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Announcements

+ Interviewing Lecture Confirmed! @ @ @
= Next Friday, August 14th

" Lecturer: Katherine Wang
« Instructor for CSE 492J - Landing a Job in the Software Industry
- Veteran 332 TA
« Now at Google Full-Time

« And by popular demand... Mock interview “section”!
= Will take the place of last week’s section
"  First come first serve timeslots ®
= More info as we get closer...

pollev.com/332summer :: tinyurl.com/332-08-07A
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Lecture Outline

+ Graph Definitions

+ Graph Representations
= Adjacency Matrix
= Adjacency List

pollev.com/332summer :: tinyurl.com/332-08-07A
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Graphs

« A graph is represents relationships among items
= Very general definition because it’s a very general concept

: : v
« A graphis apair: G = (V, E) "@‘ Han ke
[}
= A set of vertices, also known as nodes
V = {Vl ’ V2 7 ey Vn} aébj‘ 2 Leia

"= A set of edges, possibly directed

E - {el, e2, e g em} S Dl& (‘
- Each edge e; is a pair of vertices v Vi)

V = {Han, Leia, Luke}
E = {(Luke, Leia),
(Han, Leia),

« An edge “connects” the vertices ,
(Leia, Han)}

E-Aje 2
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Is a Graph an ADT?

« tl;dr: maybe
" They have operations like hasEdge ( (Vy,Vy))

= But it is unclear what the “standard operations” are

+ Instead:

= We tend to develop algorithms over graphs and then use whatever
data structure is efficient for that algorithm

« Many important problems can be solved by:
1. Formulating them in terms of graphs
2. Applying a standard graph algorithm
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Some Graph Examples

CSE332, Summer 2020

+ For each of the following, what are the ve\r/tices and theEedges?

= Web pages with links Page

" Facebook friends g lflp_

® Methods in a program that call each other p'ICH, ,15
= Road maps (e.g., Google maps) De{" Mjft.au
= Airline routes Ao P°Y%

= Family trees Pespe

= Course pre-requisites (oavs o

« Wow! Using the same algorithms for problems ac

L.k
Fflell/g

fp\lmj lZala{', ""L‘f
'ﬁﬂatb

KUU&E S
Efl W‘lm. altfp
Prl! '1'u\'-4q

ross so many

domains sounds like “core computer science and engineering”
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Undirected Graphs

« In undirected graphs, edges have no specific direction
= Edges are always “two-way”

c,lgj A=z A
"lfj (=3
Elge 04@ (d)-1 °

« Thus, (u,v) € Eimplies (v,u) € E

D

= Only one of these edges needs to be in the set; the other is implicit

« Degree of a vertex: number of edges containing that vertex
= j.e.: the number of adjacent vertices
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Directed Graphs

« In directed graphs (aka digraphs), edges have a direction

A
%QC i Q\J
B 2 edges here
« Thus, (u,v) € Edoesnotimply (v,u) € E
" (u, v) € Emeansu — v, uisthe source and v the destination

2 St

« In-Degree of a vertex: number of in-bound edges I.‘(,Rj T2
= j.e.: edges where the vertex is the destination 1a () <D

+ Out-Degree of a vertex: number of out-bound edges ()«t (K) - (
= j.e.: edges where the vertex is the source
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Self-edges
+ A self-edge (aka a loop) is an edge of the form (w @
+ Depending on the use/algorithm, a graph may have:

= No self edges

= Some self edges

= All self edges (therefore often implicit, but we will be explicit)

+ A node can have a degree / in-degree / out-degree of zero
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. D
Adjacency (1 of 2)
A
C
o If (u,v) € E
= Then v is a neighbor of u, i.e., v is adjacent to u B
® For directed edges, order matters
- uis not adjacentto vunless (v,u) € E v = {A, B, C, D}
<\ E = {(C, B),
(A, B),
(B, A)
(C, D)}

10
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. D
Adjacency (2 of 2)
A C
+» ForagraphG = (V,E): | | "’“’"‘“’"nl
= | V| is the number of vertices ot o c_| B

