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Announcements
« No quiz this week, but Q1 grades out shortly
+ Exs 2-4 due tonight
« Ex 5 out and widely considered to be the hardest one!
+ Project 1 due tomorrow night
® Please request late days via tokens

"= Don’t forget your Gradescope writeup
® And please tag your questions in the writeup!

CSE332, Spring 2020
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Learning Objectives

« Understand when asymptotic analysis is useful and when it is
not

+ Be able to use both the expansion method and the tree
method, to find the closed-form of a recurrence relation
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Lecture Outline

« Algorithm Analysis Il
= Where We’ve Come / Where We're Going
= Analyzing Recursive Code
« Linear Search example

- Binary Search example
« Binary Linear Sum example
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Closing Thoughts: Multivariable

<+ big-Oh can also use more than one variable
= Example: can sum all elements of an n-by-m matrix in O(nm)
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Closing Thoughts: When NOT to Use Big-Oh

« Asymptotic complexity (Big-Oh) describes behavior for large n
and is independent of any computer / coding trick

« Asymptotic complexity for small n can be misleading
= Example: n¥/1%vs, 1log n
- Asymptotically, n*/1° grows more quickly
- But the “cross-over” point (n,) is around 5*10%7 = 2°8; you might prefer n'/10
= Example: QuickSort vs InsertionSort
- Expected runtimes: Quicksort is O(n log n) vs InsertionSort O(n2)
« In reality, InsertionSort is faster for small n’s
- (we’ll learn about these sorts later)

« Asymptotic complexity for specific implementations can also
be misleading ...
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Closing Thoughts: Timing vs. Big-Oh?

« Evaluating an algorithm? Use asymptotic analysis

+ Evaluating an implementation? Timing can be useful
® Either a hardware or a software implementation

« At the core of CS is a backbone of theory & mathematics

= We've spent 2 % lectures talking about how to analyze the algorithm
itself, mathematically, not the implementation

= Reason about performance as a function of n

+ Yet, timing has its place

® |n the real world, we do want to know whether implementation A runs
faster than implementation B on data set C

= Ex: Benchmarking graphics cards
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Algorithm Analysis Summary (1 of 2)

/7
0.0

What are we analyzing: Problem or the algorithm

/7
0.0

Metric: Time or space

- Or power, or dollars, or ...

K/
0‘0

Complexity Bounds:
® Describing curve shapes “at infinity”

- ‘c’ allows us to ignore effect of multiplicative constants on curve shape
- ‘ny’ allows us to ignore effect of low-order terms on curve shape

" Upper bound: big-O or little-o
= [ower bound: big-Q or little-w
= Tight bound: ©

—_—




YA UNIVERSITY of WASHINGTON LO7: Algorithm Analysis lll: Recurrences CSE332, Spring 2020

Algorithm Analysis Summary (2 of 2)

+ Complexity Cases: two different dimensions:

® The specific path through an algorithm for input of size N
« Worst-case: max # steps on “most challenging” input

 Best-case: min # steps on “easiest” input

= Number of executions considered
- Single-execution

_Fﬂ
« Multiple-execution: amortized case is only one of several techniques for
combining executions

« Usually:

= We analyze the algorithm’s time complexity to understand its upper or
tight bound for a single-execution’s worst-case
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Lecture Outline

« Algorithm Analysis Il
= Where We’ve Come / Where We're Going

® Analyzing Recursive Code
+ Linear Search example
- Binary Search example
« Binary Linear Sum example
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Analyzing Code

+ Basic operations take “some amount of” constant time
= Arithmetic
® Assignment
= Access one Java field or array index
" Etc.
= (Again, this is an approximation of reality)

Recurrence Solve recurrence equation

11



YA UNIVERSITY of WASHINGTON LO7: Algorithm Analysis lll: Recurrences CSE332, Spring 2020

Analyzing Iterative Code: Linear Search

Find an integer in a sorted array

2 3 5 (16|37 |50 | 73 |75] 126

// requires array is sorted
// returns whether k is in array
boolean find(int[] arr, int k) {

for(lzirl Oé@i @

return true; Best case: 6 “ish” steps = O(1)
return false;

} Worst case: 5 “ish” * (arr.length) + 1
= O(arr.length)

Runtlm%%e(s‘s’l*on z O({\)
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Analyzing Recursive Code

