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Announcements

<+ EXO02 out

" |f you haven’t already, read the instructions and get the
introductions done (due tonight)

<+ EXO03 out
= Widely considered the hardest exercise, but you have 2 weeks
= Start early

+ Project 1 checkpoint due tomorrow night

" You won’t be graded down for not finishing, but know that the
second half is much more involved.

+ Readings on website :D
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Lecture Outline

<+ Thinking about Runtime: Tries

<« Tree Review!!

« Recurrences
= Analyzing Recursive Code
® Expansion Method
- Binary Search example
" Tree Method

« Binary Linear Sum example
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Question 1 (follow along!):

What is the runtime for the following methods in a Trie?
+ 1lnsert

« find

«delete
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Tries again: Runtime?

+ insert(k) |
+ £ind(k) O (D) O(V\ ~ € O(\\

+ delete(k) o (J\
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Review: Tree Terminology

+ root(T): A

« leaves(T): DEF ) )¢ LMW | O @

Tree T

<« children(B): Q ’E
« parent(H): Q\

+ siblings(E): D -

« ancestors(F): P\E \
= descendants(G): 4| =\ \ ﬁ&
+ subtree(G):

+ height(G): 7 _

« height(T): ‘/\
« degree(B): 3 L\ ° ° m o
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Types of Trees
Binary tree Every node has < 2 children
N-ary tree Every node has < n children
Perfect tree Every row is completely full

All rows except possibly the bottom are
Complete tree completely full. The bottom row is filled from
left to right

Perfect Tree

Complete Tree



W UNIVERSITY of WASHINGTON LO4: Algorithm Analysis: Recurrences CSE332, Summer 2021
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Analyzing Code (Review)

+ Basic operations take “some amount of” constant time
= Arithmetic (+,-,%,/, %)
® Assignment (=)
® Access one Java field or array index (Object.field, arrl[i])
" Etc.
® (Again, this is an approximation of reality)

Recurrence (Recursive code?) Solve recurrence equation

11



W UNIVERSITY of WASHINGTON LO4: Algorithm Analysis: Recurrences CSE332, Summer 2021

Analyzing Iterative Code: Linear Search

Find an integer in a sorted array

2 3 5 |16 |37 |50 | 73 |75] 126

// requires array is sorted
// returns whether k is in array
boolean find(int[] arr, int k) {
for(int 1i=0; i1 < arr.length; ++1i)
if(arr[i] == k)

return true; Best case: 8 “ish” steps € O(1)
else if(arr[i] > k)
return falsej; Worst case: 8 “ish” * (arr.length) + 1
return false; € O(arr.length)

Runtime expression:

T = F:nt] .
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Analyzing Recursive Code _)O/ g v
| | | o | I I
+ Computing runtimes gets interesting with recursion O o © ¢

« Example: compute something recursively on a list of size n.
Conceptually, in each recursive call we:

® Perform some amount of work; call it w(n)

® Call the function recursively with a smaller portion of the list

W;Trg
+ If reduce the problem size by 1 during eac iveCall, the

runtime expression is:
® Recursive case: T(n) = VM + T(n-1) T( ) _ W (,\)-\-‘[ (r\~\>>
® Base case: T(1) =5= O(1) 8= 5 \_( n= \

+ Recursive part of the expression is the “recurrence relation”

13
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Example Recursive Code: Summing an Array

« We can ignore sum’s contribution to the runtime since it’s
called once and does a constant amount of work

+ Each time help is called, it does that a constant amount of
work, and then calls help again on a problem one less than

previous problem size

<« Runtime Relation:

= C

Tn)= C, ‘\—T(,\,\\

in
}

].’l

\

U

t sum(int[] arr) {
return help(arr Q).

(’\tﬁ\u l
help (int[]arryInt

arr.length)
return 0;
return arr[i]

+ help(arr,
——

i+1);

L

14
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Question 2: Survey
« How comfortable are you with Recursion right now?

+ What’s your best guess for how we’ll find a Big O bound from our
piecewise function?

15
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Solving Recurrence Relations: Expansion (1 of 2)

» Now we just need to solve our recurrence relation

" je, reduce it to a closed form VQ\M.N [y '”’4. b\
Crre
+ Use Technique #1: Expansion —¢=| \
Ve ¥V

= Also known as “unrolling”

VAP -1
+ Basically, we write it out to find the general-form ex an5|on
T(n) = 5 +T(n-1) \ f>
=545+ T(n- 23 2 TU)= bn—b+5

5+5+[5+T(n3) ?
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Solving Recurrence Relations: Expansion (2 of 2)

« We have a general-form expansion:
T(n) = 5k + T(n-k)

+ And a base case:
T(0)=3

«» When do we hit the base case?
" Whenn-k=1

17
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Example Recursive Code: Binary Search 0O u‘a"\

2k

Find an integer in a sorted array

2 3 5 | 16

// requires array is sorted

// returns whether k is in array

boolean find(int[]arr, int k) {
return help(arr,k,0,arr.length);

