD5/MHnleNVQ==</latexit>

y
<latexit sha1_base64="EjXvK6VoKT+hOI0QTfx/Fh3liVQ=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsstLAgsbHEKEgCF7K37MGGvb3L7pzJhfATbCw0xtZfZOe/cYErFHzJJC/vzWRmXpBIYdB1v53C2vrG5lZxu7Szu7d/UD48aps41Yy3WCxj3Qmo4VIo3kKBkncSzWkUSP4YjG9m/uMT10bE6gGzhPsRHSoRCkbRSvfVrNovV9yaOwdZJV5OKpCj2S9/9QYxSyOukElqTNdzE/QnVKNgkk9LvdTwhLIxHfKupYpG3PiT+alTcmaVAQljbUshmau/JyY0MiaLAtsZURyZZW8m/ud1Uwyv/IlQSYpcscWiMJUEYzL7mwyE5gxlZgllWthbCRtRTRnadEo2BG/55VXSrte8i1r9rl5pXOdxFOEETuEcPLiEBtxCE1rAYAjP8ApvjnRenHfnY9FacPKZY/gD5/MHnleNVQ==</latexit>

y ⇡ f0(x)
<latexit sha1_base64="2/j+sbsE7X52Jj3JVEmXX4H1TzM=">AAACA3icbVDLSgMxFM34rPU16k43wSLUTZmpgkI3BTcuK9gHdIYhk2ba0EwyJBnpUApu/BU3LhRx60+4829M21lo64ELJ+fcS+49YcKo0o7zba2srq1vbBa2its7u3v79sFhS4lUYtLEggnZCZEijHLS1FQz0kkkQXHISDsc3kz99gORigp+r7OE+DHqcxpRjLSRAvs4g17Nq0EPJYkUo/kjCpzy6DywS07FmQEuEzcnJZCjEdhfXk/gNCZcY4aU6rpOov0xkppiRiZFL1UkQXiI+qRrKEcxUf54dsMEnhmlByMhTXENZ+rviTGKlcri0HTGSA/UojcV//O6qY6u/THlSaoJx/OPopRBLeA0ENijkmDNMkMQltTsCvEASYS1ia1oQnAXT14mrWrFvahU7y5L9XoeRwGcgFNQBi64AnVwCxqgCTB4BM/gFbxZT9aL9W59zFtXrHzmCPyB9fkD3QiVug==</latexit>

data pair or example



Predictor
• we seek a predictor or model


• for an input data   , our prediction of the label     is  


•
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x
<latexit sha1_base64="efvLKTYhg8dMc+EVwyN5686ejd8=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsstLAgsbHEKB8JELK3zMGGvb3L7p6RXPgJNhYaY+svsvPfuMAVCr5kkpf3ZjIzz48F18Z1v53c2vrG5lZ+u7Czu7d/UDw8auooUQwbLBKRavtUo+ASG4Ybge1YIQ19gS1/fDPzW4+oNI/kg5nE2AvpUPKAM2qsdF9+KveLJbfizkFWiZeREmSo94tf3UHEkhClYYJq3fHc2PRSqgxnAqeFbqIxpmxMh9ixVNIQdS+dnzolZ1YZkCBStqQhc/X3REpDrSehbztDakZ62ZuJ/3mdxARXvZTLODEo2WJRkAhiIjL7mwy4QmbExBLKFLe3EjaiijJj0ynYELzll1dJs1rxLirVu2qpdp3FkYcTOIVz8OASanALdWgAgyE8wyu8OcJ5cd6dj0VrzslmjuEPnM8fnNKNVA==</latexit>

y
<latexit sha1_base64="EjXvK6VoKT+hOI0QTfx/Fh3liVQ=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsstLAgsbHEKEgCF7K37MGGvb3L7pzJhfATbCw0xtZfZOe/cYErFHzJJC/vzWRmXpBIYdB1v53C2vrG5lZxu7Szu7d/UD48aps41Yy3WCxj3Qmo4VIo3kKBkncSzWkUSP4YjG9m/uMT10bE6gGzhPsRHSoRCkbRSvfVrNovV9yaOwdZJV5OKpCj2S9/9QYxSyOukElqTNdzE/QnVKNgkk9LvdTwhLIxHfKupYpG3PiT+alTcmaVAQljbUshmau/JyY0MiaLAtsZURyZZW8m/ud1Uwyv/IlQSYpcscWiMJUEYzL7mwyE5gxlZgllWthbCRtRTRnadEo2BG/55VXSrte8i1r9rl5pXOdxFOEETuEcPLiEBtxCE1rAYAjP8ApvjnRenHfnY9FacPKZY/gD5/MHnleNVQ==</latexit>

f : Rd ! R
<latexit sha1_base64="FphPkvG6U6KzNEj7jxy9jCjAVtA=">AAACCHicbVDLSsNAFL3xWesr6tKFg0VwVZIqKK4KblxWsQ9oYplMJu3QyYOZiVBCl278FTcuFHHrJ7jzb5y0WdTWAwOHc+5l7jlewplUlvVjLC2vrK6tlzbKm1vbO7vm3n5LxqkgtEliHouOhyXlLKJNxRSnnURQHHqctr3hde63H6mQLI7u1Sihboj7EQsYwUpLPfMouMqcEKuBF6C78YOPHBWjGaVnVqyqNQFaJHZBKlCg0TO/HT8maUgjRTiWsmtbiXIzLBQjnI7LTippgskQ92lX0wiHVLrZJMgYnWjFR0Es9IsUmqizGxkOpRyFnp7ML5TzXi7+53VTFVy6GYuSVNGITD8KUo502LwV5DNBieIjTTARTN+KyAALTJTurqxLsOcjL5JWrWqfVWu355V6vaijBIdwDKdgwwXU4QYa0AQCT/ACb/BuPBuvxofxOR1dMoqdA/gD4+sX03yZNA==</latexit>

ŷ = f(x)
<latexit sha1_base64="kHSerX4WDlrzq7c/TTmEchKRmRM=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSxC3ZSkCgpFKLhxWcE+oAllMp20QycPZm7EELvwV9y4UMStv+HOv3HSdqGtB+7lcM69zJ3jxYIrsKxvY2l5ZXVtvbBR3Nza3tk19/ZbKkokZU0aiUh2PKKY4CFrAgfBOrFkJPAEa3uj69xv3zOpeBTeQRozNyCDkPucEtBSzzx0hgSydIydmlO7yhv2yw+nPbNkVawJ8CKxZ6SEZmj0zC+nH9EkYCFQQZTq2lYMbkYkcCrYuOgkisWEjsiAdTUNScCUm03uH+MTrfSxH0ldIeCJ+nsjI4FSaeDpyYDAUM17ufif103Av3QzHsYJsJBOH/ITgSHCeRi4zyWjIFJNCJVc34rpkEhCQUdW1CHY819eJK1qxT6rVG/PS/X6LI4COkLHqIxsdIHq6AY1UBNR9Iie0St6M56MF+Pd+JiOLhmznQP0B8bnD7v/lJs=</latexit>

small error on an example, f(xi) ⇡ yi,
implies that we have a good prediction on the ith pair (xi, yi)

