Continuous Random Variables
CSE 312 26Su

Lecture 13

Fun fact!

You play a game where a fair coin is tossed until it comes up heads. The payoff is 2™ dollars, where n
is the number of tosses. The expected value of this game is infinite, which is surprising because no
one would realistically pay an extremely high entry fee to play. (convince yourself of this using the

geometric distribution PMF and LOTUS!)



Announcements

HW4 released and due next Wednesday
Please fill out mid-quarter feedback form from section yesterday

— *» Some people have not taken the midterm, so do not discuss it yet

Midterm was tough =, please don't stress too much! :

/



What have we done over the past 4 weeks?

—_—

=) Counting

Combinations, permutations, indistinguishable elements, starts and bars, inclusion-
exclusion...

—— Probability foundations
Events, sample space, axioms of probability, expectation, variance
S Conqli.tio.nal probability
Coqdﬁmmng,g_@gggnieﬂﬁce, Bwe
Refined our intuition discYere

Especially around Bayes' Rule \E \

/

| S



What's next?

= Continuous random variables.

SO far our sample spaces have been countable. What happens if we want to choose
a random real number?

How do expectation, variance, conditioning, etc. change in this new context?
Mostly analogous to discrete cases, but with integrals instead of sums.
Analysis when it's inconvenient (or impossible) to exactly calculate
probabilities.

— Central Limit Theorem (approximating discrete distributions with continuous ones)

— Tail Bounds/Concentration (arguing it's unlikely that a random variable is far from its
expectation)

—S)A first taste of making predictions from data (i.e., a bit of ML)



Where Are We?

Last time: Today:
Zoo of Discrete RVs Continuous Random Variables
B Probability Density Function

Cumulative Distribution Function
Expectation and Variance

—s) = Comparing Discrete vs. Continuous

Continuous Uniform Distribution
W\/\/—\-



~ | Continuous Random Variables

Goal for today is to get intuition on what's different in the continuous case
ASK QUESTIONS (always! but today especially ©)



Discrete Random Variables |
The kind that we've been working with up till now! VPP o IN

The support has finite or countably infinite values™ 7 V1F1Z -

e.g., number of successes, number_of trials till success, attendance-at a class are all
discrete because they take on a set of finite or countably infinite values

Some random experiments have uncountably-infinite sample spaces
> How long until the next bus shows up? 17 mw '\ 2. 2216 - -

> Throwing a dart on a board (what location does the dart land?)
G Cm o 5167 -

Continuous Random Variables

Random variables with a support of uncountably-infinite values

> e.g., RVs that take on any real number in some interval(s) like distance, height, time, etc.
V\/\' e —_—




Why Need New Rules? D 3

Random Experiment: choose a random real number between_()_andi

= =

What's the probability the number is between 0.4 and 0.57

4
> For discrete spaces, we'd ask for 1E]

L AN
> S0 we get—®

————

___

When working with continuous random experiments, we'll almost
always use continuous random variables to interact with these spaces

X (s the number we choose. We want P(0.4 < X < 0.5)

— \_/__\/w—\l



| contihyous &N
= Probability bensitﬂ Function (PDF)

Analogous to PMF in a discrete random variable
—




How to describe probability of a single value?

For discrete random variables, we defined the PMF: Py k) =P(Y = k).



How to describe probability of a single value?

For discrete random variables, we defined the PMF: py (k) = P(Y = k).

Can we use the same for continuous random variables?
What is the probability that a person’s height is exactly 5.678123589 feet

What is the probability that a bus arrives exactly 6 hours, 23 minutes and
2976427909 seconds from now?

) \E | ‘
px(0.135) = P(X = 0.135) = =5, = 5 = @
wform romdowm  pelween O/ )




How to describe probability of a single value?

For discrete random variables, we defined the PMF: py (k) = P(Y = k).

Can we use the same for continuous random variables?
What is the probability that a person’s height is exactly 5.678123589 feet

What is the probability that a bus arrives exactly 6 hours, 23 minutes and
2976427909 seconds from now?

px(0.135) = P(X = 0.135) = é - 0 No!



How to describe probability of a single value?

