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MCQ:

Final answers in the box

Similar format with quizzes



For any events 𝐸 and 𝐹 such that Pr 𝐸 𝐸 ∩ 𝐹 > 0, it holds that 
Pr 𝐸 𝐸 ∩ 𝐹 ≤ Pr 𝐸 𝐹

True / false



Marlene wants to buy 20 bubble teas for a party. There are 4 flavors 
available- brown sugar, matcha, lychee, and strawberry. 

If she wants to buy at least 2 of each flavor, and if bubble teas of the 
same flavor are indistinguishable, how many ways are there to select 
the 20 drinks?

Counting



Marlene wants to buy 20 bubble teas for a party. There are 4 flavors 
available- brown sugar, matcha, lychee, and strawberry. 

How many ways can Marlene order 1 drink, such that the drink she 
ordered contains brown sugar flavor, and/or contains matcha flavor? 

Consider two orders the same they have the same combination of 
flavors.

Counting



A professor has a test bank of 20 questions that she will draw on for a 
particular exam. A particular student knows how to solve 12 of them. 
The exam she gives is a random subset of 8 of the questions.

What is the probability that the student knows how to solve all 8 problems?

Probability



A professor has a test bank of 20 questions that she will draw on for a 
particular exam. A particular student knows how to solve 12 of them. 
The exam she gives is a random subset of 8 of the questions.

What is the probability that the student knows how to solve exactly 6 of the 
problems?

Probability



A professor has a test bank of 20 questions that she will draw on for a 
particular exam. A particular student knows how to solve 12 of them. 
The exam she gives is a random subset of 8 of the questions.

What is the expected number of questions the student will get right?

Expectation



Allie and her daughter Sophia love watching Kraken ice hockey games. For 
some games, one of them will wear the lucky tentacle, which affects the 
Kraken’s chances of winning. 

• If neither wears the lucky tentacle, the Kraken win with probability 1/2.

• If Allie wears the lucky tentacle, the Kraken win with probability p.

• If Sophia wears the lucky tentacle, the Kraken win with probability 2p.

Sophia has an early bed-time, so she only wears the tentacle 1/5 of the 
time. Allie wears it 2/5 of the time and the remaining 2/5 neither do. 

Note that these are the only possibilities (there is no way for both to wear 
the one lucky tentacle). Let A, S, N be the events that Allie, Sophia, or 
neither wear the lucky tentacle (respectively). 

Let W be the event that the Kraken win.

Conditional Probability



Allie and her daughter Sophia love watching 
Kraken ice hockey games. For some games, 
one of them will wear the lucky tentacle, which 
affects the Kraken’s chances of winning. 

• If neither wears the lucky tentacle, the Kraken 
win with probability 1/2.

• If Allie wears the lucky tentacle, the Kraken 
win with probability p.

• If Sophia wears the lucky tentacle, the Kraken 
win with probability 2p.

Sophia has an early bed-time, so she only 
wears the tentacle 1/5 of the time. Allie wears it 
2/5 of the time and the remaining 2/5 neither 
do. 

Note that these are the only possibilities (there 
is no way for both to wear the one lucky 
tentacle). Let A, S, N be the events that Allie, 
Sophia, or neither wear the lucky tentacle 
(respectively). 

Let W be the event that the Kraken win.

Which conditional probability or probability 
is referred to in the first bullet?

Conditional Probability



Allie and her daughter Sophia love watching 
Kraken ice hockey games. For some games, 
one of them will wear the lucky tentacle, which 
affects the Kraken’s chances of winning. 

• If neither wears the lucky tentacle, the Kraken 
win with probability 1/2.

• If Allie wears the lucky tentacle, the Kraken 
win with probability p.

• If Sophia wears the lucky tentacle, the Kraken 
win with probability 2p.

Sophia has an early bed-time, so she only 
wears the tentacle 1/5 of the time. Allie wears it 
2/5 of the time and the remaining 2/5 neither 
do. 

Note that these are the only possibilities (there 
is no way for both to wear the one lucky 
tentacle). Let A, S, N be the events that Allie, 
Sophia, or neither wear the lucky tentacle 
(respectively). 

Let W be the event that the Kraken win.

If the Kraken won, what is the probability 
that Sophia was wearing the lucky tentacle? 
Write a formula to represent this probability using only notation (no numbers nor 
expressions using p; just probabilities, conditional probabilities, and events) that 
describe the situation.

Conditional Probability



Frogger

A frog starts on a 1-dimensional number line at 0. 

Each second, independently, the frog takes a unit step right with 
probability 𝑝1, to the left with probability 𝑝2, and doesn't move with 
probability 𝑝3, where 𝑝1 + 𝑝2 + 𝑝3 = 1. 

After 2 seconds, let 𝑋 be the location of the frog. Find 𝔼 𝑋 .



Frogger – Brute Force 

A frog starts on a 1-dimensional number line at 0. At each second, independently, the frog takes a 
unit step right with probability 𝑝𝑅, to the left with probability 𝑝𝐿, and doesn't move with probability 
𝑝𝑆, where 𝑝𝐿 + 𝑝𝑅 + 𝑝𝑆 = 1. After 2 seconds, let 𝑋 be the location of the frog. Find 𝔼 𝑋 .