<latexit sha1_base64="4c6u3vV+KiODYU2BimmwQxTVB9U="></latexit>

data pair or example
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square feet

price

square feet

• left plot shows nearest neighbor prediction 


• right plot shows cubic polynomial fit 


• we want a good prediction on pairs we have not seen

data pair or example

a machine learning algorithm is  
a principled recipe for producing a predictor, given data
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training 
data

feature 
extraction model

algorithm

quality 
metric

y
<latexit sha1_base64="hvBoF5h5uR2LG0ut4lMaEFNrlLM=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFhPBKtzFQsuAjWVE8wHJEfY2m2TJ3t6xOyccR36CjYUitv4iO/+Nm+QKTXww8Hhvhpl5QSyFQdf9dgobm1vbO8Xd0t7+weFR+fikbaJEM95ikYx0N6CGS6F4CwVK3o01p2EgeSeY3s79zhPXRkTqEdOY+yEdKzESjKKVHqppdVCuuDV3AbJOvJxUIEdzUP7qDyOWhFwhk9SYnufG6GdUo2CSz0r9xPCYsikd856liobc+Nni1Bm5sMqQjCJtSyFZqL8nMhoak4aB7QwpTsyqNxf/83oJjm78TKg4Qa7YctEokQQjMv+bDIXmDGVqCWVa2FsJm1BNGdp0SjYEb/XlddKu17yrWv2+Xmk08jiKcAbncAkeXEMD7qAJLWAwhmd4hTdHOi/Ou/OxbC04+cwp/IHz+QOfi41Z</latexit>

x
<latexit sha1_base64="SA3OFMuv+cjJ4ea4NbMJ9Maec3g=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsstCSxscQoYAIXsrfMwYa9vcvunpFc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSATXxnW/ncLa+sbmVnG7tLO7t39QPjxq6zhVDFssFrF6CKhGwSW2DDcCHxKFNAoEdoLx9czvPKLSPJb3ZpKgH9Gh5CFn1FjprvpU7Zcrbs2dg6wSLycVyNHsl796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwis/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdKu17yLWv22Xmk08jiKcAKncA4eXEIDbqAJLWAwhGd4hTdHOC/Ou/OxaC04+cwx/IHz+QOeBo1Y</latexit> ŷ

<latexit sha1_base64="NOtFbCySmaz5THWHFtHl7pHeqIg=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tDhPBKtzFQsuAjWUE8yHJEfY2e8mS3b1jd04IR36FjYUitv4cO/+Nm+QKTXww8Hhvhpl5YSK4Qc/7dgobm1vbO8Xd0t7+weFR+fikbeJUU9aisYh1NySGCa5YCzkK1k00IzIUrBNObud+54lpw2P1gNOEBZKMFI84JWilx2p/TDCbzqqDcsWreQu468TPSQVyNAflr/4wpqlkCqkgxvR8L8EgIxo5FWxW6qeGJYROyIj1LFVEMhNki4Nn7oVVhm4Ua1sK3YX6eyIj0pipDG2nJDg2q95c/M/rpRjdBBlXSYpM0eWiKBUuxu78e3fINaMoppYQqrm91aVjoglFm1HJhuCvvrxO2vWaf1Wr39crjUYeRxHO4BwuwYdraMAdNKEFFCQ8wyu8Odp5cd6dj2VrwclnTuEPnM8fbRCQJg==</latexit>

f
<latexit sha1_base64="1BY1I1n/EGX6x8JNhh+lPlv2kMI=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFhPBKtzFQsuAjWVE8wHJEfY2e8mSvb1jd04IR36CjYUitv4iO/+Nm+QKTXww8Hhvhpl5QSKFQdf9dgobm1vbO8Xd0t7+weFR+fikbeJUM95isYx1N6CGS6F4CwVK3k00p1EgeSeY3M79zhPXRsTqEacJ9yM6UiIUjKKVHqphdVCuuDV3AbJOvJxUIEdzUP7qD2OWRlwhk9SYnucm6GdUo2CSz0r91PCEsgkd8Z6likbc+Nni1Bm5sMqQhLG2pZAs1N8TGY2MmUaB7Ywojs2qNxf/83ophjd+JlSSIldsuShMJcGYzP8mQ6E5Qzm1hDIt7K2EjammDG06JRuCt/ryOmnXa95VrX5frzQaeRxFOINzuAQPrqEBd9CEFjAYwTO8wpsjnRfn3flYthacfOYU/sD5/AGCrI1G</latexit>

Machine learning pipeline

y
<latexit sha1_base64="hvBoF5h5uR2LG0ut4lMaEFNrlLM=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFhPBKtzFQsuAjWVE8wHJEfY2m2TJ3t6xOyccR36CjYUitv4iO/+Nm+QKTXww8Hhvhpl5QSyFQdf9dgobm1vbO8Xd0t7+weFR+fikbaJEM95ikYx0N6CGS6F4CwVK3o01p2EgeSeY3s79zhPXRkTqEdOY+yEdKzESjKKVHqppdVCuuDV3AbJOvJxUIEdzUP7qDyOWhFwhk9SYnufG6GdUo2CSz0r9xPCYsikd856liobc+Nni1Bm5sMqQjCJtSyFZqL8nMhoak4aB7QwpTsyqNxf/83oJjm78TKg4Qa7YctEokQQjMv+bDIXmDGVqCWVa2FsJm1BNGdp0SjYEb/XlddKu17yrWv2+Xmk08jiKcAbncAkeXEMD7qAJLWAwhmd4hTdHOi/Ou/OxbC04+cwp/IHz+QOfi41Z</latexit>

ŷ
<latexit sha1_base64="NOtFbCySmaz5THWHFtHl7pHeqIg=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tDhPBKtzFQsuAjWUE8yHJEfY2e8mS3b1jd04IR36FjYUitv4cO/+Nm+QKTXww8Hhvhpl5YSK4Qc/7dgobm1vbO8Xd0t7+weFR+fikbeJUU9aisYh1NySGCa5YCzkK1k00IzIUrBNObud+54lpw2P1gNOEBZKMFI84JWilx2p/TDCbzqqDcsWreQu468TPSQVyNAflr/4wpqlkCqkgxvR8L8EgIxo5FWxW6qeGJYROyIj1LFVEMhNki4Nn7oVVhm4Ua1sK3YX6eyIj0pipDG2nJDg2q95c/M/rpRjdBBlXSYpM0eWiKBUuxu78e3fINaMoppYQqrm91aVjoglFm1HJhuCvvrxO2vWaf1Wr39crjUYeRxHO4BwuwYdraMAdNKEFFCQ8wyu8Odp5cd6dj2VrwclnTuEPnM8fbRCQJg==</latexit>



Model (linear regression)
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Model
• our belief in the real world data

• linear regression model


• linear predictor


• strictly speaking, this is an affine model


• in general, linear regression model can be multi-dimensional


•
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ŷ = f(x) = w0 + w1 x
<latexit sha1_base64="TrMYKxPEjYMruoEh0gMiMMI4cEs=">AAACG3icbVDLSgMxFM3UV62vUZdugkWoKGWmCgqlUHDjsoJ9QGcYMmmmDc08SDLaYeh/uPFX3LhQxJXgwr8xnc5CqweSnJxzL8k9bsSokIbxpRWWlldW14rrpY3Nre0dfXevI8KYY9LGIQt5z0WCMBqQtqSSkV7ECfJdRrru+Grmd+8IFzQMbmUSEdtHw4B6FCOpJEevWSMk02QKrbpVh4354VUmxxlrZNd7x4AnajehdQon0NHLRtXIAP8SMydlkKPl6B/WIMSxTwKJGRKibxqRtFPEJcWMTEtWLEiE8BgNSV/RAPlE2Gk22xQeKWUAvZCrFUiYqT87UuQLkfiuqvSRHIlFbyb+5/Vj6V3aKQ2iWJIAzx/yYgZlCGdBwQHlBEuWKIIwp+qvEI8QR1iqOEsqBHNx5L+kU6uaZ9XazXm52czjKIIDcAgqwAQXoAmuQQu0AQYP4Am8gFftUXvW3rT3eWlBy3v2wS9on991kJyk</latexit>

