Decimal and Binary Represen tation Systems

Decimal and binary are p ositional represen tation systems.

Decimal represen ts n um b ers b y their co e�cien ts of p o w ers of 10 while

binary represen ts n um b ers b y their co e�cien ts of p o w ers of 2.

F or example 321 (in decimal):

� is 3 � 10

2

+ 2 � 10

1

+ 1 � 10

0

= 321

10

� Decomp osing 321 in p o w ers of 2 yields 321= 256 + 64 + 1, or

� 1 � 2

8

+ 0 � 2

7

+ 1 � 2

6

+ 0 � 2

5

+ 0 � 2

4

+ 0 � 2

3

+ 0 � 2

2

+ 0 � 2

1

+ 1 � 2

0

or 101000001

2

More generally

, a p ositiv e in teger is represen ted in

� decimal b y

P

n

i=0 a

i

� 10 n�i

, where the a

i are b et w een 0 and 9

� binary b y

P

m

i=0 b

i

� 2 m�i

, where the b

i are either 0 or 1

Binary and Hexadecimal Represen tation Systems

W riting binary n um b ers quic kly b ecomes error-prone and un wieldy .

Instead use hexadecimal, the p ositional represen tation system with

co e�cien ts of p o w ers of 16.

F or example 321 = 1 � 16

2

+ 4 � 16

1

+ 1 � 16

0

= 141

16

T o con v ert from binary to hexadecimal, group bits (abbreviation for

binary digits) b y groups of 4 starting from the righ t.

F or example 101000001

2

= 1 0100 0001 = 141

16

Since the co e�cien ts are b et w een 0 and 15, w e need new sym b ols to

represen t 10-15. They are A (for 10) up to F (for 15).

F or example 1 1100 1011

2

= 1C B

16

Hexadecimal is v ery con v enien t to represen t 16-bit (4 hex digits),

32-bit (8 hex), and 64-bit (16 hex) n um b ers.

Some useful p o w ers of t w o and some notation

� 2

10

= 1024

10

’ 10

3

= 1 K

� 2

20

’ 10

6

= 1 M

� 2

30

’ 10

9

= 1 G

So, w e’ll often round-o� and talk ab out, sa y 16 KB or 64 MB.

The least magnitude bit (or digit) is called lsb least signi�can t bit

(the one at the righ tmost p osition of the represen tation)

The greatest magnitude bit is called msb most signi�can t bit (the

one at the leftmost p osition of the represen tation)

Represen ting p ositiv e and negativ e in tegers

In an n-bit register w e can represen t 2 n

patterns. F or example in

a 32-bit register w e can represen t binary unsigne d inte gers in the

range [0..2

32

� 1]

But w e also need a represen tation (binary) system for signe d inte-

gers with the follo wing prop erties

1. Equal n um b er of p ositiv e and negativ e n um b ers

2. Unique represen tation of zero (and easy test for 0)

3. Easy sign test

4. Easy rules for addition/subtraction

Historically there has b een 3 n um b ering systems that ha v e b een used;

� Sign and magnitude (still used for oating p oin t)

� Tw o’s complemen t (no w used in all mac hines for in teger repre-

sen tation)

� One’s complemen t

Tw o’s complemen t

P ositiv e n um b ers are represen ted as in unsigned binary except that

the msb is alw a ys zero.

Zero is represen ted a a string of 0’s.

T o represen t a negativ e n um b er, tak e the represen tation of its abso-

lute v alue, ip all 1 bits to 0 and all 0 bits to 1, and add 1 to the lsb

using binary arithmetic.

Example: Assume a 4-bit register:

� What is the represen tation of 6

10

?

� What is the represen tation of �6

10

?

� What is the represen tation of 0?

� What is the range of represen tation of p ositiv e n um b ers?

� What is the range of represen tation of negativ e n um b ers?

� Ho w do I recognize whether a n um b er is p ositiv e or negativ e or

zero?

Addition and subtraction in Tw o’s complemen t

A ddition

Y ou do not ha v e to c hec k the signs of the op erands. Just p erform an

ordinary binary addition and discard the carry out of the msb.

If y ou add t w o n um b ers of opp osite signs, ev erything will alw a ys turn

out righ t.

If y ou add t w o p ositiv e n um b ers and the result \app e ars" to b e

negativ e (i.e., the msb is 1) y ou ha v e an over ow. This will generate

an exception in y our program (see end of quarter).

If y ou add t w o negativ e n um b ers and the result \app e ars" to b e

p ositiv e, y ou ha v e an under ow.

Subtr action

T ak e the 2’s complemen t of the subtrahend and add it to the other

op erand.