)

= | E| isthe number of edges S22"

« Minimum size? lE’

-o0 [E) for hoe gpr\

« Maximum size for an undirected graph with no self-edges"
- |VIIV-1]/2 € O(|V]?)
« Maximum size for a directed graph with no self-edges?
- |V |V=-1] € O(IV]?)
- If self-edges are allowed, add | V| to the answers above (applies to both

unle.cted and dlreoﬁed gra\lp-has;) CN(A-|& V- ng es

by
vl {iv-1)

N

11
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Graph Examples, Again

« For each of the following, which would use directed edges?
Which would have self-edges? Which might have 0-degree
nodes?

= Web pages with links Aoctd  Sel € 0-Je9

= Facebook friends O ";ES \/\\

® Methods in a program that call each other 'l‘rmfl(} ScH’ U'flf)
= Road maps (e.g., Google maps) J'//bh |

= Airline routes 0- de"ﬂ

= Family trees Aot tel 0 -}tg

= Course pre-requisites ,)\',,,Lh,l D' AQ)

12
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Weighted Graphs

+ In a weighed graph, each edge has a weight a.k.a. cost
= Typically numeric (most examples will use ints)
= Some graphs allow negative weights; many don’t

(w,v,v) EF

Clinton 20 sr d) vc'~9M
Mukilteo
Kingston O% Edmonds
. . 35
Bainbridge Seattle
6

Bremerton

13
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Graph Examples, Once More Unto the Breach

« Do weights make sense for each of the following graphs?
What would they represent, and could those weights be
negative?
= Web pages with links
= Facebook friends
® Methods in a program that call each other V"f'fg\\st ?,
= Road maps (e.g., Google maps) \,Je\gl,h
= Airline routes Wc'r\tjh'\'g
= Family trees
= Course pre-requisites

14
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Paths and Cycles (1 of 2)

+ A path is a list of vertices [v,, v, ...,r\\?n] such that
(vy,vi,;) € Eforall0 < 1 < n
= You’d call it a path from v, to v,

« A cycle is a path that begins and ends at the same node

" 1€, Vo =T Vi Sy Chicago
‘

@ Salt Lake City

Seattle

« Example path: San Francisco

= [Seattle, SLC, Chicago, Dallas, SF, Seattle]
® Also happens to be a cycle!

Dallas

15
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Paths and Cycles (2 of 2)

« A graph that does not contain any cycles is acyclic

hicago Chicago

Salt Lake City

San Francisco

San Francisco Dallas Dallas

16
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Path Length and Cost

« Path length: Number of edges in a path
= Also called “unweighted cost”

« Path cost: Sum of the weights of each edge in a path

« Example: P = [Seattle, SLC, Chicago, Dallas, SF]

Chicago

Seattle length(P) = 4

cost(P) =9.5

San Francisco Dallas

17



W UNIVERSITY of WASHINGTON L20: Graphs 1 CSE332, Summer 2020

0 PO" E\IeryWhere pollev.com/332summer

« |s there a path from A to D? Does the graph contain any cycles?

\W

Yes / Yes
Yes / No g
No / Yes A C
No / No

I’m not sure ... B

18
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Undirected Graph Connectivity

« An undirected graph is connected if for all pairs of vertices
u, v, there exists a path fromutov

Connected graph isconnected graph

« An undirected graph is complete (aka fully connected) if for all
pairs of vertices u, v, there exists an edge fromuto v

X of adyeg
o(v)

(not pictured: self edges)

19
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Directed Graph Connectivity

« A directed graph is strongly connected if for all pairs of vertices
u, v, there exists a path fromutov

« A directed graph is weakly connected if for all pairs of vertices
u, v, there exists a path from u to v ignoring direction of edges

« A directed graph is complete (aka fully connected) if for all
pairs of vertices u, v, there exists an edge fromuto v

mae H of echges 0(‘:/2)

(not pictured: self edges) 20
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Example Graphs: Dear Friends, Once More

« For undirected graphs: connected?

