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Administrivia

~ Lab 3 out — Logic simplification with K-maps and Verilog
_ Due a week from tomorrow

_ Full credit for minimal logic
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Today

1 Debugging, Simulations and Waveform Diagrams —> H&'Zﬂuf‘&{
- Karnaugh Maps (K-maps)

~ Avoiding Hazards

- Design Examples
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Using an FPGA

// Verilog code for @ 2-input |

multiplexer

module 20T (£, A, B, C, D); __ 00101010001010010
Rl R 10010010010011000
assign o= (@ & B | € & 10101000101011000

e 10101001010010101

rodile MIX2 (V, SEL, I, 3  // FPGA 00010110001001010

R, 10101001111001001
input logic SEL, I, J;
logic sate, 01000010101001010
not G (SEIB, I; CAD 10010010000101010
:md% oy, 10100101010010100

01010110101001010
| : TOOIS 01010010100101001
1

Verilog Bitstream
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Testbenches

- ModelSim and Icarus Verilog are digital logic simulators
| Run entirely on your computer and simulates the operation of your FPGA
| Used for debugging the internals of buggy Verilog

« No such thing as printf() in a physical circuit (at least not without microscopic tweezers)

- Testbench — a Verilog module that instantiates the circuit you're testing
and provides a lil script to generate fake input signals

_We need to mockup fake signals for every input to our module, and the timing of
how they change.

Doesn’t/can’t get synthesized
' You need a testbench for every single module you write. Period.
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Verilog Testbenches

No ports

module MUX2_tb ();

L3: Karnaugh Maps, Simulations

logic SEL, I, J; // mocked inputs

logic V; // observed output
initial begin

SEL =T7 I =0; J = 0; #10; //

I = 1; #105 //

SEL = 0; #1005 //

J =13 #105 //

\/ $finish;
end
— —
MUX2 dut (.V, .SEL,
e

endmodule // MUX2_tb

“Device Under Test”

Test
Vectors
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-+ MUX2_bad_tb
+ 4 dut
+- 4 std

13 ps

rsor 1




WA UNIVERSITY of WASHINGTON L3: Karnaugh Maps, Simulations CSE369, Autumn 2026

Circuit Timing Behavior

Who is in charge?
* Pilot?

* Copilot?

* Autopilot?

Copilot Autopilot Request

A
Pilot in Charge? —; I

Pilot Autopilot Request

Autopilot Engaged
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‘Ti@ h
Circuit Timing Behavior A= o A
4 Assume 1 ns (3 gopilotﬁutopilotﬁgquest - B
tICk) de|ay for a” Pilotin Charge? Autopilotfngaged
gates F?Iotﬂutopilot &equest C P/ML P:D
CAR|[1 -
Hazards/Glitches: . Gl
o PIcC1 [0
Circuits can L
temporarily go to Xicd LI N S I I Rt
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Qe
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Lecture Outline

- Debugging, Simulations and Waveform Diagrams
- Karnaugh Maps (K-maps)

~ Avoiding Hazards

- Design Examples

10
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-

On and Off Sets
€V

- On Set is the set of input patterns Q A B C|F

where the function is TRUE 90 . 0 0 0]O

| Here on set = {ABC, ABC, ABC, ABC} 0 0 111

O 1 010

0 1 11

- Off Set is the set of input patterns 1 0 011

where the function if FALSE {5 f-—-j7 1 0 1f1

" Here off set = {ABC, ABC, ABC, ABC} 1 1 (1’ 8

- Recall: Use the On Set for Sum of Products (SoP) and the Off Set for
Product of Sums (PoS)

_| Considered two-level Boolean expressions

CSE369, Autumn 2026
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Two-Level Simplification

- Using Sum of Products, “neighboring” input combinations simplify
_ “Neighboring”: inputs that differ by a single signal
" The Uniting Theorem: A(B +B) = A £
eg., AB+AB = ABC + ABC = AB

- @oal: Find neighboring subsets of the On Set to eliminate variables and
simplify the expression

- Technique: A Karnaugh map (“K-map”) is a method of rearranging a
truth table to visualize the terms that can be simplified with the uniting

theorem

12
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Karnaugh Maps

| Rearrange truth table into a 2D
grid with inputs on the edges
and outputs in the grid cells

~ If more than 2 inputs, group
them along the edges and
write out all combinations
neighboring cells change only
by 1 input (“Gray code”)

CSE369, Autumn 2026
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Karnaugh Maps

- Can also draw it using brackets instead of bits. A bracket means the bit is
“asserted”/1 in those columns or rows

A
4 Inputs: P
AB AB A )
CD\ 00 01 11 10 cD i——1
00 S 0=0
, |
) - : D= |
11
C —
10 ; DE=§

/ 14
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K-map Example: Majority Circuit

- Filling in a Karnaugh map:

