
Hard Problems



Fam i l i a r Prob l ems
Sort i n g : n l og (n )

Shortest Pa th : | E | l og ( | V| )

Al l pa i rs shortest pa th : | V| ^3

Topol og i ca l Sort : | E | + |V|

M i n imum Spann i ng Tree : | E | l og ( | V| )

D i ct i on a ry Opera t i ons : l og (n )

. . .



Fam i l i a r Prob l ems
Al l of these a re

Questi on : Are a l l prob l ems sol vab l e i n
po l ynom i a l t ime?



An s impl er questi on :
Are a l l prob l ems sol vab l e?

Equ i va l en t l y:
Can a computer compu te the va l ue of
f(x) for any f and x?

Computab i l i ty



An s impl er questi on :
Are a l l prob l ems sol vab l e?

Equ i va l en t l y:
Can a computer compu te the va l ue of
f(x) for any f and x?

Answer: No!

Computab i l i ty



The Ha l t i n g Prob l em

G iven a computer program F, wri te a
program H , where ,

Th i s i s imposs i b l e !



The Ha l t i n g Prob l em

Proof (by con trad i ct i on ) :

Suppose h (f , x) i s compu tab l e .

F i rs t , enumera te every computer program :



The Ha l t i n g Prob l em

Proof, con ti n ued :

Now defi ne a funct i on ,

S i n ce we l i s ted a l l compu tab l e funct i on ,
for some k,



The Ha l t i n g Prob l em

Proof, con ti n ued :

Wha t happens when we ca l l g on i ts own
number?

A Con trad i ct i on !



Two Prob l ems
Ham i l ton i an Ci rcu i t

G iven a graph G :

F i nd a pa th th a t th a t goes th rough each
vertex exact l y once , and retu rns :



Two Prob l ems
Eu l eri an Ci rcu i t

G iven a graph G :

F i nd a pa th th a t th a t goes th rough each
edge exact l y once , and retu rns :



Two Compl exi ty Cl asses
P = The set of a l l prob l ems sol vab l e i n
po l ynom i a l t ime.

NP = The set of a l l prob l ems veri f i ab l e i n
po l ynom i a l t ime.

Note th a t P i s a subset of NP.



Two Compl exi ty Cl asses

Eu l eri an Cycl e i n i n NP.

H am i l ton i an Cycl e a l so i s i n NP.

Eu l eri an Cycl e i n i n P.

I s H am i l ton i an Cycl e i n P?



Two Compl exi ty Cl asses

Eu l eri an Cycl e i n i n NP.

H am i l ton i an Cycl e a l so i s i n NP.

Eu l eri an Cycl e i n i n P.

I s H am i l ton i an Cycl e i n P?

No one knows!



P = NP?

I s there any prob l em in NP tha t' s not i n P?

Not cu rren t l y known !

H uge pract i ca l consequences :
c i rcu i t boa rd l ayou t,
prote i n fo l d i n g ,
f l i gh t schedu l es ,
etc.

(Al so , a $1 m i l l i on pri ze . )



P ! = NP
Suppose we wan t to show P! =NP.

F i nd any prob l em in NP tha t' s def i n a te l y
not i n P.

S im i l a ry to compari son sort taki ng a t l east
n l og (n ) compari sons .

F i nd a prob l em in NP tha t takes a t l east,



P = NP
Suppose we wan t to show P=NP.

F i nd the ha rdest prob l em in NP, and show
tha t i t ' s i n P.

Ok, so wha t' s the ha rdest prob l em in NP?



Two More Compl exi ty
Cl asses

NP-H a rd =
prob l ems a t l east as ha rd as anyth i ng i n NP.

NP-Compl ete =
prob l ems i n both NP-H a rd and NP

We just need to show one prob l em in
NP-Compl ete i s a l so i n P!



NP-Compl ete

Ham i l ton i an Cycl e i n NP-Compl ete .

Thousands of others a re too:
Longest Pa th
Bool ean Sa ti s f i ab i l i ty
Trave l i n g Sa l esman
Set Coveri ng
G raph Col ori n g
. . .



Trave l i n g Sa l esman
G iven set of n ci t i es , and d i s tances
between the ci t i es , f i n d the shortest cycl e
vi s i t i n g each ci ty exact l y once .

Th i s i s j u st H am i l ton i an Cycl e , bu t wi th
edge weigh ts .



Longest Pa th

Prob l em :
G i ven a graph , f i n d the l ongest pa th
between any two vert i ces .

Longest Pa th i s NP-Compl ete .

Bu t Shortest Pa th i s i n P!



1 5-Puzz l e
F i nd the fewest number of moves needed to
so l ve the k-Puzz l e .

Pretty good sol u t i ons us i ng Best F i rs t
Sea rch wi th a Manha ttan D i stance heu ri s t i c .



Minesweeper
I s a certa i n ass i gnmen t of f l ags consti s tan t
wi th the ad j acen t numbers .

Easy i n pract i ce , bu t not easy i n genera l .



SAT
G iven a set of Bool ean va ri ab l e , s can we
ass i gn true/fa l se va l ues to them to make
an a rb i tra ry formu l a true?

For exampl e , g i ve the formu l a :

Can we ass i gn va l ues to the x' s to make
th i s true?



3SAT
Let' s make th i ngs eas i er:

Every formu l a takes the same form :

Formu l a :
and number of c l auses sepera ted by OR
Cl ause :
th ree terms sepera ted by AND
Term :
e i ther or

3SAT i s NP-Compl ete , 2SAT i s P.



Provi ng NP-Compl eteness
Show a reducti on from some known NP-
Compl ete prob l em .

" I f we can so l ve H am i l ton i an Cycl e we can
sol ve 3SAT. "



Pract i ca l Concerns
Mora l of the story:

Don ' t waste t ime tryi ng to wri te a c l ever
program to sol ve a NP-compl ete prob l em .

Look for a good approxima ti on or heu ri s t i c .