/7
0.0

Computing runtimes gets interesting with recursion

K/
0.0

Example: compute something recursively on a list of size n.
Conceptually, in each recursive call we:

= Perform some amount of work; call it w(n)
= Call the function recursively with a smaller portion of the list

K/
0’0

If reduce the problem size by 1 during each recursive call, the
runtime expression is:

= Recursive case: T(n) = w(n) + T(n-1) —T'( 5 _ L (f\)‘\'—f ('\~\>
® Base case: T(1) =5=0(1) = = \,( n= \

« Recursive part of the expression is the “recurrence relation”
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Example Recursive Code: Summing an Array

« We can ignore sum’s contribution to the runtime since it’s
called once and does a constant amount of work

+ Each time helpis called, it does that a constant amount of
work, and then calls help again on a problem one less than
previous problem size bace. cose s

int sum(int[] arr) C
return help(arr, é@&ffa%\&%‘%m
Runti . €,
T(0=3(d) | o) S o=
=\ s O
C, \SL\ int help(int[]arr,ln%: ? {

T(n)=5(‘\§\)—\—'\'(,\_\> if (i ang.Tengrp)

return 0;

C, T T(V\“\) return arr [E)) Olelp (arr, {Hl);
}
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Solving Recurrence Relations: Expansion (1 of 2)

« Now we just need to solve our recurrence relation

" je, reduce it to a closed form

« Use Technique #1: Expansion
= Also known as “unrolling”

+ Basically, we write it out to find the general-form expansion
T(n) =5+ T(n-1) | epansoen
=5+5+T(n-2) 7 @(‘\)(\S
=5+5+5+T(n-3) 3 gx\)r\s

= 5k + T(n-k) K ens
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Solving Recurrence Relations: Expansion (2 of 2)

« We have a general-form expansion:

«» When do we hit the base case?

= When n-k = 0! Ok//\ k;lﬂ
T(n3:5f\+T(V\—Y\>

= b +T(b>
= E(\-)-%
TGQ = O(V\>
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Lecture Outline

« Algorithm Analysis Il
= Where We’ve Come / Where We're Going

® Analyzing Recursive Code
« Linear Search example
- Binary Search example
« Binary Linear Sum example
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Example Recursive Code: Binary Search

Find an integer in a sorted array

2 3 5 16 | 37 | 50 | 73 | 75| 126
(&&Sum& ek i n Qcm:}) 3o o=\ case is p=mveC c.ct“e:l)

// requires array is sorted

// returns whether k is in array

boolean find(int[]arr, int k) {
return help(arr,k,0,arr.length);

}

boolean help (int[] arr, int k, int lo, int hi) {
‘ int mid = (hi+lo)/2; // i.e., lo+(hi-1l0)/2
\ﬁfﬁvm—;?f(lo==hi) return false;
if (arr[mid] == k) return true;

if (arr[mid] < k) return help(arr, k, mid+1l, hi);
else return help(arr, k, lo, mid);

18
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Example Recursive Code: Binary Search
T(.D:?{Ss’\: C, Base case: 7!3/\ CSFQ?C\\O(\S
Tl)= Gigha TE)
_ " Recursive case: QQs\r\ s +
= CZ'\‘T (:z) W\(\ \f\ﬁ \qo\}gc?? Gf(aj

// requires array is sorted

// returns whether k is in array

boolean find(int[]arr, int k) {
return help(arr,k,0,arr.length);

}

boolean help (int[] arr, int k, int lo, int hi) {
int mid = (hi+lo)/2; // i.e., lo+(hi-1l0)/2
if (lo==hi) return false;
if (arr[mid] == k) return true;

if (arr[mid] < k) return help(arr, k, mid+1l, hi);
else return help(arr, k, lo, mid);
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Technique #1: Expansion

1. Determine the recurrence relation and base case
T(D=F "U) C
_ OQ \ <
T =4+ T () T = ¢, + TE)
2. “Expand” the original relation to find the general-form
expression in terms of the number of expansions

T l)=¢ +TQ d
= o+ (Gt TE) ) " epn
=Ct Cp + Qz‘*T(%)) e epn
= Czk-l-T K expn
3. Find the closed- f?m expression by setting the number of

expansions to a value which reduces toa base\case T )
Baae cose. when (Q TL D&n-\* o
n 2." —Cz )
K [osn\- C,