© foW
o) A . AB v 4 v
A ( c\_ 00 01 11 10
) 0
| ﬁ[o \ 0 O @, \ O
1 OV | ] l

o Each row of truth table corresponds
to ONE cell of Karnaugh map

[_oj

R P OO R, FPR OO
e

R O R O FR OFk OIN

'I""_"""‘"'h"d__""‘h.,

R R, P, O FL, OO OImMm

7 Note the jump when you go from
input 011 to 100
(most mistakes made here)

15



WA/ UNIVERSITY of WASHINGTON L3: Karnaugh Maps, Simulations CSE369, Autumn 2026

K-map Example: Majority Circuit

- Filling in alternate Karnaugh map:

BC
AN, 00 01 11 10
11 0

o Each row of truth table corresponds
to ONE cell of Karnaugh map

R R, R, R, OO0 OoOIP
R P, OOk FEF OO|W
R O R O Fkr OFk O|N0
R PP OPRFR OO O|m

7 Note the jump when you go from
input 001 to 010 and 101 to 110
(most mistakes made here)
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K-map Simplification

- Group neighboring 1’'s with circles
| Each circle becomes an equation term
_ Make sure all 1’s are circled

- F=BC+ AB+ AC

~ Larger groups become smaller terms Q
Single cell can

be part of
' Vertical group of two 1’s — AB many groups

_IThe single 1 in top row — ABC

_ If entire lower rowwas 1’s = C

17
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General K-map Rules AeCD + kBCD + ABCD

rsc0+ ReCO
- Only group in powers of2- | CD 00 01 11 10
| Grouping should be of size 2! x 2] -

\.

00| Do |o|Q]|
Ll Applies for both directions 01“ 0 (1_T 0 2
o Wraps around in all directions 11‘ 0 @@
. 16 1,0 0|1
- Always choose largest groupings possible ﬁ
I Avoid single cells whenever possible 1) NOT a valid group

2) IS avalid group

3) IS avalid group
- F=BD+ + ACD

5) 1of2good
choices here

18
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K-Map Example

- F=AD+BD+ BC+ ABD 1

AB A
CD\ Q0O O\ I o1

FTD—Y&C cq0 | O|D 0
ol |[TTT 1T |_)4

D
Clil
[’Ioﬂ{fk

A

19
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Don’t Cares

L3: Karnaugh Maps, Simulations

~ Use symbol X’ to mean it can be eitheraOor 1

_ Make choice to simplify final expression

AB A
CD | |
o|o|®|oO
1V 13 © @ )
C1 1{0|0
|0 Rio]|o0
| B |
Let all X = O:
F=RAD + 5 0D

A A
CD\AB - 1 CDAB | 1
0 o(ﬁjo olo|@®|o0
1 T\ 1 1 1)
_ ,),t D -@%-k = ID
1|/ o]0 111){0]|0
AN _ o P _
0[j})o0]|0 0(®|0]|O0
|/B ] l 2 ]
Lletall X =1 Choose wisely:
=
= AD +

20
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Two-Level Simplification (at SCALE!)

- As an aside: K-Maps are for < 4 dimensions

- For more, we use a computer implementation of
the same technique called the “Quine-McCluskey
algorithm”

| This is part of what Quartus is doing when you hit the
“synthesize” button

CSE369, Autumn 2026
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LIKE

BOOLEAN
2 EQUATIONS

JOBEEART

22



WA UNIVERSITY of WASHINGTON L3: Karnaugh Maps, Simulations CSE369, Autumn 2026

Miso Moment

\VL* 2Ll

23
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Lecture Outline

- Debugging, Simulations and Waveform Diagrams
- Karnaugh Maps (K-maps)

o Avoiding Hazards

- Design Examples

24
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Timing Diagrams Matter

Who is in charge?
* Pilot?

* Copilot?

* Autopilot?

Copilot Autopilot Request

A
Pilot in Charge? —; I

Pilot Autopilot Request

Autopilot Engaged

25
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Circuit Timing: Hazards/Glitches

- CirCUitS can tempOI‘a rlly go to Copilot Autopilot Request B

incorrect states! Pilot in Charge? Autopilot Engaged
_ Assuming gate delay of 1 ns/ 3 ticks Pilot Autopilot Request C

CAR |1

gp:,(;—lyoij DR R :ji::
PAR |1 |

A

i

R

AE

26
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Circuit Hazards

- Momentary wiggles in output of combinational logic before it “settles”
on the right answer ZH
_ Mostly doesn’t matter (we’ll see why next week) 3@0\. /%
_ But when it does matter, it can make the plane crash@
| Can be avoided with redundant gates (eg, not fully simplified equations)

- Classification:
| “Static-0” (output spikes to 1 before settling to 0) J

« Only a problem for PoS equations

| “Static-1” (output dips to 0 before settling to 1) r—'_j"""

« Only a problem for SoP equations
_ “Dynamic” (lots of wiggles) W
27

s




WA/ UNIVERSITY of WASHINGTON L3: Karnaugh Maps, Simulations CSE369, Autumn 2026

Static hazards visualized “ZiC
k&

Copilot Autopilot Wequest
Pilot ih Charge?