For discrete random variables, we defined the PMF: py (k) = P(Y = k).
CDY - T4 (k)= p(X&Kk)

Can we use the same for continuous random variables?
What is the probability that a person’s height is exactly 5.678123589 feet

What is the probability that a bus arrives exactly 6 hours, 23 minutes and
2976427909 seconds from now?
v

px(0.135) = P(X = 0.135) = é - 0 No!

Instead, we use the probability density function (PDF)

fx (k) is the density (not probability!) of the continuous random variable
X at the value k o

————




Probability Density Function

For discrete random variables, we defined the PMF: py (k) = P(Y = k).

For continuous random variables, we use the probability density function

fx(k) is the density (not probability!) of the continuous random variable
X at the value k

Discrete (PMF) Continuvous (PDF) hoh—heqoﬁ\‘\’ij
o

9 py (k) > 0 fiel) = 0 o
0 NnNpr )
D Dww=1 | pldk=1 &
keQy ]

O ——



Probability Denstty Function

For discrete random variables, we defined the PMF: py (k) = P(Y = k).

For continuous random variables, we use the probability density function

fx (k) is the density (not probability!) of the continuous random variable
X at the value k

U’»? g., PME for a discrete RV, X e.g.. PDF for a continuous RV, X

Tx

I :E/(?'X px@) fx(k)
P;((\‘)

dlte A

L2 i I 2 oxris 9




Probability Denstty Function

For discrete random variables, we defined the PMF: py (k) = P(Y = k).

For continuous random variables, we use the probability density function
fx (k) is the density of the continuous random variable X at the value k

How do we use the PDF? e.g., PDF for a continuous RV, X

To compute probabilities of events! £ (A<AZh)

P
b y
Pla<X<b)= [, fx(z) dz 1
integrating (s analogous to summing 4 |
:; 1 R

\ = 9




Probability Densuy Function (example)

\

0-V25 ., 5 -

X is a uniform real number in [0,1]. Let's derive the PDF for X!
-l

Idea: Make it “work right” for events since single outcomes don't make
sense.

Y ) |
PO<X<1)= | =/ £,.x dk
0
0
P(X is negative) = () = | #xlk)dk
— —~ 04
05
P(4<X<.5)=0.1=J £,k)dk
e 0] |_|_

0 S-0.4=0 4



Probability Density Function (example)

X is a uniform real number in [0,1]. Let's derive the PDF for X!

|dea: Make it “work right” for events since single outcomes don't make
sense.

PO<X<1D= 1 =[ fy(2)dz

P(X is negative) = 0 = f_Ooo fx(z) dz

[Z .l'_?e [.-%')-;\ "W 4G cASE
P(4 <X <.5)=0.1= [, fy(2) dz




CDF + Fx(KR)=P(X< K)
Probability Density Function (example)

X is a uniform real number in [0,1]. Let's derive the PDF for X!

What should fx (k) be to make all those events integrate to the right
values?

k ¢ Lo\ £.(K)
.00 =0 ifk <Oork > 1 YP(.%sx‘és\
2Tl Tif0<k<1 I,
<
[ =X < )
D\srre&@ CDF cont

iﬂ W o e




Probability Density Function (example 2)

0G
X is a uniform real number in [0,8)]. Let's derive the PDF for X!

What should fx (k) be to make all those events integrate to the right
values?

ifk < 0ork > 0.5 LK)

0
fX(k):{z if0 <k <0.5 2
. /// -

/\ Density # Probability |

fx(k) > 1is possible! 0 0[5 1
N\




Probability vs. Density

Key idea: integrating the PDF gives us probabilities [, _|
But the PDF itself does not give us probabilities £, (11 = P(X= 11D

CEE—

\
The number that best represents P(X =.1) is 0 = "~

0o
But, this is different from fyx (1) =1 N | Q| =po

A For continuous probability spaces:
> Impossible events have probability 0

> But even though probability of a specific value is 0, it's still possible




What exactly do the values in the PDF mean?

Let's look at the event X ~ .2 +LR

For a very small value of €, )

P(X ~.2) = P(2—€/2<X <.2+¢/2)

—2+€/2

= o e/ fx(z) dz = height - width
= fx (.2) f__

£

What happens if we look at the ratio
P(X=.2)
P(X~.5) —




What exactly do the values in the PDF mean?

