
CSE322
Winter Quarter2001

Assignment1
DueFriday, January12

All solutionsshouldbeneatlywrittenor typeset.All majorstepsin proofsmustbejustified.

1. (10points)Thisproblemis designedto strengthenyourability to provefactsby induction.Thereversal��� of a string � canbedefinedrecursively in thefollowing way.

� � � �
���	��
 � � ��� �

where
����

.

Provethefollowing:

(a) For
����

,
� � � �

.

(b) For
�

and � stringsover
�

,
��� � 
 � � � � � � . For this your proof shouldbeby inductionon the

lengthof � . Youmayuserecursivedefinitionof reversalandany basicfactsaboutconcatenations
suchasassociativity andtheidentitypropertiesof � .

2. (10points)This problemis designedto build thebackgroundfor analysisof finite automata.You may
haveheardof thepigeonholeprinciplebefore.

Pigeon Hole Principle: If ��������� and � hasmoreelementsthan � , thentherearemembers
�

and � of � suchthat
���� � and � ����
 � � � � 
 . Put anotherway, if thereare  pigeonsthatare

living in ! coopsand  #"$! thenthereareat leasttwo pigeonsthatlive in thesamecoop.

Supposewe have a directedgraph % � �'&)(+*,

where

&
hascardinality  . A pathin % is a sequence��-/./(0-213(5464547(8-:9:


of verticessuchthat for ;=<?>,@BA , ��-/C0(8-/CEDF1G
 is in
*

. For each> we saythat
-/C

is
visited on the path

��-/.2(8-213(6464546(0-:9:

. The path

��-/.2(8-213(6454646(0-:9:

is of length A , which is the numberof

edgestraversedon thepath.

Provethateverypathof length  or longervisits somevertex at leasttwice.

3. (15 points)This problemis designedto helpyou think moreabstractlyaboutalgorithmsthatwill be
usefulin theanalysisof finite automata.Givenadirectedgraph% � �H&I(0*,


andavertex
-��&

define
thesetof verticesreachablefrom

-
asfollows:

J ��-�
 �LK -:9 � -/. � -
and

��-/.2(8-213(6464546(0-:9:

is a pathin % for some

-/.:(5464547(8-:9GMN1PO�4
Noticethat

-� J ��-�

by letting A � ; in thedefinition.Considerthefollowingalgorithmfor computingJ ��-Q


.

1



X = {v};
repeat
X’ = X;
X = X’ union {y : (x,y) in E and x in X’};

until X = X’
R(v) = X

(a) Considerthegraph% � �H&I(0*,

with

& �RK�S (+T�(0UV(8W�O and
* �LK � S (+T�
X(5� S (+U�
Y(6�HT�(8WQ
X(6�HU�(XT2
X(5��WZ(0U�
XO .

Run thealgorithmfor
J � S 
 , J �'T2
 , J ��U�
 and

J ��W[

showing theresultaftereachiterationof the

repeatloop.

(b) If % has verticesthenwhatis themaximumnumberof timestherepeatloop canbeexecuted?

(c) Modify thealgorithmfor
J ��-Q


to compute
J D ��-Q


which is thesetof verticesreachablefrom
-

with apathof lengthat least1, thatis,

J D ��-�
 �RK -:9 � -/. � -
and

��-/.2(8-21P(5464546(8-:92

is a pathin % for some

-/.:(5464646(8-:9GMN1
and A�"\; O�4

Notethat if
-� J D ��-Q


thenthereis a cycle in % which includes
-
. Recallthata cycle is a path

whosefirst vertex matcheslastvertex.

(d) Use
J

and
J D

to computefor a pair of vertices ] and
-

whetheror not thereare infinitely
many pathsfrom ] to

-
. For this problemyou shouldgive analgorithm,thatcalls

J
and

J D
as

subroutines,for determiningfor a given ] and
-

if thereareinfinitely many pathsfrom ] to
-
.

You shouldalsoexplainwhy youralgorithmis correct.
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