f(x) = w0 + w1 x[1] + w2 x[2] + · · ·+ wd x[d]
<latexit sha1_base64="JP3IPwGp6LssR0EzIl8KliP8VHY=">AAACJ3icbVBdS8MwFE3n15xfVR99CQ5hooy2CgpDGfji4wT3AWsZaZpuYWlaklQ3xv6NL/4VXwQV0Uf/iVm3B50eSDjn3HtJ7vETRqWyrE8jt7C4tLySXy2srW9sbpnbOw0ZpwKTOo5ZLFo+koRRTuqKKkZaiSAo8hlp+v2rSb15R4SkMb9Vw4R4EepyGlKMlLY65mVYGhxCt3LhVuB9x4JH+rahezxo214mnEw4E+HiIFYyc4PMDbyOWbTKVgb4l9gzUgQz1DrmixvEOI0IV5ghKdu2lShvhISimJFxwU0lSRDuoy5pa8pRRKQ3yvYcwwPtBDCMhT5cwcz9OTFCkZTDyNedEVI9OV+bmP/V2qkKz70R5UmqCMfTh8KUQRXDSWgwoIJgxYaaICyo/ivEPSQQVjragg7Bnl/5L2k4Zfuk7NycFqvVWRx5sAf2QQnY4AxUwTWogTrA4AE8gVfwZjwaz8a78TFtzRmzmV3wC8bXNzztoLY=</latexit>

w0, w1, . . . , wd are the model parameters
<latexit sha1_base64="0AtZEpzgq/sBq4r4asRR5kj6C3c=">AAACJ3icbVDLSsNAFJ34tr6qLt0MVsGFlKQudCUFNy4V7APaECaTWzs4yYSZG2sJ/Rs3/oobQUV06Z84bbPwdWDgcO7j3DlhKoVB1/1wZmbn5hcWl5ZLK6tr6xvlza2mUZnm0OBKKt0OmQEpEmigQAntVAOLQwmt8OZsXG/dgjZCJVc4TMGP2XUieoIztFJQPt0bBO7hIPAOuzJSaCyN9ijTQLEPtItwhxOTXEM0ymMVgaQp0ywGtFtHQbniVt0J6F/iFaRCClwE5edupHgWQ4JcMmM6npuinzONgksYlbqZgZTxG3YNHUsTa2T8fHLCiO5bJaI9pe1LkE7U7xM5i40ZxqHtjBn2ze/aWPyv1smwd+LnIkkzhIRPjXqZpKjoODQaCQ0c5dASxrWwt1LetynwcQglG4L3+8t/SbNW9Y6qtctapV4v4lgiO2SXHBCPHJM6OScXpEE4uSeP5IW8Og/Ok/PmvE9bZ5xiZpv8gPP5BVscplU=</latexit>

y = w0 + w1x+ "
<latexit sha1_base64="lQq7t64RMyRdtmJJcgvlSzCpQa4=">AAACEHicbVBNS8MwGE79nPOr6tFLcIiCMNopKAxh6MXjBPcBaylplm5haVqSdDrKfoIX/4oXD4p49ejNf2O69aCbDyTvw/O8L8n7+DGjUlnWt7GwuLS8slpYK65vbG5tmzu7TRklApMGjlgk2j6ShFFOGooqRtqxICj0GWn5g+vMbw2JkDTid2oUEzdEPU4DipHSkmcejaBTdaqX2QXvPQvCE11s+KCrM0SCxJKyiEPPLFllawI4T+yclECOumd+Od0IJyHhCjMkZce2YuWmSCiKGRkXnUSSGOEB6pGOphyFRLrpZKExPNRKFwaR0IcrOFF/T6QolHIU+rozRKovZ71M/M/rJCq4cFPK40QRjqcPBQmDKoJZOrBLBcGKjTRBWFD9V4j7SCCsdIZFHYI9u/I8aVbK9mm5cntWql3lcRTAPjgAx8AG56AGbkAdNAAGj+AZvII348l4Md6Nj2nrgpHP7IE/MD5/AK0omeE=</latexit>
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• once you fit a model to the data, e.g.  
- a seller with a house                           can predict the price   
- a buyer with money                    can predict the size


• interpretation of the parameters

•       is the shift: price of land with no house 

•       is the slope: how much price goes up per sq.ft.

x = 2511 sq.ft.
<latexit sha1_base64="bBf7MzgnEdhJGekRNdrz/jvgIak=">AAAB+HicbVBNS8NAEN34WetHox69LLaCp5BURC9CwYvHCvYD2lA22027dLOJuxOxhv4SLx4U8epP8ea/cdvmoK0PBh7vzTAzL0gE1+C639bK6tr6xmZhq7i9s7tXsvcPmjpOFWUNGotYtQOimeCSNYCDYO1EMRIFgrWC0fXUbz0wpXks72CcMD8iA8lDTgkYqWeXKo9X1XPPq2B974Tg9Oyy67gz4GXi5aSMctR79le3H9M0YhKoIFp3PDcBPyMKOBVsUuymmiWEjsiAdQyVJGLaz2aHT/CJUfo4jJUpCXim/p7ISKT1OApMZ0RgqBe9qfif10khvPQzLpMUmKTzRWEqMMR4mgLuc8UoiLEhhCpubsV0SBShYLIqmhC8xZeXSbPqeGdO9bZartXyOAroCB2jU+ShC1RDN6iOGoiiFD2jV/RmPVkv1rv1MW9dsfKZQ/QH1ucP17aRQQ==</latexit>

f(x) = 10, 000 + 141x
<latexit sha1_base64="TD3sdGLxDGXqnmsvIWt7mdCYWQY=">AAACAXicbVDLSgMxFM3UV62vUTeCm2ArVCwlUwXdCAU3LivYB7RDyaSZNjSTGZKMtAx146+4caGIW//CnX9j2s5CqwcuHM65l3vv8SLOlEboy8osLa+srmXXcxubW9s79u5eQ4WxJLROQh7KlocV5UzQumaa01YkKQ48Tpve8HrqN++pVCwUd3ocUTfAfcF8RrA2Utc+KPjF0Qm8gg4qIYTgKXTOnU5pVOjaeVRGM8C/xElJHqSode3PTi8kcUCFJhwr1XZQpN0ES80Ip5NcJ1Y0wmSI+7RtqMABVW4y+2ACj43Sg34oTQkNZ+rPiQQHSo0Dz3QGWA/UojcV//PasfYv3YSJKNZUkPkiP+ZQh3AaB+wxSYnmY0MwkczcCskAS0y0CS1nQnAWX/5LGpWyc1au3Fby1WoaRxYcgiNQBA64AFVwA2qgDgh4AE/gBbxaj9az9Wa9z1szVjqzD37B+vgG5bGSrQ==</latexit>

y = $364k
<latexit sha1_base64="brvoA1RFYQ4VrQ/v9nSBekSZUtQ=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LLaCp5K0Rb0IBS8eK9gPaELZbDft0s0m7G6EEPo3vHhQxKt/xpv/xm2bg7Y+GHi8N8PMPD/mTGnb/rYKG5tb2zvF3dLe/sHhUfn4pKuiRBLaIRGPZN/HinImaEczzWk/lhSHPqc9f3o393tPVCoWiUedxtQL8ViwgBGsjeRWU3SL3GrjqjmtDssVu2YvgNaJk5MK5GgPy1/uKCJJSIUmHCs1cOxYexmWmhFOZyU3UTTGZIrHdGCowCFVXra4eYYujDJCQSRNCY0W6u+JDIdKpaFvOkOsJ2rVm4v/eYNEBzdexkScaCrIclGQcKQjNA8AjZikRPPUEEwkM7ciMsESE21iKpkQnNWX10m3XnMatfpDvdJq5XEU4QzO4RIcuIYW3EMbOkAghmd4hTcrsV6sd+tj2Vqw8plT+APr8wcKZI+4</latexit>

