Name: Sample Solution

UWNetlD:

CSE 332 Winter 2019: Midterm Exam

(closed book, closed notes, no calculators)

Instructions: Read the directions for each question carefully before answering. We will
give partial credit based on the work you write down, so show your work! Use only the
data structures and algorithms we have discussed in class so far.

Note: For questions where you are drawing pictures, please circle your final answer.

Good Luck!

VERSION |

Total: 100 points. Time: 60 minutes.

Question | Max Points Score
1 18 Big-O
2 16 Code Analysis
3 9 Theta, etc
4 8 Heaps
5 6 AVL
6 9 Find Recurrence
7 10 Solve Recurrence
8 8 BTrees
9 5 BTrees
10 7 AVL
11 4 Heaps
Total 100




1. (18 pts) Big-Oh

(2 pts each) For each of the operations/functions given below, indicate the tightest bound
possible (in other words, giving O(2V) as the answer to every question is not likely to
result in many points). Unless otherwise specified, all logs are base 2. Your answer
should be as “tight” and “simple” as possible. For questions that ask about running
time of operations, assume that the most efficient implementation is used. For array-
based structures, assume that the underlying array is large enough.

You do not need to explain your answer.

a) Inserting an element into a binary min heap O( \>
containing N elements. (BEST case)

Z
b) f(N) = 200 log (N?) + 5 (log N)? OU O% N >

B
/ \
/

¢) Finding and removing the largest item in a O ( \ \
binary search tree containing N elements. (BEST case)

<7
d) TIN)=T(N-1)+N 0<N2>
&) f(N) = logs(N?) + logs (2V) O ( NB

f) Printing all values less than a given value in an O Q\‘B
AVL tree containing N integers. (worst case)

g) T(N) = T(N/2) + 17 Q UD% ‘\\3

h) Push in a stack containing N elements implemented O (,\ \
using singly-linked list nodes (worst case)

7

1) Using deleteMin() to remove theﬁog Nsmallest ( \ Z M>
elements in a binary min heap containing N elements. O 0
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2. (16 pts) Big-Oh and Run Time Analysis: Describe the worst case running time of
the following pseudocode functions in Big-Oh notation in terms of the variable n.

Your answer should be as “tight” and “simple” as possible. Showing your work is
not required.

I. void sledding(int n) {

int sum = 0;
for (int 1 = 1; i < Math.pow(2, n); i *= 2) {
if (i < 10000000) { Runtime:

for (int j = 0; j < Math.pow (2, 1i); J++) {

} sum++; d\(\\%‘-\»

} else {
for (int k = 1; k < n; k *= 2) {
sum—--;

}

}
}
print ("done!") ;
}
IT. int snow(int n, int ball) {
if (n < 200) {
return n / 2;

} else if (n < 3000) {
for (int 1 = 0; 1 < n * n; i++) { <> (\

ball++;

}
return ball;
}
ball += snow(n / 2, ball);
return n * snow(n / 2, ball);
}
ITII. void snowshoe (int n, int sum) {
int j = 0;
while (J < n)
for (int i 0; 1 < n; 1++) { >

} sum++; O ((\Z

for (int k n; k > 0; k = k/2) {
sum++;

—_~

}
Jt++;
}
1
IV. void skiing(int n) {
for (int i = 0; 1 < n; 1 =1 4+ n/2) {
for (int J = n; j > 0; j =

- n * 2) {
print ("downhill"); <><\VB

}
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3. (9 pts) Big-0, Big Q, Big ®

(3 pts each) For each of the following statement, indicate whether it is always true,
sometimes true, or never true. You do not need to show any work or give an
explanation. You should assume that the domain and co-domain of all functions in this
problem are the natural numbers.

a) f(n)is O ((f(n))*)

Sometimes True Never True
b) f(n) +g(n) is ©® (max{ f(n), g(n) } )

Sometimes True Never True

c) f(n)*nis® ((f(n)?*)

Always True ( Sometimes True ) Never True
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4. (8 pts) Binary MAX Heaps

Suppose you are given a binary MAX heap. This is identical to the binary min heap
discussed in lecture except that the value stored at the root is the largest in the heap. For
this problem we will assume no duplicate values may exist in the heap.

a. At what depths in the tree (distance from the root) can the fourth-largest
value occur? List all depths where the value might occur.

