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Embedding high-dimensional data
• Embedding high-dimensional data into lower dimensional space 

helps us make sense of the data

• One prominent example is data visualization 

• Each image is very high-dimensional (thousands or millions of 
pixels, each pixel taking 3 real values, each for Red, Green, Blue
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Can we give each image coordinates, 
such that similar images are near each other?

Can we give each image coordinates, 
such that each coordinate is meaningful?

(x,y,z,…)
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• Embed each data point (an image) in 2-dimensional space (embedding)
Input data image 2-dimensional embedding

• Similar looking images are close together

• Horizontal coordinate corresponds to “smile”, and vertical to “rotation”

• These two properties are learned automatically  

(because they are prominent in training data)



Word embedding
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(x,y,z,…)Seattle

• Word embedding is extremely important application, because 

• Natural Language Processing (NLP) is one of the most important 

applications in machine learning with high impact  
(translation, Siri, Alexa, Google home, etc.)


• Yet, words are in such a high dimensions, it is critical to find good 
embedding



Word embedding zoomed in shows similar words clustered together

• This shows one cluster which contain names

• Within this cluster, name of the months, name of people, name of places 

are clustered together. 
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Word embedding captures analogies between words,  
as directions in the embedded space
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https://skymind.ai/wiki/word2vec

• Word Analogy

•  king:queen::man:?                       woman

•  house:roof::castle:?                     dome

•  building:architect::software:?      programmer

https://skymind.ai/wiki/word2vec


Dimensionality reduction
• High dimensional input data such as books, images, videos go 

through dimensionality reduction, which represents each 
data in a much smaller dimensions


• We want a good representation, that captures the pattern in 
the original data such as relations, clusters, distances


• 1. This can be used in training, 
as lower dimensional data is faster to train


• 2. Can be used to visualize the data for human assessment

• 3. Can be used to discover the intrinsic dimensionality of data 

e.g. for MNIST hand written digits, we really only need a five or 
ten real values per data to represent it
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Popular idea: linear projection
• Linear projection: 

• mathematical term from linear algebra

• e.g. given x=(x[1],x[2],…,x[d]), an example of a linear 

projection onto 2-D might be


• In linear algebraic terminology, 
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zi[2] = .5xi[1]� 0.1xi[2] + · · ·+ 0.3xi[d]
<latexit sha1_base64="8co+05ArX46ve9p8TbjfGeXKIG0="></latexit>

zi[1] = .2xi[1] + 0.3xi[2] + · · ·+ 0.6xi[d]
<latexit sha1_base64="zW/vR0yfVYqChhrnVvO/9ECJ2+I=">AAACJXicbZDPS8MwFMfT+WvOX1WPXoJDEITSbqKCCkMvHie4TVhLSdNsC0vTkqTiHPtnvPivePHgEMGT/4ppt4NuPkj4vs97j+R9g4RRqWz7yygsLC4trxRXS2vrG5tb5vZOU8apwKSBYxaL+wBJwignDUUVI/eJICgKGGkF/eus3nogQtKY36lBQrwIdTntUIyURr558eTTtuNB9xxeZpdVgY8TcgRtqwrzrJJlLg5jJXN8ktPQ882ybdl5wHnhTEUZTKPum2M3jHEaEa4wQ1K2HTtR3hAJRTEjo5KbSpIg3Edd0taSo4hIb5hvOYIHmoSwEwt9uII5/T0xRJGUgyjQnRFSPTlby+B/tXaqOmfekPIkVYTjyUOdlEEVw8wyGFJBsGIDLRAWVP8V4h4SCCttbEmb4MyuPC+aFcupWpXb43LtampHEeyBfXAIHHAKauAG1EEDYPAMXsE7GBsvxpvxYXxOWgvGdGYX/Anj+wckQ5+L</latexit>

projection is defined by a projection matrix U , such that
when a sample point xi is projected to zi, we write as
zi = Uxi

<latexit sha1_base64="4fMPn5rMX1gGPuyX1EL4/OlqJTo="></latexit>

zi =


zi[1]
zi[2]

�

<latexit sha1_base64="39M0/3vD/TahpO4o+5gSvlM+XSM=">AAACJHicbVDLSgMxFM34rOOr6tJNsBVclZm6UBCh6MZlBfuAzlAy6W0bmskMSUasQz/Gjb/ixoUPXLjxW8y0BbX1QOBwzrnk3hPEnCntOJ/WwuLS8spqbs1e39jc2s7v7NZVlEgKNRrxSDYDooAzATXNNIdmLIGEAYdGMLjM/MYtSMUicaOHMfgh6QnWZZRoI7XzZ8X7NsPn2PYC6DGRBiHRkt2NbIyN0XJ97Hl2xsq+7YHo/ASKdjtfcErOGHieuFNSQFNU2/k3rxPRJAShKSdKtVwn1n5KpGaUw8j2EgUxoQPSg5ahgoSg/HR85AgfGqWDu5E0T2g8Vn9PpCRUahgGJmlW7KtZLxP/81qJ7p76KRNxokHQyUfdhGMd4awx3GESqOZDQwiVzOyKaZ9IQrXpNSvBnT15ntTLJfe4VL4uFyoX0zpyaB8doCPkohNUQVeoimqIogf0hF7Qq/VoPVvv1sckumBNZ/bQH1hf3+GSon8=</latexit>