ŷ = f(x) = w0 + w1 x
<latexit sha1_base64="TrMYKxPEjYMruoEh0gMiMMI4cEs=">AAACG3icbVDLSgMxFM3UV62vUZdugkWoKGWmCgqlUHDjsoJ9QGcYMmmmDc08SDLaYeh/uPFX3LhQxJXgwr8xnc5CqweSnJxzL8k9bsSokIbxpRWWlldW14rrpY3Nre0dfXevI8KYY9LGIQt5z0WCMBqQtqSSkV7ECfJdRrru+Grmd+8IFzQMbmUSEdtHw4B6FCOpJEevWSMk02QKrbpVh4354VUmxxlrZNd7x4AnajehdQon0NHLRtXIAP8SMydlkKPl6B/WIMSxTwKJGRKibxqRtFPEJcWMTEtWLEiE8BgNSV/RAPlE2Gk22xQeKWUAvZCrFUiYqT87UuQLkfiuqvSRHIlFbyb+5/Vj6V3aKQ2iWJIAzx/yYgZlCGdBwQHlBEuWKIIwp+qvEI8QR1iqOEsqBHNx5L+kU6uaZ9XazXm52czjKIIDcAgqwAQXoAmuQQu0AQYP4Am8gFftUXvW3rT3eWlBy3v2wS9on991kJyk</latexit>

w0
<latexit sha1_base64="XEjhaazMB5rKa52fRebnM/0JdIw=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120y7dbMLuRCmhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qnn9kplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5udOiGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8MrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2naEPwFl9eJs1qxTuvVO8uyrXrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AEJ9I2i</latexit>

w1
<latexit sha1_base64="BGIvv1Que1aISVw+1pGEuT4uC1M=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120y7dbMLuRCmhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qnn9Uplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5udOiGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8MrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2naEPwFl9eJs1qxTuvVO8uyrXrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AELeI2j</latexit>



Interpreting a linear model 
• In general,


•  


•  


•  


•
!10

ŷ = f(x) = w0 + w1 x[1] + w2 x[2] + · · ·+ wd x[d]
<latexit sha1_base64="1wOOaZB1lzzGl1lbNwncdmZ5YQQ="></latexit>

w7 = 0 means the price does not depend on x[7]
<latexit sha1_base64="jptHoNFuVTDDwKc86zP2x2DX8SA="></latexit>

w3 is how much the (predicted) price increase when x[3] increases by 1
<latexit sha1_base64="cjYRrDrqtPf8laa6Is4Z+8x1Iys="></latexit>

the constant term w0 predicts when all features are zero
<latexit sha1_base64="XRkP1emTwmWsnoJQFH2FoQMBC7U="></latexit>

for notational consistency, sometimes we say x[0] = 1 is a constant feature
<latexit sha1_base64="oTnDRsgCUg0mzwBj236e3Qdekh8="></latexit>



Quality metric

!11



Quality metric
• cost or loss determining which model is a better fit


• mean square error (MSE) or residual sum of squares (RSS)

!12

RSS =
nX

i=1

�
w0 + w1xi � yi

�2

MSE =
1

n

nX

i=1

�
w0 + w1xi � yi

�2

<latexit sha1_base64="perZy8tjzIu/Eo1a6KRAIciG75Y="></latexit>



Training a model is finding the best parameters

!13

find (w0, w1) that minimizes RSS(w0,w1) =
Pn

i=1(w0 + w1xi � yi)2
<latexit sha1_base64="19TMXl2QsC1UvBZISt7nQe0HcoM="></latexit>

• how does it change if we use MSE = (1/n) RSS ?

• RSS is particularly sensitive to outliers



Algorithm

!14



• find the best fit: 


• gradient descent method

!15

w(t+1)
0  w(t)

0 � ⌘rw0RSS(w(t))

w(t+1)
1  w(t)

1 � ⌘rw1RSS(w(t))
<latexit sha1_base64="Bj1bbFmRvP2oCeS0AjRPS7Pm5oU="></latexit>

RSS(w0,w1) =
Pn

i=1(w0 + w1xi � yi)2
<latexit sha1_base64="964XJq3/BRxRWiV3Jx5h4aq/Va0="></latexit>



Linear models with higher order features

!16



!17

training 
data

feature 
extraction model

algorithm

quality 
metric

y
<latexit sha1_base64="hvBoF5h5uR2LG0ut4lMaEFNrlLM=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFhPBKtzFQsuAjWVE8wHJEfY2m2TJ3t6xOyccR36CjYUitv4iO/+Nm+QKTXww8Hhvhpl5QSyFQdf9dgobm1vbO8Xd0t7+weFR+fikbaJEM95ikYx0N6CGS6F4CwVK3o01p2EgeSeY3s79zhPXRkTqEdOY+yEdKzESjKKVHqppdVCuuDV3AbJOvJxUIEdzUP7qDyOWhFwhk9SYnufG6GdUo2CSz0r9xPCYsikd856liobc+Nni1Bm5sMqQjCJtSyFZqL8nMhoak4aB7QwpTsyqNxf/83oJjm78TKg4Qa7YctEokQQjMv+bDIXmDGVqCWVa2FsJm1BNGdp0SjYEb/XlddKu17yrWv2+Xmk08jiKcAbncAkeXEMD7qAJLWAwhmd4hTdHOi/Ou/OxbC04+cwp/IHz+QOfi41Z</latexit>

x
<latexit sha1_base64="SA3OFMuv+cjJ4ea4NbMJ9Maec3g=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsstCSxscQoYAIXsrfMwYa9vcvunpFc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSATXxnW/ncLa+sbmVnG7tLO7t39QPjxq6zhVDFssFrF6CKhGwSW2DDcCHxKFNAoEdoLx9czvPKLSPJb3ZpKgH9Gh5CFn1FjprvpU7Zcrbs2dg6wSLycVyNHsl796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwis/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdKu17yLWv22Xmk08jiKcAKncA4eXEIDbqAJLWAwhGd4hTdHOC/Ou/OxaC04+cwx/IHz+QOeBo1Y</latexit> ŷ

<latexit sha1_base64="NOtFbCySmaz5THWHFtHl7pHeqIg=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tDhPBKtzFQsuAjWUE8yHJEfY2e8mS3b1jd04IR36FjYUitv4cO/+Nm+QKTXww8Hhvhpl5YSK4Qc/7dgobm1vbO8Xd0t7+weFR+fikbeJUU9aisYh1NySGCa5YCzkK1k00IzIUrBNObud+54lpw2P1gNOEBZKMFI84JWilx2p/TDCbzqqDcsWreQu468TPSQVyNAflr/4wpqlkCqkgxvR8L8EgIxo5FWxW6qeGJYROyIj1LFVEMhNki4Nn7oVVhm4Ua1sK3YX6eyIj0pipDG2nJDg2q95c/M/rpRjdBBlXSYpM0eWiKBUuxu78e3fINaMoppYQqrm91aVjoglFm1HJhuCvvrxO2vWaf1Wr39crjUYeRxHO4BwuwYdraMAdNKEFFCQ8wyu8Odp5cd6dj2VrwclnTuEPnM8fbRCQJg==</latexit>

f
<latexit sha1_base64="1BY1I1n/EGX6x8JNhh+lPlv2kMI=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFhPBKtzFQsuAjWVE8wHJEfY2e8mSvb1jd04IR36CjYUitv4iO/+Nm+QKTXww8Hhvhpl5QSKFQdf9dgobm1vbO8Xd0t7+weFR+fikbeJUM95isYx1N6CGS6F4CwVK3k00p1EgeSeY3M79zhPXRsTqEacJ9yM6UiIUjKKVHqphdVCuuDV3AbJOvJxUIEdzUP7qD2OWRlwhk9SYnucm6GdUo2CSz0r91PCEsgkd8Z6likbc+Nni1Bm5sMqQhLG2pZAs1N8TGY2MmUaB7Ywojs2qNxf/83ophjd+JlSSIldsuShMJcGYzP8mQ6E5Qzm1hDIt7K2EjammDG06JRuCt/ryOmnXa95VrX5frzQaeRxFOINzuAQPrqEBd9CEFjAYwTO8wpsjnRfn3flYthacfOYU/sD5/AGCrI1G</latexit>

