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Announcements

* Reminder: homework 3 due Friday 4 /
* Homework 2 grades should come out today ¥ Glhnorrows

* Section
* Will especially go over material from today (it’s especially tricky)
* TAs can go over some of the tougher hw2 questions in section if you want/ask



Back to Binary Search Trees



buildTree for BST

Let’s consider buildTree (insert values starting from an empty tree)

Insert values 1, 2,3, 4,5, 6,7,8,9 into an empty BST 1 7%
* If inserted in given order, @\ SV~ (a4 )

what is the tree?

®
* What big-O runtime for O (V\ L) \@ ’ O (i x\

buildTree on this sorted input?

. .. 1
* Is inserting in the reverse order any better? p :
3 ®



buildTree for BST

L | L
Insert values 1, 2, 3,4,5,6, 7,8,9 into an empty BST

What we if could somehow re-arrange them

* median first, then left median, right median, etc.
53,7,2,1,4,8,6,9

* What tree does that give us? /(J@@ Q

* What big-O runtime? O [(/\ M”}V\} w\ Sevt 0 (/Lus >



Balancing Binary Search Trees



BST: Efficiency of Operations?
Problem: D?QVO(k (61n S \/\/\é\\/ e ‘(V\/Q"(’(‘(\ Cie P

QF/ _ng/ct' s (/\V\L)R(g« V\(,QJ

Worst-case running time: Lobr ¢ CaSe
e« find, insert, delete D (V\v O\b\
e buildTree O ( q Q\
N
O
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How can we make a BST efficient?

Observation —yl,u; <5l/\£l\6 ~ | —EL\L (9/6 W

w1 -

Solution: Require a Balance Condition that

—> . Epsanes depih s always  O(Logn)

— 2, ’LS ,Q:(((\‘(/iik/\_t —+0 {\/\/\ﬁr\l/\_(-é'\i]/\

* When we build the tree, make sure it’s balanced.
* BUT...Balancing a tree only at build time is insufficient.
* We also need to also keep the tree balanced as we perform operations.



|deas for Balance Conditions?
\/
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Potential Balance Conditions

* Left and right subtrees o e ot /{J\u
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Potential Balance Conditions

L
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Left and right subtrees A eve
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AVL Tree

A kind of self-balancing binary search tree!



AVL Tree (Bonus material: etymology)

Invented by Georgy@elson@lsky and Evgem/@ndls in 1962

a,




The AVL Tree Data Structure

An AVL tree is a self-balancing binary search tree.

eeee——

Structural properties
1. Binary tree property (same as BST)
2. Order property (same as for BST)

3. Balance condition:
(balance of every node is between -1 and 1

where balance(node) = height(node.left) — height(node.right)

age *!
Result: Worst-case depth is O[L}S 1’\» /

>




Example #1: Is this an AVL Tree? it Grode) = L
|2 MM[(L»MSL% /

W ?SLA ~ SLJ‘>

Balance Condition:
balance of every node is between -1 and 1

where balance(node) =
height(node.left) — height(node.right)

WHand n ¥
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Example #2: |s this an AVL Tree?

Balance Condition:
balance of every node is between -1 and 1 3/ \ ,

where balance(node) = °
height(node.left) — height(node.right)
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AVL Trees

Good News:
Because height of AVL tree is O(log(n)), then £ind O (/,03 V\)

But as we insert and delete elements, we need to:
[ Trhele balan e
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AVL tree operations

* AVL find:
e Same as usual BST £ind

* AVL insert:
- Flrst, wsual P ST wasert U

“thae v chacle Lalan Gl gy n o T A = &)
NN a-‘cUAJ“‘«“\/ v " Al e é@

T Fouwyv e 2rend o akav\ e ASR
* AVLdelete:

* The “easy way” is lazy deletion

. Ohth)erwise, do the deletion and then check for several imbalance cases (we will skip
this



First insert example m

Insert(6) l

Insert(3) T
Insert(1) — C%
v (O

Third insertion “
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What’s the only way to fix it?



Fix: Apply “Single Rotation”

* Single rotation: The basic operation we’ll use to rebalance
* Move child of unbalanced node into parent position
* Parent becomes the “other” child (always okay in a BST!)
* Other subtrees move in only way BST allows (we’ll see in generalized example)

AVL Property
violated at node 6




Generalizing our examples...




Generalizing our examples...




Generalizing our examples...




Generalizing our examples...




Generalized Single Rotation
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Generalized Single Rotation
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Single Rotations

| Right Rouu>
<: Left Rotate

(Figures by Melissa O’Neill, reprinted with her permission to Lilian)



AVL Tree insert (more specific):

1. Insert the new node as in our generic BST (a new leaf)

2. For each node on the path from the root to the new leaf, the
insertion may (or may not) have changed the node’s height

3. So after insertion in a subtree, et ¢f I/\L&S («jr
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(Figures by Melissa O’Neill, reprinted with her permission to Lilian)



Example #2 for left-left case: insert (16)




(Figures by Melissa O’Neill, reprinted with her permission to Lilian)



Case #2: Left-Left Case

left rotate >

(Figures by Melissa O’Neill, reprinted with her permission to Lilian)



Example for right-right case: insert (26)




(Figures by Melissa O’Neill, reprinted with her permission to Lilian)



A Better Look at Case #3:

(Figures by Melissa O’Neill, reprinted with her permission to Lilian)



Case #3: Right-Left Case (after one rotation)

(Figures by Melissa O’Neill, reprinted with her permission to Lilian)



Case #3: Right-Left Case (after two rotations)

A way to remember it:
Move d to grandparent’s position. Put everything else in their only legal positions for a BST.

(Figures by Melissa O’Neill, reprinted with her permission to Lilian)



