1) 10 Points

Compute an appropriately tight O {Big-Oh) bound on the running time of each code
fragment, in terms of #. Assume integer arithmetic. Circle your answer for each fragment.

B) for{i = 0; 1 < n; i++¥ {

for(j = 0; 3 < 1i; J++0 |
Zor{k = O0; k < J; k++) {
sur++; O(n?))
}
b
}
b) for(i = 0; 1 < n; i++)
for(j = 0; J < n; j++; |
if(i — 3) |
for(k = 0; k < 17 =++) |
sSUmt+;
i O(n4)
} else {
for(k = 0; k < 1 * 1i; k+t+) |
sumt 1y
b
1
b
}
¢} for{i=n; 1i>0; i=1/2)
for(j = 0; j < n; J++1 |
sumt+; O(n Iog n)
b
}
d) for{i = n; 1 » 0; 1 =1 fn / 21y {
Tor() = 0; J < n; j++r 1
Tor{k = 0; k < n; kK++d {
U+ O(nz)

}
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2) 10 Points

Prove by induction that:

n* =2n for every integer # 2 2

Base Case:
n=2 22:424:2*2

Inductive Hypothesis:

n2>2nfor2<k<n

Show: (k+1)2>2(k+1)
k?+2k+1>2k+2
k>>1
k2>2k>1fork >2
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3) 10 Points

Consider the strueture of tree aand tree b (node keys are intentionally omitted),

tree a tree b
X X
/ A\ / N\
X X X X
/ \ / X\ / A\
X X X X X X
£\ /N FARN
X X X X X X

For each question, answer “tree &”, “tree b, “neither” or“beoth”

a) Which are perfect?

neither

b) Which are complete?

neither

both

¢} Which are full?

d) Which could be the structure of an array-based binary heap?

neither
both
both

e} Which could be the structure of a leftist heap?
f)  Which could be the structure of a skew heap?

g) Which could appear within a binomial queue?

neither

both
tree a

both

h) Which could be the structure of a binary search tree?

i} Which could be the structure of an AVL tree?

J»  Which could be the structure of a splay tree?
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4) 10 Points

Consider the following binary min-heap:

Perform the following operations in order, drawing the resulting heap after each
operation and using it as the starting point for the next operation. You need only show the
result of the aperation, but showing your work will allow us to award partial credit. If the
space here is insufticient, use the back of this sheet {clearly labeling your wark). Circle
the final state of the gqueue so we can distinguwish it from intermediate work,

a) DeleteMin

if | 7

N\ 7\ X
=7 /0 2 o L 0
2N 7 /
I<l 12 14 14
b} Insert @
.7
/_7\ VAN
1% P STy e
/N /N

H A4 o (&

c) Insert6
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d} DeleteMin

% /0 ~, i
72N\ r A\ / \
1 V7 &
7N \ £ /‘7[\ 7 2N
4 (2 /o 14 12 4 13

e) DeleteMin

X s q\
T 10 = 5 §
et q /0 {d
Nt 7 /
14 12 14 I+

f) Draw an array-based representation of your heap from step ¢.

g (i 54 oG

g [aflel<l T [ ]
T
Size

In your array-based representation, what is the index of*

a5
-

the parent of the node at index /;
the left child of the node at index /:
the right child of the node at index /:

21 +1
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5) 10 Points

Consider the following leftist

Perform the following operations in order, drawing the resulting heap after each
operation and using it as the starting peint for the next operation. You need only show the
result of the operation, but showing your work will allow us to award partial credit. If the
space here is insufficient, use the back of this sheet {clearly labeling your work). Circle
the final state of the queue so we can distinguish it from intermediate work.

a) Annotate the above tree with the null-path length of each node.