so far, f(x) =
<latexit sha1_base64="kDQ7hmGZ89jOVZ0Eq/7v5WZa0oc=">AAAB/XicbVDLSgMxFM3UV62v8bFzE2yFClJm6kKhCEU3LivYB3SGkkkzbWgmGZKMWIfir7hxoYhb/8Odf2P6WGjrgQuHc+7l3nuCmFGlHefbyiwtr6yuZddzG5tb2zv27l5DiURiUseCCdkKkCKMclLXVDPSiiVBUcBIMxhcj/3mPZGKCn6nhzHxI9TjNKQYaSN17AMlYIjkKSyExYcT6FUuvUqhY+edkjMBXCTujOTBDLWO/eV1BU4iwjVmSKm268TaT5HUFDMyynmJIjHCA9QjbUM5iojy08n1I3hslC4MhTTFNZyovydSFCk1jALTGSHdV/PeWPzPayc6vPBTyuNEE46ni8KEQS3gOArYpZJgzYaGICypuRXiPpIIaxNYzoTgzr+8SBrlkntWKt+W89WrWRxZcAiOQBG44BxUwQ2ogTrA4BE8g1fwZj1ZL9a79TFtzVizmX3wB9bnDwVgkv4=</latexit>

2

6664

h0(x)
h1(x)

...
hD(x)

3

7775

<latexit sha1_base64="btZlbj0jQHvcIeOkyAi5dCQr5r8=">AAACKHicbZDLSsNAFIYnXmu8VV26CRahbkpSBd1Z1IXLCvYCTQiTyWk7dDIJM5PSEvo4bnwVNyKKdOuTOL0g2vrDwMd/zmHO+YOEUalse2ysrK6tb2zmtsztnd29/fzBYV3GqSBQIzGLRTPAEhjlUFNUMWgmAnAUMGgEvdtJvdEHIWnMH9UwAS/CHU7blGClLT9/7QbQoTwLIqwEHYzMrm8XB2euq8GZgdsPYyWnzp12TBd4+NPv5wt2yZ7KWgZnDgU0V9XPv7lhTNIIuCIMS9ly7ER5GRaKEgYj000lJJj0cAdaGjmOQHrZ9NCRdaqd0GrHQj+urKn7eyLDkZTDKNCder+uXKxNzP9qrVS1r7yM8iRVwMnso3bKLBVbk9SskAogig01YCKo3tUiXSwwUTpbU4fgLJ68DPVyyTkvlR8uCpWbeRw5dIxOUBE56BJV0D2qohoi6Am9oHf0YTwbr8anMZ61rhjzmSP0R8bXN8VwpTI=</latexit>

features are functions that encode the patterns we want to find. 



Polynomial features

!18

f(x) =
<latexit sha1_base64="up8BNBFyNzivi2w5FnyhEmiRI9c=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBHqpsxUQaEIRTcuK9gHdIaSSTNtaCYzJpliKf0ONy4UcevHuPNvzLSz0NYD93I4515yc/yYM6Vt+9taWV1b39jMbeW3d3b39gsHh00VJZLQBol4JNs+VpQzQRuaaU7bsaQ49Dlt+cPb1G+NqFQsEg96HFMvxH3BAkawNpIXlJ7O3KpbvU5bt1C0y/YMaJk4GSlChnq38OX2IpKEVGjCsVIdx461N8FSM8LpNO8misaYDHGfdgwVOKTKm8yOnqJTo/RQEElTQqOZ+ntjgkOlxqFvJkOsB2rRS8X/vE6igytvwkScaCrI/KEg4UhHKE0A9ZikRPOxIZhIZm5FZIAlJtrklDchOItfXibNStk5L1fuL4q1myyOHBzDCZTAgUuowR3UoQEEHuEZXuHNGlkv1rv1MR9dsbKdI/gD6/MHv6uQyA==</latexit>

• linear features:  
fails to capture the relations



Polynomial features

!19

• quadratic features: f(x) =
<latexit sha1_base64="up8BNBFyNzivi2w5FnyhEmiRI9c=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBHqpsxUQaEIRTcuK9gHdIaSSTNtaCYzJpliKf0ONy4UcevHuPNvzLSz0NYD93I4515yc/yYM6Vt+9taWV1b39jMbeW3d3b39gsHh00VJZLQBol4JNs+VpQzQRuaaU7bsaQ49Dlt+cPb1G+NqFQsEg96HFMvxH3BAkawNpIXlJ7O3KpbvU5bt1C0y/YMaJk4GSlChnq38OX2IpKEVGjCsVIdx461N8FSM8LpNO8misaYDHGfdgwVOKTKm8yOnqJTo/RQEElTQqOZ+ntjgkOlxqFvJkOsB2rRS8X/vE6igytvwkScaCrI/KEg4UhHKE0A9ZikRPOxIZhIZm5FZIAlJtrklDchOItfXibNStk5L1fuL4q1myyOHBzDCZTAgUuowR3UoQEEHuEZXuHNGlkv1rv1MR9dsbKdI/gD6/MHv6uQyA==</latexit>



Polynomial features

!20

• cubic features: f(x) =
<latexit sha1_base64="up8BNBFyNzivi2w5FnyhEmiRI9c=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBHqpsxUQaEIRTcuK9gHdIaSSTNtaCYzJpliKf0ONy4UcevHuPNvzLSz0NYD93I4515yc/yYM6Vt+9taWV1b39jMbeW3d3b39gsHh00VJZLQBol4JNs+VpQzQRuaaU7bsaQ49Dlt+cPb1G+NqFQsEg96HFMvxH3BAkawNpIXlJ7O3KpbvU5bt1C0y/YMaJk4GSlChnq38OX2IpKEVGjCsVIdx461N8FSM8LpNO8misaYDHGfdgwVOKTKm8yOnqJTo/RQEElTQqOZ+ntjgkOlxqFvJkOsB2rRS8X/vE6igytvwkScaCrI/KEg4UhHKE0A9ZikRPOxIZhIZm5FZIAlJtrklDchOItfXibNStk5L1fuL4q1myyOHBzDCZTAgUuowR3UoQEEHuEZXuHNGlkv1rv1MR9dsbKdI/gD6/MHv6uQyA==</latexit>

• in general: 

• why use polynomial features?

• good for approximating any functions (what if p=32?)

f(x) =
<latexit sha1_base64="up8BNBFyNzivi2w5FnyhEmiRI9c=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBHqpsxUQaEIRTcuK9gHdIaSSTNtaCYzJpliKf0ONy4UcevHuPNvzLSz0NYD93I4515yc/yYM6Vt+9taWV1b39jMbeW3d3b39gsHh00VJZLQBol4JNs+VpQzQRuaaU7bsaQ49Dlt+cPb1G+NqFQsEg96HFMvxH3BAkawNpIXlJ7O3KpbvU5bt1C0y/YMaJk4GSlChnq38OX2IpKEVGjCsVIdx461N8FSM8LpNO8misaYDHGfdgwVOKTKm8yOnqJTo/RQEElTQqOZ+ntjgkOlxqFvJkOsB2rRS8X/vE6igytvwkScaCrI/KEg4UhHKE0A9ZikRPOxIZhIZm5FZIAlJtrklDchOItfXibNStk5L1fuL4q1myyOHBzDCZTAgUuowR3UoQEEHuEZXuHNGlkv1rv1MR9dsbKdI/gD6/MHv6uQyA==</latexit>



Polynomial features
• model: linear regression with polynomial features


• terminology:


• but, low degree polynomials might not capture the true relations

• domain knowledge help

!21

ŷ = f(x) = w0 + w1x+ w2x
2 + · · ·+ wpx

p
<latexit sha1_base64="aAYoQape5c3q1DPknR/x4LvkBuQ="></latexit>

feature 1 = 1,
feature 2 = x,
...
feature p+ 1 = xp,

<latexit sha1_base64="3h0CaBlRQWwHpG2zTiAW/6wwN4c="></latexit>

parameter 1 = w0,
parameter 2 = w1,
...
parameter p+ 1 = wp,

<latexit sha1_base64="tGSvdw+3I4MGYFTg2px76ECf91k="></latexit>



Seasonal features

!22
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(xi, yi) = (month-year, average house price)