}

boolean help (int[] arr, int k,
int mid = (hi+lo)/2; // i.e.,
=== i s caTT R M Y-

ﬂr\_l_\_/ g e
“l‘ —)if (arr[mid] == k) return true;
return help(arr,

,r{f,‘, =Y if (arr[mid] < k)
return help(arr,

4:‘%Qelse
}

int 1lo,
lo+ (hi-1lo) /2

int hi) {

kr mJ-dinl);
k, i;":ﬁ;
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Recursive case:

'/’/\ Base case:
1\\%_ (/) B TH=

A(n)= L~ ’l’l"\

// requires array is sorted

// returns whether k is in array

boolean find(int[]arr, int k) {
return help(arr,k,0,arr.length);

}
boolean help(int[] arr, int k, int lo, int hi) {
int mid = (hi+lo)/2; // i.e., lo+(hi-1lo)/2

1f (lo==hi) return false;

if (arrqmidl] == k) return true;

if (arr ] < k) return help(arr, k, mid+1, hi);
else - return help(arr, k, lo, mid);

20
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Technique #1: Expansion

1.  Determine the recurrence relation and base case

IF N== ’
T = g €y
2. “Expand” the original relation to find the general-form
expression in terms of the number %( expansions
=0, + Tta) . e
2 z T(—l\—)

= C, +(c,+ T(%’zjj

= C7_+((-7_+' (Cz +TI_'L

%) §
= e et (L) k.
3. Find the closed-form expression by setting the number of
expansions to a value which reduces to a base case

Bose Crel T('\)""C’L”LT@: A TO)
"/n_) = n-c,t M
VJNJ\’; :l T

Ly kﬁ-Q%ﬂ = G C'

e & (L) :
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Summing an Array, Again

Two “obviously” linear algorithms:

int sum(int[] arr) {
Iterative: int ans = 0;
for (int 1=0;, i < arr.length; ++1i)

L{\ ans += arr[i];
return ans;
, . |
Recursive: int sum(int[] arr) {
return help(arr,0); )

}
‘\ int help(int([]arr,int i) {
C) if (i == arr.lenggh)
return 0; s

return arr[i] + help(arr, i+1l);

}

23
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Summing an Array, Again

+ What about a binary version of sum?

® Can we get a BinarySearch-like runtime?
¢, . n==0
T = cl, o A==

int sum(int[] arr) {
return help(arr, 0, arr.length);

int help(int[] arr, int lo, int hi) {
if(lo == hi) return 0;
if(lo == hi-1) return arr[lo];
int mid = (hi+lo)/2;

return help(arr, lo, mid help (arr, mid, hi)y
\ P ( ).@L P ( 3

! e r

CSE332, Summer 2021
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Technique #2: Tree Method

+ ldea: We’ll do the same reasoning, but give ourselves a visual
to make organization easier

+ We'll make a tree
® Each node of the tree represents one recursive call
® The children of that node are the new recursive calls made

25
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Summing an Array, Again (4 of 5) 1= L6 2rig omese
MR IR VIR l
C, O | ¢, iolf{w >
/ \ C} S J
C3 C ‘ 17 14

C3 C_3 C3 Cg ’L Y u ta,
: : L T UG
/ \C - CZ/\C Cz \CL
¢, 2 2 ‘\,\ :
Cy 1 -
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Summing an Array, Again

<« Runtime is:

()

CSE332, Summer 2021

+ Observation: it adds each number once while doing little else

® Can’t do better than O(n); have to read whole array!

int sum(int[] arr) {
return help(arr, 0, arr.length);

}
int help(int[] arr, int lo, int hi) {
if (lo == hi) return 0;
if(lo == hi-1) return arr[lo];
int mid = (hi+lo)/2;
return help(arr, lo, mid) + help(arr,

mid, hi);

27
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Parallelism Teaser

+ But suppose we could do two recursive calls at the same time

If you have as much parallelism as needed, the recurrence
becomes

e T(n)=0(1)+1T(n/2)

int sum(int[] arr) {
return help(arr, 0, arr.length);
}
int help(int[] arr, int lo, int hi) {

if (lo == hi) return 0;
if(lo == hi-1) return arr[lo];
int mid = (hi+lo)/2;

return help(arr, lo, mid) + help(arr, mid, hi);

28
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Really Common Recurrences

Recurrence Closed
Relation Form

T(n) = O(1) + T(n/2) O(log n) Logarithmic Binary Search
. Sum
T(n) =0(1) + T(n-1) O(n) Linear (v1: “Recursive Sum”)
Sum
T(n) = O(1) + 2T(n/2) O(n) Linear (v2: “Recursive Binary
Sum”)
T(n) = O(n) + T(n/2) O(n) Linear
T(n) =0O(n) + 2T(n/2)  O(nlogn) Loglinear MergeSort
T(n) = O(n) + T(n-1) O(n?) Quadratic

T(n) =0(1) + 2T(n-1) 0o(2") Exponential Fibonacci
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