b) lnsert7 "2 2
/"/ CS| L,f \g
12 § &7 12 8 7
V4 ’
I8 18

¢) DeleteMin

!2\ /L;\_ /L/ \ /L' ~
/L’EP 4 I 5 5, /g\ 5 /2
/ y / é
, A 1 /g 8 - 18 79 3 7/\8 ;

d) DeleteMin

e S s/
12 \5 3 & =} g
&=\ 4
/ 7 N 12 1l
F 4
|5 7 & ”?; '8
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6) 10 Points

Consider the following skew heap:

Perform the following operations in order, drawing the resulting heap after each
operation and using it as the starting point for the next operation. You need only show the
result of the operation, but showing vour work will allow us to award partial credit. If the
space here is insufficient, use the back of this sheet {(clearly labeling your work). Circle
the final state of the queue so we can distinguish it from intermediate work

a) Insert7 o =)
/ N 5_’ ~
Zﬁ /1—-/\ & :_,\
2 > 7 1 F
y /
18 18

b) DeleteMin

15
¢} DeleteMin S"
X = o
SN — F;\ N ~ g
! 7
5 ;;1 7 E & =

g 7 % 18 ey
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7) 10 Points

Consider the following binomial queue min-heap, which currently contains 3 trees:

' | ]
T R |
5 9 10 7 6 12
\ [\
A S 24
|
21

a) Perform a deleteMin operation on this binomial queue. You need enly show the result
of the operation, but showing your werk will allow us te award partial credit. If the
space here is insufficient, use the back of this sheet (clearly labeling your work).
Circle the final state of the queue so we can distinguish it from intermediate work.

Lf

I'O - s q 5’) g
|
) 7 6
. '] , g 1d
B =] 3 ‘ ‘
| \) ¥ |
‘ 5
) e
;I
AV Y ]
13
)0 .
P s S h
&
AL 7 (ng N 5
! 54 12 4
b I s

b) If your answer for step «f is correct, is it the only possible correct answer? Why?

No, made an arbitrary choice when choosing
which two trees of size 4 to combine

¢) If you merged four identical copies of your result from step «, the resulling binomial
queue would contain how many trees of what size?

13 x4 items =52 items =32+ 16 + 4
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8) 10 Points
Consider the following AVL tree:

10
SN
a 15
/
2

Perform the following operations in order, drawing the resulting tree after each operation
and using it as the starting point for the next operation. You need only show the result of
the operation, but showing your work will allow us to award partial credit. If the space
here is insufficient, use the back of this sheet {clearly labeling your work). Circle the final
state of the queue so we can distinguish it from intermediate work.

a) Insert 1 //0\ !/ O
/ ~
2 a8
/ IS
/
b) Insert? /o\ -',/‘-)
PLUNS 5 /s
Y Z & b}
/ Cf\ ,“2 7 4
— 0 / !
¢) Insert 13 5
= o
/2 /Jo\ 9 /o\
/ 7 ;5- /i =27 g
13 17
d) Insert 11
53
7/ N ‘5\
’
, & //o\ 5 /o
I 7 1S ’, S
2 /7 ) = s
13 7
/ /) 5
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9) 10 Points

Consider the following splay tree:

Perform the following operations in order, drawing the resulting tree after each operation
and using it as the starting point for the next operation. You need only show the result of
the operation, but showing your work will allow us to award partial credit. If the space
here is insufficient, use the back of this sheet {clearly labeling your work). Circle the final
state of the queue so we can distinguish it from intermediate work.

a) Insert 1
n /0 . /
L7 N 5 ‘;,_J//o N ~
» 53 Jo
/ g '\ / g rd S
r 2 2 2 15
4 \ N
’ 9 5
b) Insert7
i | R ] A
~ N ~
)/lt) = F o) }O 7
2 o 1S 5 ! \| S 7\
S K> g s ~
o 3 2 )
¢} Delete 5
—% = 4
ik 5. 2
) e /D\ ) 7 / ~
\g 1S \ b ! 7
. Q Jo \
el S /O

Sp/qy 5
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