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Simulation of NFAs by DFAs: Notes on the Proof of Theorem I .39.
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Thctext'sa$enionthattheconstuuctiongivenintheproofofTheo.e6l.39(lsted:1.19)is"obviously
con€at' scerns peahaps a little brcezy. Here is an outline of a somewhat more formal coEecmess proof. I
will onlv handle the case where the NFA has no €-transitions. Notation is as in the book.' a-l

Foranvr€t ' .de f ine- -

9", = {r e Q I iV could b€ in state r after r€ading :'}, and

Q,r.r,, = tlre state -R € 8' that M would be iD after reading ,.

the kcy id.a in lhe proof is that these two sets are identical, i.e. that the single state of lhe DFA faithtully
rcffects thc complele range of possible states of the NFA. The Foofts bf induction on lcl.

BAsIs: (lrl = 0.) ObviouslY c = e. Then

QNf={qo}=do=QM,e

The first ard thid equalities follow from the definition$ of "moves" for NFAS and DFAS, rcsp€ctively, and
lhe middle equality follows ftom the construction of M.

INDUCTIoN: (lrl =n> 0.) Suppose Qiy, = qy,! for atl strings g € t* with lgl < n,andlet, € t'
be an arbiirary string with lol = n> 0. Since o is not empty, ther€ must be some y € tt andsomea€ t
such that r = go. For any r € Q,

,lV could b€ irl state r after tea&ng a = ga (l)

<+ there is some r/ € I such that N is could be in r/ after teadi.g ? ald r € d(r', a) (2)

<+ r€ u d(f,,o) (3)
rtee N.,

c r e 8(QN,!,a)
e r e 6'(Q y,n, a)

a_
e  r e Q M , '

(4)
(5)
(6)

The equivalence of (1) and (2) folows from the defnition of "rnoves" forNFAs: the last step must be a movc
ftom some stae reached after leading y. The equivalence of (2) and (3) is just set theory. The e4uivalence
of (3) and (4) follows from lhe definition of t. The equiralence of (4) and (5) follows from the induction
hypothe-sis. The equivalence of (5) aDd (6) folows ftod the defnition of "moves" fol DFAS.

Given the equivalence established above, it's ea6y to $ee that r(iv) = tr(M), since iV acceprc c if and
only if it can reach a frnal state aftcr reading r, which will b€ true if and oDly if Qrv;c contains a final state,
which happen$ if afldonlyttQy,,eF,
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