« For directed graphs: strongly connected? weakly connected?
= Web pages with links C'J““C"I‘Eal.)
= Facebook friends
® Methods in a program that call each other
= Road maps (e.g., Google maps)
= Airline routes (mqne d’e.
" Family trees (ow u{\f} o ek (0'\0+M
= Course pre-requisites

21
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Trees as Graphs

« A tree is a graph that is:

Example:
" undirected /£
= acyclic @ G

" connected

+ So all trees are graphs, but not all graphs are trees

«» How does this relate to the trees we know and love?...

00—C

22
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Rooted Trees (1 of 2)

« We’ve previously worked with rooted trees, where:
= We identify a unique (“special”) vertex: the root
= We think of edges as directed: parent to children

« The same tree can be redrawn as multiple rooted trees
depending on which node you pick as the root

) (A)
(B) redrawn
g => @&
O © ¢
©
G ©
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Rooted Trees (2 of 2)

« We’ve previously worked with rooted trees, where:
= We identify a unique (“special”) vertex: the root
= We think of edges as directed: parent to children

« The same tree can be redrawn as multiple rooted trees
depending on which node you pick as the root

) (& )
(B) redrawn
© ) © ®C
o
©
(&)
(E
ON0
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Directed Acyclic Graphs (aka DAGs)

« A DAG is a directed graph with no directed cycles

+ Every rooted directed tree is a DAG
= But not every DAG is a rooted directed tree:

Not a rooted directed tree;
has an undirected cycle

« Every DAG is a directed graph (by definition!)
= But not every directed graph is a DAG:

Not a DAG; has a
directed cycle

25
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Graph Examples: Or Close the Wall Up

« Which of our directed-graph examples do you expect to be a
DAG?

= Web pages with links

= Facebook friends

® Methods in a program that call each other
= Road maps (e.g., Google maps)

= Airline routes

" Family trees  Dq 0)

= Course pre-requisites BU

CSE332, Summer 2020

26
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Density / Sparsity (1 of 2)

+ Recall:
" |n an undirected graph, 0 < |E| < |V]?
" |n a directed graph: 0< |E| £ |V]?

+» One more fact:

" |[n a connected undirected graph, |E| 2 |V|-1

= In a weakly connected directed graph, |E| 2 |V|-1 | connected graph,
2
®= |n a strongly connected directed graph, |E| > | V| Bl € Q(IV?)

CSE332, Summer 2020

So for any graph,
|E] € O(]V]?)

So for any

—

27
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Density / Sparsity (2 of 2)

+ We do not always approximate as |E| as O(|V|?)
® This is a correct bound, it’s just oftentimes not tight
C(W'ECTLE(‘ d Aem)e
+ If it is tight, i.e. |E| € ®(|V]?), we say the graph is dense

—_——

= |ntuitively: “lots of edges” (V)<< |E/

« If |E|] € O(|V]|) we say the graph is sparse
= Sparse: “most (of the possible) edges missing” M< ll-'l

28
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Graph Examples: Or Close the Wall Up

< Which of our graph examples do you expect to be dense? How
about sparse?

= Web pages with links S

= Facebook friends ¢

® Methods in a program that call each other S
= Road maps (e.g., Google maps) S

= Airline routes  clac D

= Family trees S

= Course pre-requisites_S

CSE332, Summer 2020

29
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Lecture Outline

« Graph Definitions

+ Graph Representations
= Adjacency Matrix
= Adjacency List

pollev.com/332summer :: tinyurl.com/332-08-07A

CSE332, Summer 2020

30
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What is the Data Structure?

« Is a Graph an ADT? Maybe!

= “Develop an algorithm over the graph, then use whatever data
structure is efficient”

« The “best” data structure can depend on:
= Properties of the graph (e.g., dense versus sparse)

. !
= Common queries ovr ﬁv\c‘lwwu
- e.g., “is (u,v) an edge?” vs “what are the neighbors of node u?”

