CSE322
Winter Quarter2001
Assignmentl
DueFriday, Januaryl2

All solutionsshouldbe neatlywritten or type set. All majorstepsin proofsmustbejustified.

1.

(10 points)Thisproblemis designedo strengtheryour ability to provefactsby induction. Thereversal
w’t of astringw canbedefinedrecursiely in thefollowing way.

3 = ¢

(za)® = ax®

whereqg € X.
Prove thefollowing:

(@) Fora € %, a® = a.

(b) For z andy stringsover ¥, (zy)® = yfa®. For this your proof shouldbe by inductionon the
lengthof y. Youmayuserecursve definitionof reversalandany basicfactsaboutconcatenations
suchasassociatiity andtheidentity propertiesof .

. (10points)This problemis designedo build the backgroundor analysisof finite automata.You may

have heardof the pigeonhole principle before.

Pigeon Hole Principle: If f : § — T andS hasmoreelementghanT, thentherearememberse
andy of S suchthatz # y and f(z) = f(y). Putanotherway, if therearen pigeonsthatare
living in m coopsandn > m thenthereareatleasttwo pigeonghatlivein the samecoop.

Supposeve have a directedgraphG = (V, E) whereV hascardinalityn. A pathin G is asequence

(vo, v1,---,vg) Of verticessuchthatfor 0 < i < k, (v;,v;41) isin E. For eachi we saythatv; is
visited on the path (v, v1, . .., vx). Thepath (v, vy, ..., vs) is of lengthk, which is the numberof
edgedraversedon the path.

Prove thatevery pathof lengthn or longervisits somevertex atleasttwice.

. (15 points) This problemis designedo help you think moreabstractlyaboutalgorithmsthat will be

usefulin theanalysisof finite automataGivenadirectedgraphG = (V, E) andavertexv € V define
the setof verticesreachabldrom v asfollows:

R(v) = {vr : vo = v and(vo,v1,...,vx) isapathin G for someuvy, ..., v5—1}.

Noticethatv € R(v) by lettingk = 0 in thedefinition. Considethefollowing algorithmfor computing
R(v).



X = {v};

repeat

X =X

X=X wunion {y : (x,y) in Eand x in X };
until X =X
R(v) =X

(a) ConsidethegraphG = (V, E)withV = {1,2,3,4} andE = {(1,2),(1, 3),(2,4),(3,2),(4,3)}.
Runthealgorithmfor R(1), R(2), R(3) and R(4) shaving the resultafter eachiterationof the
repeatoop.

(b) If G hasn verticesthenwhatis the maximumnumberof timestherepeatoop canbe executed?

(c) Modify the algorithmfor R(v) to computeR™ (v) which is the setof verticesreachabldrom v
with a pathof lengthatleast1, thatis,

R*(v) = {v, : vo = v and(vo,vs,-.-,vx) isapathin G for someuy, . .., v;_; andk > 0}.

Notethatif v € R (v) thenthereis acycle in G whichincludesv. Recallthata cycle is a path
whosefirst vertex matchedastvertex.

(d) Use R and R* to computefor a pair of verticesu andv whetheror not there are infinitely
mary pathsfrom « to ». For this problemyou shouldgive analgorithm,thatcalls R and R* as
subroutinesfor determiningfor a givenu andv if thereareinfinitely mary pathsfrom u to v.
You shouldalsoexplain why your algorithmis correct.