Let's look at the event X =~ .2 r\%
For a very small value of ¢, N
PX~.2)=P(2—-€/2<X<.2+4¢/2) v
= [,°77° fx(2) dz ~ height - width
=fx (2)-€

2 5

What happ%ns if we look at the ratio

e ey N
Pix~2) _ P(2-35X52+5) “ery(2) _ fx(2
P(X~.5)  P(5-s<X<.5+) ﬂffx(-5) fx(5)

2



What exactly do the values in the PDF mean?

”'

The number that when integrated over gives the probability of an event.

e

Equivalently, it's number such that:

-it is always non-negative

-integrating over all real numbers gives 1. nor mah2&N 7

-comparing fx (k) and fx () gives the relative chances of X being near k




" Cumulative Distribution Function (CDF)



What's a CDF?

The Cumulative Distribution Function Fy (k) = P(X < k)

analogous to the CDF for discrete variables.

Fy(k) = P(X < k) = [* fx(2) dz
e e
cont .

So how do | get from CDF to PDF? Taking the derivative!

cont - ‘
d%Fx(k) — d%(f_koo fx(2) dz) = fx (k) oY A&mum%\ue
- CDF PDVF

PD T _/

"nye gmf\ﬁ




Comparing Discrete and Continuous
| DisrtoRandom Varigbles | Confinuous Rondom Variables

Probability 0 Equivalent to impossible All imeossible events have probability 0, but not
) conversely.
Relative Chances PMF: px(k) = P(X = k) P M'F- PDF fy (k) gives chances relative to fxy (k')
Events Sum aover-PME to get probability Integrate PDF to get probability
———"
Convert from CDF for INUIRVN IR EX-T NE bl B < kD Integrate PDF to get CDF.
PMF Look for “breakpoint—s" in CDF to get PMF. Differentiate DF to get PDFE.
Next up!
> X(@) - fr(®)
w
Next up!
> g(X @) (@)
w
E[X?] — (E[X])? Next up!

B s




= Expectation and Variance



What about expectation? L

For a discrete random variable X, we have E[X] = Yyeq, k - px (k)
SR

For a continuous random variable X, we define:

00

EX]=J__z-fx(2)dz

N

Just replace summing over the PMF with integrating the PDF.

It still represents the average value of X.



Expectation of a function LOTV>

)

For a discrete random variable X, we have E[g(X)] = Xkeq, 9(k) - px (k)

For any function g and any continuous random variable, X:
[g(X)] = f g(Z) fx(2) dZ

\

Again, analogous to the discrete case; just replace summation with
integration and pmf with the pdf. -




Linearity of Expectation

Still truel @ ,lo, € ave cONHANTS

ElaX + bY + c] = aE|X] + BE|Y} + ¢

For all X,Y; even if they're continuous.

Won't show you the proof — for just E[aX + b], it's
E[aX + b] = [ [aX(k) + b]fx (k) dk

= [ ax(o) fy()dk + [~ bfy(k)dk

=af" XU fx()dk+b [ fy()dk
= aE[X] + b



Variance

No surprises here
LOTVS

Var(X) =\IE[X2] — (IE[X])Z\= f fx(k)(k — E[X])*d

—a=




Comparing Discrete and Continuous

Probability 0 Equivalent to impossible All impossible events have probability 0, but not
conversely.
Relative Chances PMF: py (k) = P(X = k) PDF fy (k) gives chances relative to fxy (k')
Sum over PMF to get probability Integrate PDF to get probability
O\ n (g Ee B Sum up PMF to get CDF. Integrate PDF to get CDF.
PMF Look for “breakpoints” in CDF to get PMF. Differentiate CDF to get PDF.
E[X] “
= X@) p@) |z z
. PME = PDF
Y 9(x@) R | 9@ i) da
» —00

E[X?] — (E[X])?

E[X2] — (E[X])? = f (z - E[X])2fy(2) dz



H:Z Zoo of Continuous Random variables

and get practice with working with continuous random variables!