Gy £OUkgr)
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Lecture Outline

« Algorithm Analysis Il
= Where We’ve Come / Where We're Going

® Analyzing Recursive Code
« Linear Search example
- Binary Search example
« Binary Linear Sum example
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Summing an Array, Again (1 of 5)

Two “obviously” linear algorithms:

int sum(int[] arr) {

Iterative: int ans = 0;
C><f‘ for (int 1=0; i1 < arr.length; ++1i)
ans += arr[i];

return ans;

int sum(int[] arr) {
return help(arr,0);

Ok |
int help(int[larr,int 1) {
if (i == arr.length)

return 0;
return arr[i] + help(arr, 1i+1);

Recursive:

}

22
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Summing an Array, Again (2 of 5)

« What about a binary version of sum?

® Can we get a BinarySearch-like runtime?

int sum(int[] arr) {
return help(arr, 0, arr.length);
}
int help(int[] arr, int lo, int hi) {
Tzdl_———if(lo == hi) return 0;
TN4+—=f (lo == hi-1) return arr[lo];
TG§— Ent mid = (hi+lo)/2;
7 Jeturn help(arr, lo, mid) + help(arr, mid, hi);
}

23
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(\)%ax cose t+ Recustence. (Qe,\d)'\oﬂ E)Z\Ecmg\or\

Summing an Array, Again (3 of 5)
T(n)= ? C, 'g =0 V\eﬁr\r\od )

Co rY‘ = J
Cat Z‘\Y 3)
2) BExdacson + genemm) ~foran
” E—Qm—.cyg?;r @/: 26@;
= g+ (Cnt Ca 47 =P
= Gt G+ Gt (03+03+c&+c3+ %T(%)> ’3>-e><]>n5
= 5 2o, + 2 T(3) '
(3) Closed fren (s she IR)

Let k=logn
—T(r\): §-\)C3+2°30C7_

:((H)Q_:, +Cn & ©<n>

k&ws
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Technique #2: Tree Method

+ ldea: We’ll do the same reasoning, but give ourselves a visual
to make the organization easier

« We'll make a tree
® Each node of the tree represents one recursive call
® The children of that node are the new recursive calls made

25
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Summing an A rayéAgain (4 of 5) lree
T(n)= g\ :% (\f\:‘:l HQ)V\(\(Q]/
(A
C,+2TES)

| e><\W‘-‘T (/)Cg _\( ) K epns: /cg /\\\
2 1G ¢, Cyp <
o /NN

Losgns: AVAVAYN
= TGR) TG) -V

/ N\ /N
TE) 7@ TQ)TE)

LO7: Algorithm Analysis Ill: Recurrences
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Summing an Array, Again (5 of 5)

+ Runtime is: C
® (\3

CSE332, Spring 2020

+ Observation: it adds each number once while doing little else

® Can’t do better than O(n); have to read whole array!

int sum(int[] arr) {
return help(arr, 0, arr.length);
}
int help(int[] arr, int lo, int hi) {

if(lo == hi) return 0;
if(lo == hi-1) return arr[lo];
int mid = (hi+lo)/2;

return help(arr, lo, mid) + help(arr,

mid, hi);

28
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Parallelism Teaser

« But suppose we could do two recursive calls at the same time

If you have as much parallelism as needed, the recurrence
becomes

e T(n)=0(1)+1T(n/2)

int sum(int[] arr) {
return help(arr, 0, arr.length);

}

int help(int[] arr, int lo, int hi) {
if(lo == hi) return 0;
if(lo == hi-1) return arr[lo];

int mid O y
returnhelp(arr, lo, midg
}

help (arr, mid, hy

29
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Really Common Recurrences

Recurrence Closed
Relation Form

T(n) = 0O(1) + T(n/2) O(log n) Logarithmic Binary Search
. Sum
T(n) = 0(1) + T(n-1) O(n) Linear (v1: “Recursive Sum”)
Sum
T(n) = O(1) + 2T(n/2) O(n) Linear (v2: “Recursive Binary
Sum”)
T(n) = O(n) + T(n/2) O(n) Linear
T(n) = 0O(n) + 2T(n/2)  O(n logn) Loglinear MergeSort
T(n) = O(n) + T(n-1) O(n?) Quadratic

T(n) = O(1) + 2T(n-1) 0(2") Exponential Fibonacci
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