Pilot Autopilot Request

P& |P/m”

0L
0
' leElDiNe

C

28
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Design Tradeoffs

Copilot Autopilot Request
Mm"_nal Pilot in Charge? — Autopilot Engaged
logic
Pilot Autopilot Request

Copilot Autopilot Request
No static —|>o—D |
Pilot in Ch ? —H _
hazards llot In Charge { D___D— Autopilot Engaged

Pilot Autopilot Request —

29
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Lecture Outline

- Debugging, Simulations and Waveform Diagrams
- Karnaugh Maps (K-maps)

~ Avoiding Hazards

- Design Examples

32



WA/ UNIVERSITY of WASHINGTON L3: Karnaugh Maps, Simulations CSE369, Autumn 2026

Desigh Example: 2-bit Adder We'll need a new k-map

for ggch output
\in

- Block Diagram and Truth Table:

\ A B C D X Y Z
\\ '_f 0 0 : 0 0 0 0 0
i\ ‘,J"V\QQQO 0 070 110 0 1

% & & 0 0;1 0|0 1 0O
[ A— S 20 _ 0,1 110 1 1

B — n, O 1,0 0|0 0 1
i o 1,0 1({0 1 O
t =3 D 0 1!'1 o]0 1 1
c— ‘ 0 111 1]1 0 o0
D —f ®2 - 1 0!0 0|0 1 o0
5 1 o0/0 1|0 1 1
1 0!1 o1 0 O
21 041 111 0 1
1 110 of0 1 1
1 1!0 1|1 0 O
1 111 0|1 0 1
1 111 1|1 1 0

33
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Desigh Example: 2-bit Adder Y\‘“‘D\"’j’
\< -Map 1or -Map 10r -mMap 1or
ISOIPI Syt SR SN

JEIEIEN 0|01 |1} o|(1]1)[o|
JEIAE 0 (1) o [ 1 o]oy1
_ D - D - D
o (kD) 1 %(T)O 0ol 1
C C — . C . i
[ofofa]1) 1jo]fo _olfff)o
B B B
X=ACHx ALD T 3D
Y =
Z = 100 + 60 =  wol ©

34
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Case Study: Seven-Segment Display

- Chip to drive digital display

B3 B2 Bl BO
0 0 0 0 0
0 0 0 1
0 0 1 0
0 0 1 1
0 1 0 0
0 1 0 1
0 1 1 0
0 1 1 1
1 0 0 0
1 0 0 1

CSE369, Autumn 2026
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Case Study: Seven-Segment Display

- Implement L5:

co\" (oW

B3 B2 B1 BO| LS
o 0%0 o 1S

0 O ( 0O 110

o o0¢1 o01]oO0

0 o (1 1|0
~0 1?& o o1

0 1 : 0 1|1

0o 1 1 01

'Lﬁ—o 1 (1 _itjo

1 0) 0 01]1

1 0/ 0 1]1

)

L3: Karnaugh Maps, Simulations

CSE369, Autumn
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7-Seg Display in Verilog <cs

module seg7 (bcd, leds);
input logic [3:0] bcd;
output logic [6:0] leds;é(

O
always_comb #//”’F'-T ‘
case (bcd)
// 3210 6543210 .//\ 7
4'b0000: leds = 4
23
(e

4'b0001: leds = 7'b0000110;
4'b0010: leds = 7'b1011011; — — QQ,
4'b0011: leds = 7'b1001111; \e

4'b0100: leds 7'b1100110;
4'b0101: leds 7'b11601101;

4'b0110: leds = 7'b1111101; ‘ J
4'b0111: leds = 7'b0OOO111; !
4'b1000: leds = 7'b1111111; l
4'b1001: leds = 7'b1101111; [
default: leds = 7'bX;

L - — i

endcase
endmodule \

38
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Practice Problem: Rock-Paper-Scissors

- Rock (00), Paper (01), Scissors (10) PL | PO
I . .
for two players PO and P1 g‘ g | g g Win} Tie
|
© Output: Win = Winner’s ID (0/1) 00 i 0 1
Tie = 1 if Tie, O else 0 o0l1 1
0O 1/0 0
AB Win , 0 1,0 1
CD . ! o 1!/1 o0
o0 1,1 1) )
1 O I O O
i 1 0!o0 1
D 1 0 I 1 O
I 1 051 1) )
C - 1 110 O
1 110 1
l , , 1 111 0
B 1 111 1]

39
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