Continuous Zoo

This zoo defines common patterns for continuous random variables and gives us the
PDF, CDF, expectation, and variance, so we don't have to compute it every time!

X~Unif(a, b) X~Exp(4)

fx (k) =b71aforas k<b fx(k) =2e* fork>0
Fy(k) =gifa3k<b

Fy(k)=1—e**ifk>0

_a+b

2 1
(b — a)? Var(X) = —

A2
12

E[X]

Var(X) = o*

Var(X) =

It's a smaller zoo, but it's just as much fun! :D



Continuous Uniform Distribution

Scenario: Pick a random real number between a anc_j_ggi_s our choice.
> X is a uniform randontreal number betweena and b -> \X ~ Unif(a,@

We saw the discrete uniform distribution before — it took on an\integenbetween a and b
This is the continuous uniform distribution — it takes on a rea numbenbetween a and b




Continuous Uniform Distribution - PDF

> X is a uniform random real number between a and b -> X ~ Unif(a, b)

What is the PDF, fy(k)?

Draw a picture and think about the properties the PDF must have!

\Oe s \ {b‘l_ak Vxé["‘;b}
D

OW

'\V\%Eqm’ce Yo A€

///////A\ . O Loy o awve

Fill out the poll everywhere:

a b k
e N pollev.com/jolie312

Wl dfh = b -a




Continuous Uniform Distribution - PDF

> X is a uniform random real number between a and b -> X ~ Unif(a, b)

What is the PDF, fx(k)?

Draw a picture and think about the properties the PDF must have!

(k) —

1/(b—a)

a d/b

The area under a PDF mustbe 1. [~ fy(2) dz = 1

For the area of this
rectangle to be 1, the

height must be —~

b—a

ifa<k<b

otherwise

~N




Continuous Uniform Distribution — CDF wisual

> X is a uniform random real number between a and b -> X ~ Unif(a, b)

What is the CDF, Fy (k)? Let's compute this “visually"...

PCX=K)




Continuous Uniform Distribution — CDF wisual

> X is a uniform random real number between a and b -> X ~ Unif(a, b)

What is the CDF, Fy(k)? Let's compute this “visually"...
Fx(k) = P(X < k) is the area of the green region below: E fa<k<b

fx(2) — 4 f A

1/(b — a)




Continuous Uniform Distribution — CDF visuan

> X is a uniform random real number between a and b -> X ~ Unif(a, b)

What is the CDF, Fy(k)? Let's compute this “visually"...
Fx(k) = P(X < k) is the area of the green region below: E fa<k<b

fx(2) —— g 0 itkea
1/(b — a) 4 Hre<a
FX(k)=<b_a ifa<k<b




Continuous Uniform Distribution — CDF wisual

> X is a uniform random real number between a and b -> X ~ Unif(a, b)

What is the CDF, Fy(k)? Let's compute this “visually"..
Fx(k) = P(X < k) is the area of the green region below: E fa<k<b

fx(2) —— g f | A
1/(b - a) 0 ifk<a

ifa<k<b

_ L ifk2b




Continuous Uniform Distribution — CDFuntegrai

> X is a uniform random real number between a and b -> X ~ Unif(a, b)

A P(X=K)=0 for ovr X

What is the CDF, Fy(k)? Let's compute this “algebraically”..

k | cases
The CDF is: Fx(k) = [~ fx(2)dz \C—- go rverall

We can compute this for the ranges based on what k is and what fx(z) is for the values of z less than k

Case when k < a: Fy(k) = [*_fy(2)dz = [* 0dz=0
k “ / k—
*CasewhenaSka: Fx(k) = |__ fx(2)dz = [ 0dz + Edz:TZ
h— ~—- a
b
Case when k > b: Fy (k) = f_koofx(z)dz= $d2+g0d2= 1| (0 ifk<a\
—_— 3 —— a ___ k —a .

\S’“Od J F(k) ={;— ifa<k<b
2 —F L1 lkab)

\_




1 .
Let's calculate an expectation fx(k)={b_a fasz<)

0 otherwise
— _
Let X be a uniform random number between a and b.