, 2,3

b. Draw an example of a binary MAX heap tree of integers (do not draw the
array) where the fourth-largest value occurs at the minimal possible depth.
Be sure you draw an integer for each node in the tree and that you draw
a box around the 4t largest value.

c. Draw an example of a binary MAX heap tree of integers (do not draw the
array) where the fourth-largest value occurs at the maximal possible depth.
Be sure you draw an integer for each node in the tree and that you draw
a box around the 4™ largest value.

/

9
/' \
¥ 0
/

|
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5) (6 pts) AVL Trees

You are given an AVL-Tree of height 5 and you are told what the largest key in the tree
is. If you are doing a pre-order traversal of the tree, how many nodes in the tree will
you visit before you encounter the largest key? Give your answer as a single number
(not a mathematical expression) but explain your answer briefly.

a) Inthe BEST case, what is the minimum number of nodes you would visit (include the
largest key in your count of nodes)? Explain your answer briefly.

The winimum  numbey o€ modos h an RUL Yo €
leisht S 13 20 Howevtr He VDW\' sde of W‘\Tff,
(D |+ 2o=Y  ced ol llee A
SY= | *+4*2=t  Thus with 2 w A N
S(Y) =\ IM=1e ‘Hb\}trg:\&;u (:how e K@’
= < s Shn & ﬁchr\
5(5) -\ TeTtezd s\ggeéi Kﬂaﬁ-vnﬂ’ st ts “
et o4, Se o ots|
o% A nodes visted.

r
!
’

(1

b) Inthe WORST case, what is the maximum number of nodes you would visit?
(include the largest key in your count of nodes) Explain your answer briefly.

/\’\Q A U V\Umber 5F npdes W an AVL Yree ot
\/\e\ﬂlxﬁr 5 would be N s Vr\‘\fd tree |

jz‘=z'\ = (Y- =63 noks

\v\ Mo LT @S Lpou oo need o visit
2«\1 o J(l/\es-c no 4 S,
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6. (9 pts) Recurrences

Give a base case and a recurrence for the runtime of the following function. Use variables

appropriately for constants (e.g. c1, C2, etc.) in your recurrence (you do not need to
attempt to count the exact number of operations). YOU DO NOT NEED TO SOLVE

this recurrence.

int cake(int n) {
if (n < 10) ¢{
return 1000;
} else if (cake(n/4) < 100) {
for (int 1 = 0; 1 < n * n; i++) {
print i;
}

}
for (int 1 = 0; 1 < log(n),; i++) {
print ("Cakes have layers!");

}

return cake(n/3) * n + 10 * cake(n/3);

T(n) = CO Forn <10

T(n) = /\(%\, ! C’\. \ch( U\\ M Q\T(jz\/) T cl Forn>=10

Yipee!!!l you DO NOT neep 1o soLve this recurrence. ..
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7. (10 pts) Solving Recurrences

Suppose that the running time of an algorithm satisfies the recurrence relationship:

T(1) = 10.
and

T(N) = 2*T(N/2) + 9N for integers N > 1

Find the closed form for T(N). You may assume that N is a power of 2. Your answer
should not be in Big-Oh notation — show the relevant exact constants and bases of
logarithms in your answer (e.g. do NOT use “Cy, C2” in your answer). You should not
have any summation symbols in your answer. The list of summations on the last page of
the exam may be useful. You must show your work to receive any credit

. }\)=g h:(?jz'\)
TN =2-T)*2 N I
B2 A N /N
= 9N \ 7_"; + 1D 7 g4
L=D

\
(\
l_
—+
-5
Z

T(N)

32 T(>+7,7 “'2‘?”‘*’7/\/
- l%,/r(/'\z%>+ IN +9 N 9N
2 TUE)

e AR LY >

)

M= 22
2}:0']2- T U\ 'D‘\]—Ld o 70\] ¢ = \DSL'\/

:N\D'\"CIN SL

[
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8. (8 pts total) B-Trees:

a) (6 pts) Given M=7 and L=11, what is the minimum and maximum number of leaf
nodes in a B-Tree (as defined in lecture and in Weiss) of height 5? Give a single
number or a single number with an exponent for your answers, not a formula. For
any credit, explain briefly how you got your answers.