(Jan 2001, $255k)

(Feb 2001, $268k)

...
<latexit sha1_base64="NnzPusGvRovz+eIqVVrpBsxwSvY="></latexit>



Seasonal features

!23
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(xi, yi) = (month-year, average house price)

(Jan 2001, $255k)

(Feb 2001, $268k)

...
<latexit sha1_base64="NnzPusGvRovz+eIqVVrpBsxwSvY="></latexit>

• more buyers in summer drive price higher

• but, best (low-degree) polynomial fit misses the seasonality



Seasonal features
• known relations like seasonality can be manually added 

as new features

!24

magnitude phase

f(x) = w0 + w1x+ w2x
2 + w3x

3 + w4 sin
⇣2⇡x

12
+ w5

⌘

<latexit sha1_base64="p4C81JtTW+kXjIU59I/BWPXjdJ4="></latexit>

11
.5

12
.0

12
.5

13
.0

13
.5

14
.0

Month

lo
g(
Pr
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1997−01 1999−01 2001−01 2003−01 2005−01 2007−01 2009−01 2011−01 2013−01

best polynomial + sinusoidal fit

but, it is not linear model anymore



Seasonal features
• reparametrization from a sinusoidal model to linear model


• why use sinusoidal features?
!25

phase

f(x) = w0 + w1x+ w2x
2 + w3x

3 + w4 sin
⇣2⇡x

12
+ w5

⌘

<latexit sha1_base64="p4C81JtTW+kXjIU59I/BWPXjdJ4="></latexit>

trigonometric identity : sin(a� b) = sin(a) cos(b)� cos(a) sin(b)

w4 sin
⇣2⇡x

12
� w5

⌘
= w4 cos(w5)| {z }

w̃4

sin
⇣2⇡x

12

⌘
� w4 sin(w5)| {z }

w̃5

cos
⇣2⇡x

12

⌘

<latexit sha1_base64="b5bUfjCewoR2l8Q+0R2XOo4tv9U="></latexit>

magnitude

f(x) = w0 + w1x+ w2x
2 + w3x

3 + w̃4 sin
⇣2⇡x

12

⌘
+ w̃5 cos

⇣2⇡x
12

⌘

<latexit sha1_base64="WqRNDuYhDNV9cK+2SUZE3uQIeVE="></latexit>

feature 5 feature 6

+
<latexit sha1_base64="HFb7vPGXWshKfdtTiumEDK16me0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGE3CnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0qyUvctypX5Vqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3LTjLM=</latexit>

+
<latexit sha1_base64="HFb7vPGXWshKfdtTiumEDK16me0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGE3CnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0qyUvctypX5Vqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3LTjLM=</latexit>

+
<latexit sha1_base64="HFb7vPGXWshKfdtTiumEDK16me0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGE3CnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0qyUvctypX5Vqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3LTjLM=</latexit>

+
<latexit sha1_base64="HFb7vPGXWshKfdtTiumEDK16me0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGE3CnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0qyUvctypX5Vqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3LTjLM=</latexit>



Linear models with higher order features

!26

• compact notation of the model

• vector notation of the model parameters w and features h(x)

h(x) =

2

6666664

1
x
x2

x3

sin(2⇡x/12)
cos(2⇡x/12)

3

7777775

<latexit sha1_base64="OQeD9+x7lTFw2O0Tnza1yB8OwGc="></latexit>

w =

2

6664

w0

w1
...

wD

3

7775

<latexit sha1_base64="1ASC1Pim1b923kpH0kKFhoPqWVc=">AAACH3icbVBNSwMxEM36bf2qevQSLIKnsquiXoSiHjwqWBWaZclmp20wm12SbGtZ+k+8+Fe8eFBEvPXfmLaLaPVB4OW9GWbmhang2rjuwJmanpmdm19YLC0tr6yuldc3bnSSKQZ1lohE3YVUg+AS6oYbAXepAhqHAm7D+7Ohf9sBpXkir00vBT+mLcmbnFFjpaB82MUnmITQ4jIPY2oUf+jjbuAS0g08QkgnSowefs4JyOi7JChX3Ko7Av5LvIJUUIHLoPxJooRlMUjDBNW64bmp8XOqDGcC+iWSaUgpu6ctaFgqaQzaz0f39fGOVSLcTJR90uCR+rMjp7HWvTi0lXa/tp70huJ/XiMzzWM/5zLNDEg2HtTMBDYJHoaFI66AGdGzhDLF7a6YtamizNhISzYEb/Lkv+Rmr+rtV/euDiq10yKOBbSFttEu8tARqqELdInqiKFH9Ixe0Zvz5Lw4787HuHTKKXo20S84gy/jbaOM</latexit>

f(x) = w0h0(x) + w1h1(x) + · · ·+ wDhD(x)

= wT h(x)
<latexit sha1_base64="5kccBeC4G0x/4CiFgM2TAboRM5Q="></latexit>

• as the features are hard coded, human ingenuity/insight 
needed in feature engineering with domain knowledge


• study guide lines in lectures 5 & 6



Linear models with multi-dimensional input

!27



Input is multi-dimensional for most data
• house price input data:  

area of living space 
garage (no:0, yes:1) 
year built 
area of lot 
year of last remodel 
area of basement 
area of first floor 
area of second floor 
number of bedrooms (above ground) 
number of kitchens (above ground) 
number of fireplaces 
area of garage 
area of wooden deck 
number of half bathrooms 
overall condition (1-10) 
overall quality of materials and finish (1-10) 
number of rooms (above ground)

!28



Input is multi-dimensional for most data

!29

• goal: predicting “How much is my house worth?”


• data

we write it as x = (x[1], x[2], · · · , x[d])
<latexit sha1_base64="XrIb4IBEsbM+6Uk4WizmMmGOre4=">AAACE3icbZA7SwNBFIVn4yvGV9TSZjARVCTsroU2QtDGUsE8YLOE2dkbHZx9MHPXJIT8Bxv/io2FIrY2dv4bJzGFGg8MfJxzL8M9QSqFRtv+tHIzs3PzC/nFwtLyyupacX2jrpNMcajxRCaqGTANUsRQQ4ESmqkCFgUSGsHt2Shv3IHSIomvsJ+CH7HrWHQEZ2isdnG/C7SrBAIVSJmm5d7Jbs9z/IOe5/oHLR4mqA2H/l65XSzZFXssOg3OBEpkoot28aMVJjyLIEYumdaeY6foD5hCwSUMC61MQ8r4LbsGz2DMItD+YHzTkO4YJ6SdRJkXIx27PzcGLNK6HwVmMmJ4o/9mI/O/zMuwc+wPRJxmCDH//qiTSYoJHRVEQ6GAo+wbYNw0IzjlN0wxjqbGginB+XvyNNTdinNYcS/dUvV0UkeebJFtskscckSq5JxckBrh5J48kmfyYj1YT9ar9fY9mrMmO5vkl6z3L70NnCs=</latexit>