U =


0.2 0.2 · · · 0.6
0.5 �0.1 · · · 0.3

�

<latexit sha1_base64="o+ijSimIt1VafQI8O8F+L/M6gOI="></latexit>

xi =

2

64
xi[1]
...

xi[d]

3

75

<latexit sha1_base64="koe2PHczvV1qrAIX7t5oCtNDSEk="></latexit>



Linear projection
• In this example, a data point is in 2-D, and we choose to project it to 1-D

• The projection coefficients can be visualized as a line,  

and projection operation of projecting x onto z amounts to finding the 
closest point on the line


• This example shows: u[1] = [4, 3] 

• z= u[1]Tx = 4*x[1] + 3*x[2]
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Project onto 
1-dimension

xi=(4,1), then zi=(     )



Linear projection and reconstruction
• z= u[1]Tx = 4*x[1] + 3*x[2] 

• Can we get back x[1],x[2] from z ?  

Why?
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If z = 11, then what is x?



What if we project onto 2-D?
• As long as those two projections are different  

(i.e. linearly independent), we can recover the original coordinates back

• z[1] = 4*x[1] + 3*x[2]                  u[1] = [4,  3]

• z[2] = 3*x[1] - 4*x[2]                   u[2] = [3, -4]


• But using 2 lines does not give us dimensionality reduction that we want 
(the dimension is still 2-D)!11

#a
w

fu
l

0 1 2 3 4 …
0

1

2

3

4

…

Perfect reconstruction!

If z = (11,2), then what is x?



• We ask the following fundamental question:  
if I want to choose one line, which one should I choose?


• We should choose one with less reconstruction error

!12

#awesome

#a
w
fu
l

0 1 2 3 4 …
0

1

2

3

4

…

• What is a reconstruction of z = 11 for the green line z= 4*x[1] + 3*x[2] ?

• x=(2,1), x=(33/28,44/21), (0,11/3), etc.


• What is the reconstruction error of x=(2,1)? 

•  


• Which one has less reconstruction error?

• Green


• If the variation on the linear projection is large, then size of the error is small



If I had to choose one of these vectors, which do I prefer? 

• Over all possible lines?
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• Extreme example  
on a lower dimensional subspace:



Principal component analysis (PCA) – 
Basic idea 

Project d-dimensional data into k-dimensional space 
while preserving as much information as possible: 
- e.g., project space of 10000 words into 3-dimensions

Main idea: 
    Choose projection with minimum reconstruction error
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Visual explanation of PCA
http://setosa.io/ev/principal-component-analysis/
•
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Choosing principal components 

Which of the following pictures show the top two principal components (pc1, pc2) of the dataset?

Option 1

Option 2

Option 3

http://setosa.io/ev/principal-component-analysis/


Basic PCA algorithm 
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• Form data matrix X
- Each row is a different data point…like our typical data tables

• Recenter: subtract the mean from each row of X à Xc

• Spread/orientation calculation: Compute the covariance matrix S:

Sts =          xc,i[t]xc,i[s]

• Find basis: 
- Compute eigendecomposition of S
- Select (u[1],…,u[k]) to be eigenvectors with largest eigenvalues

• Project data: Project each data point onto each vector

1

N

NX

i=1

zi[1] = uT
1 xi = u1[1]xi[1] + · · ·u1[d]xi[d]

zi[2] = uT
2 xi = u2[1]xi[1] + · · ·u2[d]xi[d]

...

zi[k] = uT
k xi = uk[1]xi[1] + · · ·uk[d]xi[d]

<latexit sha1_base64="nazldqMJGW23sR/nmkTV4ruZ9hA="></latexit>

(u1, u2, · · · , uk)
<latexit sha1_base64="17JHEh2/KlW3nZfGG2LkmNFVMYo=">AAAB/XicbZDLSsNAFIYn9VbrLV52boJFqFBKUgVdFt24rGAv0IYwmUzaoZOZMBehhuKruHGhiFvfw51v47TNQlt/GPj4zzmcM3+YUiKV635bhZXVtfWN4mZpa3tnd8/eP2hLrgXCLcQpF90QSkwJwy1FFMXdVGCYhBR3wtHNtN55wEISzu7VOMV+AgeMxARBZazAPqrowKvqoF7to4graXB0Fthlt+bO5CyDl0MZ5GoG9lc/4kgnmClEoZQ9z02Vn0GhCKJ4UupriVOIRnCAewYZTLD0s9n1E+fUOJETc2EeU87M/T2RwUTKcRKazgSqoVysTc3/aj2t4is/IyzVCjM0XxRr6ijuTKNwIiIwUnRsACJBzK0OGkIBkTKBlUwI3uKXl6Fdr3nntfrdRblxncdRBMfgBFSABy5BA9yCJmgBBB7BM3gFb9aT9WK9Wx/z1oKVzxyCP7I+fwCjYZQP</latexit>



Reconstruction
Using our principal components, reconstruct 
observation in original domain:
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x̂i[1 : d] = x̄[1 : d]| {z }
add back subtracted mean

+
kX

j=1

zi[j]|{z}
amount

uj|{z}
each principal direction

<latexit sha1_base64="T+OZtkbKBcTGPo52umDhZa5ef/A="></latexit>



Eigenfaces [Turk, Pentland ’91] 
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Input images: Principal components:



Image generation from eigenfaces
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Average face

Image reconostruction from eigenfaces

A face from  
weighted addition of principal components

10 principal components give  
a pretty good reconstruction of the face

Real face