Minimum number of leaf nodes: 5 \ ?/'
S

Maximum number of leaf nodes: 7-

. (bb'\_ —>
Explanation: \
Vi

Minl mum JQ lesf /\DJ\QS:— : 7 ‘%\
K :Z'UD;Q_:ZJL:SlZ,

I\

pin, =H'
pom\“f M W\W g ?\\
AT '\v\b( na\ noles

%
5 \o
Mo # oF e nolis = 0 = = AP

(Mex # 2% portrs sy esh level 1S +, 15 l{vc\s>

b) (2 pts) Assuming a well-constructed B-tree, with nothing cached in memory, what is
the minimum number of disk blocks we would need to examine on a find operation in
the B-Tree described above? Explain your answer briefly. _%

i Q

FYSSIAW\'W%f esdh vode s em*rclﬂ m > s'mj\@
Qiele blnck, then we would reed To
one.
e AduW & aAY le st S Wkerns|  mdes \QJ”

\/
L
1 ot node = (b Jid Vs Fotel Q
Vi
Lo

eavﬁo\t/ >\/¢
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9. (5 pts) B-trees - Give a tight big-O running time of the worst case of an insert
operation on a B-tree (as described in lecture and in Weiss). Keep all factors of M, L,
and N in your answer. Do not use any other variables in your answer. Explain briefly

how you got your answer. ‘93’\Wysezroh o level s

N NS—"

Biher Starh n M prs St e \f\rel “ DC[DJZA/\ ’ IDB»MM>
J M 85( 4 e correct Y=t ke
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ok
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10. (7 pts) AVL Trees
We have an AVL tree that contains the integers 1, 2, 3, ...20. We do not know what order

the values were inserted into the tree. List all possible values that could appear as the
root. For any credit, briefly explain your answer.

SO‘L{D\ AIQQ{VW\T WL Trers cwld Possible Values for the root:
have The wlus | -20 sl Xhest 5 Q/s \6}]&
Jolues v e oot Hert s One W) /
Yo (,’ov\s)\— vuct & b b sudh s

\ ( (_vru‘rv/‘W‘
\Mbao, )

CBV\ i 1_ V\OiQ ‘gw»\ ﬁ7h1‘ Sb(b-h"e(/

Wiy left cubtree one st 2 e
owerds 2 ?ulfezx tree, o The

. ‘\o»{\ldin
(UJ \eft 694\;0&@} + covey Al m
' pass?bu < zes of  subhrees m behwen
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11. (4 pts) Heaps

You are given a valid array-backed D-heap that stores the smallest value in the heap at
index 0. Your friend proposes an alternative implementation for deleteMin() that
proceeds as follows:

1. Remove and return the element at index 0.

2. Define index 0 as “the hole”.

3. Find the smallest value x out of all the immediate children of “the hole”.
4. Move that value x into “the hole”. Redefine “the hole” as the vacant index
previously occupied by value x.

5. Repeat steps 3-4 until “the hole” has no children.

a. Given a valid D-heap, give a tight big-O running time of the worst case of
this new implementation in terms of N and D. KEEP all D and N terms in
your answer, do not simplify your answer by removing D terms.

Briefly explain your answer.

oD o)

v oF eyt
<~ o\, y —h) -GV‘J{‘HML

7A(3Y .30 \e\/€l/ muds eremine uf T D ol V‘e\r\\m\ Y
Slm\\eﬁ‘\‘ Jale , Yhen move It u‘>. Do s once ter ) Sfar “ﬂ/

sk he @t, going down o & kT wade.

b. Would this algorithm be an acceptable implementation of deleteMin()?
Briefly explain why or why not.

No | IF could Kave holes  1n The tree ”'I7L
Would no \OV\3M YW o CDYV\F\CJ((, ‘e
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