BIX] = [, 2 fu(2) dz "

spht U'P \y\-to cases

j 2 F(F)dz « j% tx (2)de +5 > A (2)d3

-
s upsti\hufe f\d—(: : b

__§OZ-Odz e jz g%-Od%

\/_:\'/O\/ - e

=D



1

Let’s calculate an expectation fx<k>={m

0 otherwise

ifa<z<b

Let X be a uniform random number between a and b.

Elx]= [,z fx(2) dz
=[" z- Odz+f z - —dz+fbooz-0dz

—0+f —dz+0

2 b b? a’? _ b?-a®* _ (b+a)(b- a) a+b

Z
~ 2-a) 20-a) 2-a)  2(b-a) 2

~ 2(b-a)

zZz=a



What about E|g(X)] wiegrals

2 k.
| i N X
Let X~Unif(a, b), what about E[X~]?
E[x?] = [_ z*fx(2)dz

=f_aoozz-0dz+f;

i ———

2. L * 2.
z? —dz+ [z 0dz
—

b ,
=O+fazz-$cz+0

2.b

L (”3—“—3)— L (b—a)(a® + ab + b?)

Z
b—a 3| ,—4 Db-a ~ 3(b-a)
—a2ighih2 7A —




L et’'s assemble the variance
LOTNS

Var(X) = E[X?] — (E[Xl)z
a’+ab+b?  [a+b)\?

~ 3 (T)

_ 4(a*+ab+b?)  3(a’+2ab+b?)

12 12
__a*-2ab+b*
- 12
_@b?

12



Continuous L{niform Distribution

Cons. 200 ]
X~Unif(a, bg (uniform real number between a and b)
(1 .
PDF: fo (k) = {p—a 1ESk=D AOTaY On®
0 otherwise v )
A ‘ Ut (g
\ 0 ifk < a A
k—a .
CDF: Fy(k) ={;= ifa<k <b mscovﬁ/o/‘ Cov -
1 ifk > b
A _ atb A\ x K

Var(X) = — [ x%ox \Dg( %)
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  Next up!


  X


  𝔼  [ X ] =  ∫  − ∞ ∞    z ⋅ f X  ( z )   d z


  X


  X


  𝔼  [ X ] =  ∑  k ∈  Ω X  k ⋅  p X ( k )


  g


  X :


  𝔼  [  g  ( X ) ] =  ∫  − ∞ ∞  g  ( z ) ⋅  f X  ( z )   d z


  X


  𝔼  [  g ( X ) ] =  ∑  k ∈  Ω X  g ( k ) ⋅  p X ( k )


  𝔼 [ a X + b ]


  𝔼  [  a X + b ] =  ∫  − ∞ ∞   [  a X  ( k ) + b ]  f X ( k )   d k  


  =  ∫  − ∞ ∞  a X  ( k )  f X  ( k ) d k +  ∫  − ∞ ∞  b  f X  ( k ) d k


  = a  ∫  − ∞ ∞  X  ( k )  f X  ( k ) d k + b  ∫  − ∞ ∞   f X  ( k ) d k


  = a 𝔼  [ X ] + b


  𝔼  [  𝒂 𝑿 + 𝒃 𝒀 + 𝒄 ] = 𝒂 𝔼  [ 𝑿 ] + 𝒃 𝔼  [ 𝒀 } + 𝒄


  𝑿 , 𝒀


  𝐕 𝐚 𝐫  ( 𝑿 ) = 𝔼  [   𝑿 𝟐 ] −    (  𝔼  [ 𝑿 ] ) 𝟐 =  ∫  − ∞ ∞     𝒇 𝑿 ( 𝒌 )  (  𝒌 − 𝔼  [ 𝑿 ] ) 𝟐   𝐝 𝒌


  𝟎


  0 ,


   p X  ( k ) = ℙ ( X = k )


   f X ( k )


   f X (  k ′ )


  𝔼 [ 𝑿 ]


   ∑ 𝜔  X ( 𝜔 ) ⋅  f X ( 𝜔 )


   ∫  − ∞ ∞  z ⋅  f X  ( z )   d z


  𝔼 [ 𝒈  ( 𝑿 ) ]


   ∑ 𝜔  g  (  X  ( 𝜔 ) ) ⋅  f X ( 𝜔 )


