CSE 326: Data Structures

Assignmen t #6

F ebruary 27, 1998

due: W ednesd a y , Marc h 11

1. (a) Supp ose n is o dd. Y ou are giv en a spla y tree on n no des suc h that the path from

the ro ot to the k ey 1 passes through no des with k eys in the order

n; n � 1; : : : ; 7; 6; 5; 4; 3; 2; 1:

Sho w the spla y trees b efore and after spla ying on the k ey 1.

(b) Ho w man y dollars m ust b e paid just for rotations in part (a)? (I.e., for this part

ignore dollars sp en t to main tain the Money In v arian t.)

(c) The In v es tmen t Lemma sa ys w e are paid only 3 blog

2 nc + 1 new dollars for the

spla y of part (a), so an ything in excess of this in part (b) m ust come from money

stored in the spla y tree b efore the spla y . F or 1 � i � n, what w as the rank of the

no de with k ey i b efore the spla y? F or 1 � i � n, what is the rank of the no de

with k ey i after the spla y? F rom whic h no des can w e tak e money to pa y for the

rotations? Sho w that these no des ha v e enough excess money to pa y for all the

rotations.

2. In this question y ou will explore what happ ens if y ou implemen t a dictionary as a spla y

tree, and do m dictionary op erations starting from an arbitrary z -no de spla y tree T

rather than the empt y tree.

(a) Supp ose that someone in v es ted the minim um n um b er of dollars dictated b y the

Money In v arian t in eac h no de of T . Sho w that the total n um b er of dollars in v es ted

in T w ould b e O (z log z ).

(b) Sho w carefully that an y m dictionary op erations starting from T tak e a total

time of O (z log z + m log n), where n is the maxim um size the dictionary attains

during these op erations. Note that in the pro of giv en in lecture and the text,

money in v este d in the tree represe n ts un used time sa v e d from earlier op erations.

With this in terpretation, y ou w ouldn’t b e able to assume that there is an y money

in v e sted in T initially

, since there ha v en’t b een an y earlier op erations. (What

mak es the empt y tree a go o d starting place is that no initial in v estme n t is needed

in order for the Money In v arian t to hold immediately .)

3. Insert the in tegers 13, 92, 22, 8, 48, 34, 19, 77, 21, 55 (in this order) in to an initially

empt y hash table of size 11 using the hash function h(x) = x mo d 11,

(a) using separate c haining.

(b) using op en addressin g with linear probing.

(c) using op en addressin g with double hashing, where h

2

(x) = 1 + (x mo d 10).

(d) If a hash table is going to b e this full (i.e., n � m) most of the time, whic h of

these metho ds is lik ely to b e fastest, and wh y?

4. Consider the univ ersal class consisting of the hash functions

h

a;b

(x) = ((ax + b) mo d 71) mo d 11

for 0 < a < 71 and 0 � b < 71. Let x

1 and x

2 b e an y t w o distinct k eys in f0; 1; : : : ; 70g.

Justify y our answ ers to the follo wing. (Hin t: y ou de�nitely don’t w an t to start listing

all the (a; b) pairs, as there are 4970 of them. Instead, use what y ou kno w from the

pro of of the Univ ersal Classes of Hash F unctions Theorem.)

(a) Exactly ho w man y of the 70 � 71 (a; b) pairs hash b oth x

1 and x

2 in to buc k e t 4

(where the buc k ets are n um b ered 0; 1; : : : ; 10 according to the v alue of h

a;b

(x))?

Exactly ho w man y hash b oth x

1 and x

2 in to buc k e t 5?

(b) Exactly ho w man y ordered pairs of distinct n um b ers (q ; r ) are there suc h that

0 � q ; r < 71 and q � r (mo d 11)? Compare y our answ er to the upp er b ound

N (N � 1)=m pro v ed in the Theorem.

(c) What is the exact probabilit y that a randomly c hosen hash function h

a;b will cause

x

1 and x

2 to collide? Compare y our answ er to the upp er b ound 1=m pro v ed in

the Theorem.

5. P age 331, problem 1. Sho w the partially ordered tree after eac h Insert and after eac h

DeleteMin . Also sho w the heap in table form after the last Insert.

6. Another useful heap op eration is ChangePriorit y(i; K ; h), whic h c hanges the k ey stored

in heap en try (T able(h))[i] to K .

(a) W rite an algorithm that implemen ts the op eration ChangePriorit y .

(b) Sho w that y our algorithm runs in time O (log n), where n is the n um b er of en tries

in the heap.