outcome can be multi-dimensional also
<latexit sha1_base64="qBhCH/Z2f3/+uOckTEvBcoHLX4g=">AAACDnicbVC7SkNBFNwb3/EVtbRZDAEbw72x0FK0sVQwJpCEcO7mRBf3cdk9VwjBL7DxV2wsFLG1tvNv3MQUahxYGGbO7O6ZNFPSUxx/RoWZ2bn5hcWl4vLK6tp6aWPz0tvcCawLq6xrpuBRSYN1kqSwmTkEnSpspDcnI79xi85Lay5okGFHw5WRfSmAgtQtVWxOwmrkAgxPketckdzrSY1mlAHFQXnbLZXjajwGnybJhJTZBGfd0ke7Z0UebiGhwPtWEmfUGYIjKRTeFdu5xwzEDVxhK1ADGn1nOF7njleC0uN968IxxMfqz8QQtPcDnYZJDXTt/3oj8T+vlVP/sDOUJssJjfh+qJ8rTpaPuuE96VCQGgQCwsnwVy6uwYGg0GAxlJD8XXmaXNaqyX61dl4rHx1P6lhk22yH7bKEHbAjdsrOWJ0Jds8e2TN7iR6ip+g1evseLUSTzBb7hej9CywLnC4=</latexit>

input x 2 Rd is a d-dimensional vector
<latexit sha1_base64="8mA9euDONN5jHFhLXcJH6+I1Hrw="></latexit>

we use N to denote the number of samples
<latexit sha1_base64="N1aCEkTym0evb6Bqmsa5ZZukIbQ=">AAACJHicbVC7SgNBFJ31bXxFLW0Go2AVdmOhYBO0sRIFo0ISwuzsXTM4j2XmrhqWfIyNv2Jj4QMLG7/FSUzh68DA4dzHnHviTAqHYfgejI1PTE5Nz8yW5uYXFpfKyytnzuSWQ4MbaexFzBxIoaGBAiVcZBaYiiWcx1cHg/r5NVgnjD7FXgZtxS61SAVn6KVOee8GaO6AthBucbiusJD0i42jjT5FQxPQBoFiF6jOVQyWmpQ6pjIJrlOuhNVwCPqXRCNSISMcd8ovrcTwXIFGLplzzSjMsF0wi4JL6Jda3knG+BW7hKanmilw7WLoqk83vZLQ1Fj/NNKh+n2iYMq5nop9p2LYdb9rA/G/WjPHdLddCJ3lCJp/fZTmcnD9IDGaCAscZc8Txq3wXinvMss4+lxLPoTo98l/yVmtGm1Xaye1Sn1/FMcMWSPrZItEZIfUySE5Jg3CyR15IE/kObgPHoPX4O2rdSwYzaySHwg+PgEml6Ub</latexit>

xi[j]
<latexit sha1_base64="Ll4lhkbb1KszwKokV839xaOPFdc=">AAAB73icbVA9T8MwEL3wWcpXgZHFokViqpIywFjBwlgk+iGlUeW4TmtqO8F2EFXUP8HCAEKs/B02/g1umwFannTS03t3ursXJpxp47rfzsrq2vrGZmGruL2zu7dfOjhs6ThVhDZJzGPVCbGmnEnaNMxw2kkUxSLktB2Orqd++5EqzWJ5Z8YJDQQeSBYxgo2VOpWnHvPvg0qvVHar7gxomXg5KUOORq/01e3HJBVUGsKx1r7nJibIsDKMcDopdlNNE0xGeEB9SyUWVAfZ7N4JOrVKH0WxsiUNmqm/JzIstB6L0HYKbIZ60ZuK/3l+aqLLIGMySQ2VZL4oSjkyMZo+j/pMUWL42BJMFLO3IjLEChNjIyraELzFl5dJq1b1zqu121q5fpXHUYBjOIEz8OAC6nADDWgCAQ7P8ApvzoPz4rw7H/PWFSefOYI/cD5/AEbtj3Y=</latexit>

yi
<latexit sha1_base64="t9virioW/fgBIzfuaWMlZeE4dWA=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRjDxRFo86JHoxSMmFkigIdtlCxu2u83u1qRp+A1ePGiMV3+QN/+NC/Sg4EsmeXlvJjPzwoQzbVz32yltbG5t75R3K3v7B4dH1eOTjpapItQnkkvVC7GmnAnqG2Y47SWK4jjktBtO7+Z+94kqzaR4NFlCgxiPBYsYwcZKfj0bsvqwWnMb7gJonXgFqUGB9rD6NRhJksZUGMKx1n3PTUyQY2UY4XRWGaSaJphM8Zj2LRU4pjrIF8fO0IVVRiiSypYwaKH+nshxrHUWh7YzxmaiV725+J/XT010E+RMJKmhgiwXRSlHRqL552jEFCWGZ5Zgopi9FZEJVpgYm0/FhuCtvrxOOs2Gd9VoPjRrrdsijjKcwTlcggfX0IJ7aIMPBBg8wyu8OcJ5cd6dj2VrySlmTuEPnM8fG5aONw==</latexit>

samples x[1] x[2] x[3] · · · x[d] y

1st sample 2571 sq.ft. 1 2001 · · · 3 $238k
...

ith sample 3942 sq.ft. 1 2018 · · · 5 $451k
...

Nth sample 3690 sq.ft. 0 1987 · · · 5 $362k
<latexit sha1_base64="+dnPg7Ws77hqvPNz/EL0kHvjKf0="></latexit>



Linear model with multi-dimensional input
•                           feature extraction


• model


• quality metric

!30

h(x) : Rd ! RD+1
<latexit sha1_base64="ZBK3CQVoER0RYrJD/omjzWhHjoI=">AAACEXicbVDLSsNAFJ3UV62vqEs3g0WoCCWpguKqqAuXVewDmlgmk0k7dPJgZiKWkF9w46+4caGIW3fu/BsnbRa19cDA4Zx7mXuOEzEqpGH8aIWFxaXlleJqaW19Y3NL395piTDmmDRxyELecZAgjAakKalkpBNxgnyHkbYzvMz89gPhgobBnRxFxPZRP6AexUgqqadXBpXHw/PE8pEcOB68Te9daMkQTivJ1ZGZ9vSyUTXGgPPEzEkZ5Gj09G/LDXHsk0BihoTomkYk7QRxSTEjacmKBYkQHqI+6SoaIJ8IOxknSuGBUlzohVy9QMKxOr2RIF+Ike+oyexOMetl4n9eN5bemZ3QIIolCfDkIy9mUEXO6oEu5QRLNlIEYU7VrRAPEEdYqhJLqgRzNvI8adWq5nG1dnNSrl/kdRTBHtgHFWCCU1AH16ABmgCDJ/AC3sC79qy9ah/a52S0oOU7u+APtK9ft/qcUQ==</latexit>

h(x) = (h0(x), h1(x), . . . , hD(x))
<latexit sha1_base64="oDR3eDRWGtNKX8Gs3f1iTLXMbPg=">AAACDXicbVBNS8MwGE7n15xfVY9eglPYYIx2CnoRhnrwOMF9wFZKmmVrWJqWJBVH2R/w4l/x4kERr969+W9Mtx5084GQJ8/zvknex4sYlcqyvo3c0vLK6lp+vbCxubW9Y+7utWQYC0yaOGSh6HhIEkY5aSqqGOlEgqDAY6Ttja5Sv31PhKQhv1PjiDgBGnI6oBgpLbnmkV96KMMLWPJdS7OK79rp1uuHSlag717rU9k1i1bVmgIuEjsjRZCh4Zpf+gIcB4QrzJCUXduKlJMgoShmZFLoxZJECI/QkHQ15Sgg0kmm00zgsVb6cBAKvbiCU/V3R4ICKceBpysDpHw576Xif143VoNzJ6E8ihXhePbQIGZQhTCNBvapIFixsSYIC6r/CrGPBMJKB1jQIdjzIy+SVq1qn1Rrt6fF+mUWRx4cgENQAjY4A3VwAxqgCTB4BM/gFbwZT8aL8W58zEpzRtazD/7A+PwBpcCYJQ==</latexit>