   ∫  − ∞ ∞  g ( z ) ⋅  f X  ( z )   d z


  𝐕 𝐚 𝐫 ( 𝑿 )


  𝔼  [   X 2 ] −    (  𝔼  [ X ] ) 2


  𝔼  [   X 2 ] −    (  𝔼  [ X ] ) 2 =  ∫  − ∞ ∞     (  z − 𝔼  [ X ] ) 2  f X  ( z )   d z


   𝒇 𝑿  ( 𝒌 ) =  𝟏  𝒃 − 𝒂


  𝒂 ≤ 𝒌 ≤ 𝒃


   𝑭 𝑿  ( 𝒌 ) =   𝒙 − 𝒂  𝒃 − 𝒂


  𝒂 ≤ 𝒌 < 𝒃


  𝔼  [ 𝑿 ] =   𝒂 + 𝒃 𝟐


  𝐕 𝐚 𝐫  ( 𝑿 ) =      (  𝒃 − 𝒂 ) 𝟐  𝟏 𝟐


  𝑿 ~ 𝐔 𝐧 𝐢 𝐟 ( 𝒂 , 𝒃 )


   𝒇 𝑿  ( 𝒌 ) = 𝝀  𝒆  − 𝝀 𝒌


  𝒌 ≥ 𝟎


   𝑭 𝑿  ( 𝒌 ) = 𝟏 −  𝒆  − 𝝀 𝒌


  𝒌 ≥ 𝟎


  𝔼  [ 𝑿 ] =  𝟏 𝝀


  𝐕 𝐚 𝐫  ( 𝑿 ) =  𝟏   𝝀 𝟐


  𝑿 ~ 𝐄 𝐱 𝐩 ( 𝝀 )


   𝒇 𝑿  ( 𝒌 ) =  𝟏  𝝈   𝟐 𝝅 𝐞 𝐱 𝐩  (  −      (  𝒙 − 𝝁 ) 𝟐  𝟐  𝝈 𝟐 )


   𝑭 𝑿  ( 𝒌 ) = 𝚽  (    𝒌 − 𝝁 𝝈 )


  𝔼  [ 𝑿 ] = 𝝁


  𝐕 𝐚 𝐫  ( 𝑿 ) =  𝝈 𝟐


  𝑿 ~ 𝒩 ( 𝝁 ,  𝝈 𝟐 )


  a


  b


  X


  X


  a


  b


  X ∼ Unif ( a , b )


  a


  b


  a


  b


  X


  a


  b


  X ∼ Unif  (  a , b )


   f X  ( k )


   f X ( k )


  k


  a


  b


  X


  a


  b


  X ∼ Unif  (  a , b )


   f X  ( k )


   f X ( k )


  k


  a


  b


   ∫  − ∞ ∞   f X  ( z ) ⅆ z = 1


   1  b − a


  1 / ( b − a )


  b − a


   f X  ( k ) =  {       1  b − a         if   a ≤ k ≤ b    0                         otherwise


  X


  a


  b


  X ∼ Unif  (  a , b )


   F X  ( k )


   f X ( z )


  z


  a


  b


   1  b − a


  1 / ( b − a )


  b − a


   F X  ( k ) =  {                                                                                 


  𝒌


  X


  a


  b


  X ∼ Unif  (  a , b )


   F X  ( k )


   F X  ( k ) = P ( X ≤ k )


    k − a  b − a


  a ≤ k < b


   f X ( z )


  z


  a


  b


   1  b − a


  1 / ( b − a )


  b − a


   F X  ( k ) =  {                𝒌 − 𝒂  𝒃 − 𝒂     𝐢 𝐟   𝒂 ≤ 𝒌 ≤ 𝒃          


  𝒌


  X


  a


  b


  X ∼ Unif  (  a , b )


   F X  ( k )


   F X  ( k ) = P ( X ≤ k )


    k − a  b − a


  a ≤ k < b


   f X ( z )


  z


  a


  b


   1  b − a


  1 / ( b − a )


  b − a


   F X  ( k ) =  {           𝟎                               𝐢 𝐟   𝒌 < 𝒂      k − a  b − a     if   a ≤ k ≤ b          