We could find the PMF by computing the probability for each value in the range of X, and then 
applying definition of expectation:

𝑝𝑋 𝑥 =

𝑝𝐿
2 𝑥 = −2

2𝑝𝐿𝑝𝑆 𝑥 = −1

2𝑝𝐿𝑝𝑅 + 𝑝𝑠
2 𝑥 = 0

2𝑝𝑅𝑝𝑆 𝑥 = 1

𝑝𝑅
2 𝑥 = 2

0 otherwise

𝔼 𝑿 = Σ𝜔𝑃 𝜔 𝑋 𝜔 = (−2)𝑝𝐿
2+ −1 2𝑝𝐿𝑝𝑆 + 0 ⋅ 2𝑝𝐿𝑝𝑅 + 𝑝𝑠

2 + 1 2𝑝𝑅𝑝𝑆 + (2)𝑝𝑅
2 = 2(𝑝𝑅 − 𝑝𝐿)

We think about the outcomes that correspond to each 

value of X and compute the probability of that. For 

example, X=0 happens when the frog is at the same 

position after 2 sec – this means it either moved left 

and then right, or right and then left, or did not move 

both seconds.



Frogger – LOE

A frog starts on a 1-dimensional number line at 0. At each second, independently, the frog takes a 
unit step right with probability 𝑝𝑅, to the left with probability 𝑝𝐿, and doesn't move with probability 
𝑝𝑆, where 𝑝𝐿 + 𝑝𝑅 + 𝑝𝑆 = 1. After 2 seconds, let 𝑋 be the location of the frog. Find 𝔼 𝑋 .

Define 𝑋𝑖  as follows:

𝑋𝑖 = ቐ

 −1 if the frog moved left on the 𝑖th step
 0 otherwise
 1 if the frog moved right on the 𝑖th step

   

𝔼 𝑋𝑖 = −1 ⋅ 𝑝𝐿 + 1 ⋅ 𝑝𝑅 + 0 ⋅ 𝑝𝑆 = (𝑝𝑅 − 𝑝𝐿)

By Linearity of Expectation, 

𝔼 𝑋 = 𝔼 σ𝑖=1
2 𝑋𝑖 = σ𝑖=1

2 𝔼[𝑋𝑖] = 2(𝑝𝑅 − 𝑝𝐿)

Or we can apply LoE!



Frogger – LOE

A frog starts on a 1-dimensional number line at 0. At each second, independently, the frog takes a 
unit step right with probability 𝑝𝑅, to the left with probability 𝑝𝐿, and doesn't move with probability 
𝑝𝑆, where 𝑝𝐿 + 𝑝𝑅 + 𝑝𝑆 = 1. After 60 seconds, let 𝑋 be the location of the frog. Find 𝔼 𝑋 .

Define 𝑋𝑖  as follows:

𝑋𝑖 = ቐ

 −1 if the frog moved left on the 𝑖th step
 0 otherwise
 1 if the frog moved right on the 𝑖th step

   

𝔼 𝑋𝑖 = −1 ⋅ 𝑝𝐿 + 1 ⋅ 𝑝𝑅 + 0 ⋅ 𝑝𝑆 = (𝑝𝑅 − 𝑝𝐿)

By Linearity of Expectation, 

𝔼 𝑋 = 𝔼 σ𝑖=1
𝟔𝟎 𝑋𝑖 = σ𝑖=1

𝟔𝟎 𝔼[𝑋𝑖] =𝟔𝟎(𝑝𝑅 − 𝑝𝐿)

If we interested in a whole minute (60 sec), the first approach would be awful because we would need 

to compute many probabilities or deal with a gnarly summation! Instead, we can use LoE!
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  E


  F


    Pr ⁡   ( E |  E ∩ F ) > 0


    Pr ⁡   ( E |  E ∩ F ) ≤   Pr ⁡   ( E | F )


   p 1


   p 2


   p 3


     p 1 + p 2 +  p 3 = 1


  X


  𝔼  [ X ]


   p R


   p L


   p S


     p L + p R +  p S = 1


  X


  𝔼  [ X ]


   p X  ( x ) =  {       p L 2                                                                                                       x = − 2      2 p L  p S                                                                                         x = − 1      2 p L  p R +  p s 2                                                                   x =       0      2 p R  p S                                                                                         x =       1     p R 2                                                                                                     x =       2    0                                                                                                 otherwise


  𝔼  [ 𝑿 ] =  Σ 𝜔 P  ( 𝜔 ) X  ( 𝜔 ) =   ( − 2 ) p L 2 +  (  − 1 )   2 p L  p S + 0 ⋅  (    2 p L  p R +  p s 2 ) +  ( 1 )   2 p R  p S + ( 2 )  p R 2 = 2 (  p R −  p L )


   p R


   p L


   p S


     p L + p R +  p S = 1


  X


  𝔼  [ X ]


   X i  


   X i =  {            − 1                                     if   the   frog   moved   left   on   the   i th   step              0                                                                                                                                             otherwise              1                                   if   the   frog   moved   right   on   the   i th   step


  𝔼  [   X i ] =   − 1 ⋅  p L + 1 ⋅ p R + 0 ⋅  p S = (  p R −  p L )


  𝔼  [ X ] = 𝔼  [   ∑  i = 1 2   X i ] =  ∑  i = 1 2  𝔼 [  X i ]


    2 (  p R −  p L )


   p R


   p L


   p S


     p L + p R +  p S = 1


  X


  𝔼  [ X ]


   X i  


   X i =  {            − 1                                     if   the   frog   moved   left   on   the   i th   step              0                                                                                                                                             otherwise              1                                   if   the   frog   moved   right   on   the   i th   step


  𝔼  [   X i ] =   − 1 ⋅  p L + 1 ⋅ p R + 0 ⋅  p S = (  p R −  p L )


  𝔼  [ X ] = 𝔼  [   ∑  i = 1  𝟔 𝟎   X i ] =  ∑  i = 1  𝟔 𝟎  𝔼 [  X i ]


  𝟔 𝟎 (  p R −  p L )