« There are two standard graph representations:
= Adjacency Matrix and Adjacency List
= Different trade-offs, particularly time vs space

31



YA UNIVERSITY of WASHINGTON L20: Graphs 1 CSE332, Summer 2020

Adjacency Matrix: Representation

<« Assign each node a number from O to |V | -1
« Graphisa | V| x|V | matrix (ie, 2-D array) of booleans
" M[u] [v] == true meansthereisan edge fromutov

(Wv)E

A B C D
A F O F F
D
) C s (P F F F

32
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Adjacency Matrix: Properties (1 of 3)

+ Running time to:

= Get a vertex’s out-edges:

. O(|V]) 0(v)
= Get a vertex’s in-edges:

+ O(|VI) o)
= Decide if some edge exists:

- 0(1) O(\)
" |Insert an edge:

- 0(1) 0(,)
® Delete an edge:

. 0(1) W, (l)

+ Space requirements:

= |V|? bits

+ Best for sparse or dense graphs?

= Best for dense graphs

L20: Graphs 1

CSE332, Summer 2020

33
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Adjacency Matrix: Properties (2 of 3)

+ How does the adjacency matrix vary for an undirected graph?
® Undirected graphs are symmetric about diagonal axis

® [anguages with array-of-array matrix representations can save % the
space by omitting the symmetric half
« Languages with “proper” 2D matrix representations (eg, C/C++) can’t do this

A B C

- ™M M O

34
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Adjacency Matrix: Properties (3 of 3)

+ How can we adapt the representation for weighted graphs?
m Store the weight in each cell
= Need some value to represent “not an edge”

- In some situations, 0 or -1 works

o O W O r
O N O N @
© O O O o
© oo O O o

35
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Lecture Outline

« Graph Definitions

+ Graph Representations
= Adjacency Matrix
= Adjacency List

pollev.com/332summer :: tinyurl.com/332-08-07A

CSE332, Summer 2020

36



YA UNIVERSITY of WASHINGTON L20: Graphs 1 CSE332, Summer 2020

Adjacency List: Representation

<« Assign each node a number from O to |V | -1

« Graph is an array of length |V |; each entry stores a list of all
adjacent vertices

= E.g. linked list

’ S 4 ml

37
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Adjacency List: Properties (1 of 3)

« Running time to:
= Get a vertex’'s out-edges:

+ O(d) where d is out-degree of vertex

= Get a vertex’s in-edges: A — B
« O(IV] + [E])
+ (but could keep a second adjacency list for this!) B > A
= Decide if some edge exists: c —lp |
+ O(d) where d is out-degree of source vertex
" |nsert an edge: D/
- 0(1)
+ (unless you need to check if it’s there; then O(d)) D

Delete an edge:

+ O(d) where d is out-degree of source vertex A
« Space requirements:
= O(|VI+E])
« Best for sparse or dense graphs?

= Best for sparse graphs, so usually just stick with linked lists for the buckets

38
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Adjacency List: Properties (2 of 3)

+ How does the adjacency list vary for an undirected graph?
® Optionally, can double the entries to increase edge lookup speed

A —_— B

B —C

A
S s

39
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Adjacency List: Properties (3 of 3)

+ How can we adapt the representation for weighted graphs?
m Store the weight alongside the destination vertex
® No need for a special value to represent “not an edge”!

A ——B,7

B ——{ A3

C ——B,2F D6

40
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Summary: Which is Better?

+ Graphs are often sparse:

= Road networks are often grids
- Every corner isn’t connected to every other corner

= Airlines rarely fly to all possible cities
« Orifthey doitis to/from a hub

« Adjacency lists should generally be your default choice
= Slower performance compensated by greater space savings
®= Many graph algorithms rely heavily on getAllEdgesFrom(v)

_ getAllEdgesFrom(v) | hasEdge(v, w) | getAllEdges()

Adjacency
Matrix

Adjacency List Oo(V) O(degree(v)) O(E +V)

o(V) 0(1) o(Vv?)

41