  𝒌


  X


  a


  b


  X ∼ Unif  (  a , b )


   F X  ( k )


   F X  ( k ) = P ( X ≤ k )


    k − a  b − a


  a ≤ k < b


   f X ( z )


  z


  a


  b


   1  b − a


  1 / ( b − a )


  b − a


  𝒌


   F X  ( k ) =  {           0                               if   k < a      k − a  b − a     if   a ≤ k ≤ b           𝟏                               𝐢 𝐟   𝒌 ≥ 𝒃


  X


  a


  b


  X ∼ Unif  (  a , b )


   F X  ( k )


   F X  ( k ) =    ∫  − ∞ k   f X  ( z ) d z


  𝒌


   𝒇 𝑿  ( 𝒛 )


  𝒛


  𝒌


  𝒌 ≤ 𝒂


   F X  ( k ) =    ∫  − ∞ k   f X  ( z ) d z =  ∫  − ∞ k  0   d z = 0


  𝒂 ≤ 𝒌 ≤ 𝒃


   F X  ( k ) =    ∫  − ∞ k   f X  ( z ) d z


   ∫  − ∞ a  0   d z +  ∫ a k   1  b − a d z =   k − a  b − a


  𝐤 > 𝒃


   F X  ( k ) =    ∫  − ∞ k   f X  ( z ) d z


   ∫ a b   1  b − a d z +  ∫ b k    0 d z = 1


   F X  ( k ) =  {           0                               if   k < a      k − a  b − a     if   a ≤ k ≤ b           𝟏                               𝐢 𝐟   𝒌 ≥ 𝒃


  X


  a


    b


  𝔼  [ X ] =  ∫  − ∞ ∞  z ⋅  f X  ( z )   d z


   f X  ( k ) =  {      1  b − a  if   a ≤ z ≤ b   0  otherwise


  X


  a


    b


  𝔼  [ X ] =  ∫  − ∞ ∞  z ⋅  f X  ( z )   d z


  =  ∫  − ∞ a  z ⋅ 0   d z +  ∫ a b  z ⋅  1  b − a d z +  ∫ b ∞  z ⋅ 0 d z


  = 0 +  ∫ a b   z  b − a   d z + 0


  =          z 2  2 ( b − a ) | b  z = a =    b 2  2 ( b − a ) −    a 2  2  (  b − a ) =    b 2 −  a 2  2  (  b − a ) =    (  b + a )  (  b − a )  2  (  b − a ) =   a + b 2


   f X  ( k ) =  {      1  b − a  if   a ≤ z ≤ b   0  otherwise


  𝔼  [  g  ( X ) ]


  X ~ Unif ( a , b )


  𝔼  [   X 2 ]


  𝔼  [   X 2 ] =  ∫  − ∞ ∞   z 2  f X  ( z ) d z


  =  ∫  − ∞ a   z 2 ⋅ 0   d z +  ∫ a b   z 2 ⋅  1  b − a d z +  ∫ b ∞   z 2 ⋅ 0   d z


  = 0 +  ∫ a b   z 2 ⋅  1  b − a d z + 0


  =  1  b − a ⋅          z 3 3 | b  z = a =  1  b − a  (     b 3 3 −    a 3 3 ) =  1  3  (  b − a ) ⋅  (  b − a )  (   a 2 + a b +  b 2 )


  =    a 2 + a b +  b 2 3


  Var  ( X ) = 𝔼  [   X 2 ] −    (  𝔼  [ X ] ) 2


  =    a 2 + a b +  b 2 3 −    (    a + b 2 ) 2


  =   4 (  a 2 + a b +  b 2 )  12 −     3 ( a 2 + 2 a b +  b 2 )  12


  =    a 2 − 2 a b +  b 2  12


  =      (  a − b ) 2  12


  X ~ Unif ( a , b )


  a


  b


   f X  ( k ) =  {       1  b − a         if   a ≤ k ≤ b    0                         otherwise


   F X  ( k ) =  {      0                               if   k < a      k − a  b − a     if   a ≤ k ≤ b    1                                 if   k ≥ b


  𝔼  [ X ] =   a + b 2


  Var  ( X ) =      (  b − a ) 2  12

