Normal F orms for Con text-F ree Grammars

CSE 322: In tro duction to F ormal Mo dels in Computer Science

Ma y 22, 1998

1. Puttin g a Con text-F ree Grammar in Normal F orm

De�nition: A con text-free grammar G = (V ; �; R ; S ) is in normal form if and only if R

con tains no rules of the form

1. A ! e, for an y A 2 V � �, or

2. A ! B , for an y A; B 2 V � �.

Here is a pro cedure for con v e rting a grammar G in to a grammar G

0

suc h that G

0

is in

normal form, and L(G

0

) = L(G) � feg. Throughout the pro cedure, A and B are arbitrary

elemen ts of V � �, and u and v are arbitrary strings in V

�

.

1. (a) F or ev ery pair of rules A ! e and B ! uAv , add a new rule B ! uv . Con tin ue

doing this un til no new rule can b e added b y this pro cedure.

(b) Remo v e all rules A ! e.

1

2. (a) F or ev ery pair of rules A ! B and B ! u, add a new rule A ! u. Con tin ue

doing this un til no new rule can b e added b y this pro cedure.

(b) Remo v e all rules A ! B .

2. Example

Put G = (V ; �; R ; S ) in normal form, where

V = fS; A; B ; a; bg;

� = fa; bg; and

R = fS ! A; A ! S B ; A ! B ; B ! aAbB ; B ! eg:

(Since e 2 L(G), the resulting normal form grammar will generate L(G) � feg.)

1

If S ! e is remo v ed in this step, then L(G) � L(G

0

) = feg; otherwise, L(G) = L(G

0

).

1. (a) Add A ! S; A ! e; B ! aAb.

Add S ! e; B ! abB ; B ! ab.

(b) Remo v e A ! e; B ! e; S ! e.

A t this p oin t, the set of rules is

fS ! A;

A ! S B ; A ! S; A ! B ;

B ! aAbB ; B ! aAb; B ! abB ; B ! abg:

2. (a) Add S ! S B ; S ! S; S ! B ;

A ! A; A ! aAbB ; A ! aAb; A ! abB ; A ! ab:

Add S ! aAbB ; S ! aAb; S ! abB ; S ! ab.

(b) Remo v e S ! S; S ! A; S ! B ; A ! S; A ! A; A ! B .

The �nal set of rules is

fS ! S B ; S ! aAbB ; S ! aAb; S ! abB ; S ! ab;

A ! S B ; A ! aAbB ; A ! aAb; A ! abB ; A ! ab;

B ! aAbB ; B ! aAb; B ! abB ; B ! abg:

As an example of ho w the equiv alenc e w orks, consider the follo wing deriv ation in the orig-

inal grammar G: S ) A ) B ) aAbB ) aS B bB ) aAB bB ) aB B bB ) aaAbB B bB )

aaB bB B bB ) aabB B bB ) aabB bB ) aabaAbB bB ) aabaB bB b B ) aababB b B )

aababb B ) aababb aAbB ) aababb aB bB ) aababb abB ) aababba b:

This is sim ulated in the normal form grammar b y the follo wing deriv ation of the same

terminal string: S ) aAbB ) aS B bB ) aabB bB ) aababb B ) aababb ab:

3. Puttin g a Con text-F ree Grammar in Chomsky Normal F orm

De�nition: A con text-free grammar G = (V ; �; R ; S ) is in Chomsky normal form if and

only if ev ery rule in R is of one of the follo wing forms:

1. A ! a, for A 2 V � � and a 2 �, or

2. A ! B C , for A; B ; C 2 V � �.

Here is a pro cedure for putting a normal form grammar in Chomsk y normal form, with-

out c hanging the language generated b y the grammar. Throughout the pro cedure, A and

B

1

; B

2

; : : : ; B

m are non terminals, and X

1

; X

2

; : : : X

m are arbitrary elemen ts in V .

1. F or eac h terminal sym b ol a, add a new non terminal C

a and a new rule C

a

! a.

2. Let A ! X

1

X

2

� � � X

m b e a rule, with m � 2. F or eac h 1 � i � m, if X

i is a terminal

sym b ol a, replace X

i in the righ t hand side of the original rule b y C

a

.

3. Let A ! B

1

B

2

� � � B

m b e a rule, with m � 3. Add new non terminals D

1

; D

2

; : : : ; D

m�2

,

and replace the rule A ! B

1

B

2

� � � B

m b y the rules

A ! B

1

D

1

; D

1

! B

2

D

2

; : : : ; D

m�3

! B

m�2

D

m�2

; D

m�2

! B

m�1

B

m

:

4. Example

Put G = (V ; �; R ; S ) in Chomsky normal form, where

V = fS; A; a; bg;

� = fa; bg; and

R = fS ! aAb; A ! aAbS; A ! bg:

Notice that G is already in normal form.

The result of steps 1 and 2 is G

0

= (V

0

; �; R

0

; S ), where

V

0

= fS; A; C

a

; C

b

; a; bg;

� = fa; bg; and

R

0

= fS ! C

a

AC

b

; A ! C

a

AC

b

S; A ! b; C

a

! a; C

b

! bg:

The result of step 3 is G

00

= (V

00

; �; R

00

; S ), where

V

00

= fS; A; C

a

; C

b

; D

1

; E

1

; E

2

; a; bg;

� = fa; bg; and

R

00

= fS ! C

a

D

1

; D

1

! AC

b

; A ! C

a

E

1

; E

1

! AE

2

; E

2

! C

b

S;

A ! b; C

a

! a; C

b

! bg:

G

00

is in Chomsky normal form.