D-dimensional
<latexit sha1_base64="YU2omrK438pldi3J1G7cPkqO4gM=">AAACDnicbVDLSsNAFJ34rPUVdekmWApuLEkVdFnUhcsK9gFtKJPJbTt08mDmRiwhX+DGX3HjQhG3rt35N07TLrT1wMDh3HvuvXO8WHCFtv1tLC2vrK6tFzaKm1vbO7vm3n5TRYlk0GCRiGTbowoED6GBHAW0Ywk08AS0vNHVpN66B6l4FN7hOAY3oIOQ9zmjqKWeWe4iPGA+J5XgZ+l1livpic8DCCc+KrKeWbIrdg5rkTgzUiIz1HvmV9ePWKInIBNUqY5jx+imVCJnArJiN1EQUzaiA+hoGtIAlJvmZ2RWWSu+1Y+kfiFaufrbkdJAqXHg6c6A4lDN1ybif7VOgv0LN+VhnCCEbLqonwgLI2uSjeVzCQzFWBPKJNe3WmxIJWWoEyzqEJz5Ly+SZrXinFaqt2el2uUsjgI5JEfkmDjknNTIDamTBmHkkTyTV/JmPBkvxrvxMW1dMmaeA/IHxucPhYadqQ==</latexit>

f(x) =
DX

j=0

wj hj(x)

= wTh(x)
<latexit sha1_base64="CFHpwRSYi6bkZp1y0+hOuUWOGxc="></latexit>

RSS(w) =
NX

i=1

(yi � f(xi))
2

<latexit sha1_base64="nC+0rD1Qd9B4BN85BGFXSdgZxUM="></latexit>



Modern machine learning tasks are complex

• predict “How old is this person?”


• how do we know which feature to use?


• study automated feature extraction using deep neural networks in 
lectures 18-20

!31



!32

training 
data

feature 
extraction model

algorithm

quality 
metric

ŷ
<latexit sha1_base64="NOtFbCySmaz5THWHFtHl7pHeqIg=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tDhPBKtzFQsuAjWUE8yHJEfY2e8mS3b1jd04IR36FjYUitv4cO/+Nm+QKTXww8Hhvhpl5YSK4Qc/7dgobm1vbO8Xd0t7+weFR+fikbeJUU9aisYh1NySGCa5YCzkK1k00IzIUrBNObud+54lpw2P1gNOEBZKMFI84JWilx2p/TDCbzqqDcsWreQu468TPSQVyNAflr/4wpqlkCqkgxvR8L8EgIxo5FWxW6qeGJYROyIj1LFVEMhNki4Nn7oVVhm4Ua1sK3YX6eyIj0pipDG2nJDg2q95c/M/rpRjdBBlXSYpM0eWiKBUuxu78e3fINaMoppYQqrm91aVjoglFm1HJhuCvvrxO2vWaf1Wr39crjUYeRxHO4BwuwYdraMAdNKEFFCQ8wyu8Odp5cd6dj2VrwclnTuEPnM8fbRCQJg==</latexit>

f
<latexit sha1_base64="1BY1I1n/EGX6x8JNhh+lPlv2kMI=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFhPBKtzFQsuAjWVE8wHJEfY2e8mSvb1jd04IR36CjYUitv4iO/+Nm+QKTXww8Hhvhpl5QSKFQdf9dgobm1vbO8Xd0t7+weFR+fikbeJUM95isYx1N6CGS6F4CwVK3k00p1EgeSeY3M79zhPXRsTqEacJ9yM6UiIUjKKVHqphdVCuuDV3AbJOvJxUIEdzUP7qD2OWRlwhk9SYnucm6GdUo2CSz0r91PCEsgkd8Z6likbc+Nni1Bm5sMqQhLG2pZAs1N8TGY2MmUaB7Ywojs2qNxf/83ophjd+JlSSIldsuShMJcGYzP8mQ6E5Qzm1hDIt7K2EjammDG06JRuCt/ryOmnXa95VrX5frzQaeRxFOINzuAQPrqEBd9CEFjAYwTO8wpsjnRfn3flYthacfOYU/sD5/AGCrI1G</latexit>

2

6664

h0(x)
h1(x)

...
hD(x)

3

7775

<latexit sha1_base64="btZlbj0jQHvcIeOkyAi5dCQr5r8=">AAACKHicbZDLSsNAFIYnXmu8VV26CRahbkpSBd1Z1IXLCvYCTQiTyWk7dDIJM5PSEvo4bnwVNyKKdOuTOL0g2vrDwMd/zmHO+YOEUalse2ysrK6tb2zmtsztnd29/fzBYV3GqSBQIzGLRTPAEhjlUFNUMWgmAnAUMGgEvdtJvdEHIWnMH9UwAS/CHU7blGClLT9/7QbQoTwLIqwEHYzMrm8XB2euq8GZgdsPYyWnzp12TBd4+NPv5wt2yZ7KWgZnDgU0V9XPv7lhTNIIuCIMS9ly7ER5GRaKEgYj000lJJj0cAdaGjmOQHrZ9NCRdaqd0GrHQj+urKn7eyLDkZTDKNCder+uXKxNzP9qrVS1r7yM8iRVwMnso3bKLBVbk9SskAogig01YCKo3tUiXSwwUTpbU4fgLJ68DPVyyTkvlR8uCpWbeRw5dIxOUBE56BJV0D2qohoi6Am9oHf0YTwbr8anMZ61rhjzmSP0R8bXN8VwpTI=</latexit>

2

6664

x1

x2
...
xd

3

7775

<latexit sha1_base64="SlLXN+m4riQx6m1dvuIAbNmQknQ=">AAACH3icbVBNS8NAEN3Urxq/qh69BIvgqSRV1GPRi8cK9gOaEDababt0swm7m9IS+k+8+Fe8eFBEvPXfuE2LaOvADm/fvGFmXpAwKpVtT43C2vrG5lZx29zZ3ds/KB0eNWWcCgINErNYtAMsgVEODUUVg3YiAEcBg1YwuJvVW0MQksb8UY0T8CLc47RLCVaa8ktXbgA9yrMgwkrQ0cQc+Y7r6lzV2R2GsZL5NzRd4OGPzC+V7Yqdh7UKnAUoo0XU/dKXG8YkjYArwrCUHcdOlJdhoShhMDHdVEKCyQD3oKMhxxFIL8vvm1hnmgmtbiz048rK2d8dGY6kHEeBVur9+nK5NiP/q3VS1b3xMsqTVAEn80HdlFkqtmZmWSEVQBQba4CJoHpXi/SxwERpS01tgrN88ipoVivORaX6cFmu3S7sKKITdIrOkYOuUQ3dozpqIIKe0At6Q+/Gs/FqfBifc2nBWPQcoz9hTL8Bw3eizw==</latexit>

2

6664

y1
y2
...
yk

3

7775

<latexit sha1_base64="+yW5VINSIIZeLdUz3GTETKMERIg=">AAACH3icbVBNS8NAEN34WeNX1KOXYBE8laSKeix68VjBfkATwmYzbZduNmF3Uyyh/8SLf8WLB0XEW/+N2zaItg7s8PbNG2bmhSmjUjnOxFhZXVvf2Cxtmds7u3v71sFhUyaZINAgCUtEO8QSGOXQUFQxaKcCcBwyaIWD22m9NQQhacIf1CgFP8Y9TruUYKWpwLr0QuhRnocxVoI+js1R4HqezlWdvWGUKDn7DkwPePQjC6yyU3FmYS8DtwBlVEQ9sL68KCFZDFwRhqXsuE6q/BwLRQmDsellElJMBrgHHQ05jkH6+ey+sX2qmcjuJkI/ruwZ+7sjx7GUozjUSr1fXy7WpuR/tU6mutd+TnmaKeBkPqibMVsl9tQsO6ICiGIjDTARVO9qkz4WmChtqalNcBdPXgbNasU9r1TvL8q1m8KOEjpGJ+gMuegK1dAdqqMGIugJvaA39G48G6/Gh/E5l64YRc8R+hPG5BvTVaLZ</latexit>

soprano (S)  

alto (A) 

tenor (T)  

bass (B


