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STANSTICALLY SPEAKING, IF YOU PICK UPA
SEASHELL AND SOVT HOLD IT TDYOUR ERR,
YOU (AN PROBABLY HEAR THE OCEAN.

Title text: This is roughly equivalent to ‘'number of times I've picked up a
seashell at the ocean' / 'number of times I've picked up a seashell’, which
in my case is pretty close to 1, and gets much closer if we're considering

only times | didn't put it to my ear.

https://xkcd.com/1236/



https://xkcd.com/1236/

Announcements

HW1 grades are out (regrade request closes Saturday night)
HW?2 due tonight

HW3 out this evening.
> HW3 includes a programming project — using Bayes rule to do some

machine learning — detecting whether emails are spam or “ham” (legitimate
emails). =

~% > Longer than the programming on HW1 — please get started early!
> Extra resources are available!

— No concept check today



Announcements

Quiz 2 Probability on Friday
Will have a reference sheet, see pinned post on Ed

Lectures 4-6 content

— —

Please email me by Wednesday (7/15) if you are expecting a hard
conflict for the midterm (7/22)

-- more information / resources for the midterm will be posted end of week



Where Are We?

Last time: Today:
Independence 7’ Review
Chain Rule Intro to Random Variables

Conditional Independence



Outline for Today

> Counting
‘Fef Review of counting techniques
—s Tips/quidelines for how to figure out what technique to use
Practice problems

> Uniform Probability Spaces
How to know to setup a uniform probability spaces
How to setup a uniform sample space
Some practice (+ more counting practice)

—> Conditional probability

Review of what conditional probability/rules we've learned
How to know what rule to use
A practice problem

I



[~ Counting

Counting the number of ways to do something,
the size of a set



Lots of counti NQJ... Factorial: n! ways to rearrange n distinct things

—= Complementary counting: Counting the ways for A to not occur
ways for A to NOT occur = total options — ways for A to occur

\ Product rule: Sequential process with m, options in 15t step, m, options in 2", m5 in
3 step, etc. we pick 1 option from each to form the outcome m; - m, - ms - ...

+k—1

T*71) ways to distribute n identical things to k distinct types

W\ Stars and bars: ("

Picking k distinct elements from a group of n distinct elements

Permutations: P(n, k) if the order of Combinations: () if the order of the k
the k elements does matter elements does not matter

Finding the size of a union of sets- |[AUB U -+ |

\ Sum rule: If disjoint, |A| + |B]| + -+ Inclusion-Exclusion: singles-doubles+triples-...




How to tell which approach(es) to take?

dicx\ncY [ repeared | orden
> |dentify keywords in the problem, and key properties, and think about
what technigues match those patterns

* |If an approach isn't working or things are getting out of control, try a
different approach!

DThere are often multiple ways to solve the same problem ©

* In some problems, we might need to start by solving a simplified
version of the problem and then dividing/subtracting out overcounting

This all takes practice so don't be hard on yourself if you don't think of
the correct answer at first glance!!



How to tell which approach(es) to take?

[> Counting union of some sets? (inclusion-exclusion)
Are the sets mutually exclusive? (sum rule) [ P\- N\ \ = 0O &
> Create desired outcomes with a seguential process? (product rule)

. . . .
> Counting ways for something not to occur? (complementary counting)

> Does qrder:
E matter? (permutation) N \ PLn /k 3

not matter? (combination)

>7Are the objects:
distinguishable? { porson NS povson Z

indistinguishable? (stars and bars) C U{P (OL NG Cu P (OKE

B ——




How to tell which approach(es) to take?
CNEVTY &

11 L I 11 M I
at least one of A, B, or C", "either Aor B or C —>(|A UBU CD
sum rule if disjoint o.w. inclusion-exclusion OR take complement to find none A, B, C)

\"v\
- = ]

‘none of A, B, C"->|[AnBNC

take the complement and find the above OR you might be able to setup a sequential
process in a way that ensures none of these happen by restricting certain options

11

items of same type are indistinguishable”, “only care about how many of

EaCh type we select”, “distribute identical into distinguishable bins”
se the stars and bars approach with the identical items as stars and bins/types as bins




Sleuth’s Criterion
How to check if we counted correctly?

~For each outcome that we want to count, there should be exactly one

set Of

" choices in the sequential process that wi

> |f t
have

nere are no sequence of choices that will
undercounted.

| lead to thrat outcome.

ead to the outcome, we

> |f there is more than one sequence of choices that will lead to the
outcome, we have overcounted.

e

Try writing down some possible outcomes, and make sure that there's
exactly 1T way to create each outcome with your sequential process!



We use permutation or combination when selecting distinct
elements from a group of distinct elements

But how to tell if order matters?

Try listing out some possible outcomes and think about, what outcomes
do | want to be counted the same and what outcomes do | want to be

counted separately?

For example.... N \

— Counting paths from (0,0) to (5,3): Picking 3 of 8 steps to go UP
{S4 S2, S7} corresponds to the same path as {S2, S7 S4} -> comblﬁ'a'ﬁ’

—> Picking 4 people to be on a team and assign them soccer positions
{Position 1. A, Position 2: B, Position 3: C, Position 4: D}, {Position 1: B, Position 2:
D, Position 3: C, Position 4: A}, etc. are all corresponding to same subset but
different positions/outcomes, so order does matter here -> permutation




We use permutation or combination when selecting distinct elements
from a group of distinct elements

But how to tell if order matters?

For example, in the birthday problem from last week...

We ended up need to find |E| which is the number of possible birthday
assignments so that everyone has a different birthday. ——

N \O [\Z
We need to pick 50 distinct birthdays from a group of 365 distinct b-days
_—

So...we're going to use a permutation or a combination.
VA

Should {July 1st, September 28, December 4t ..} be counted only once?
No! That won't count for how those can be assigned to the people.
So, the order DOES matter -> permutation =



'tok\EQS\
Example nore (12455

é

A company has 10 projects and 15 employees. Each project requires a team of 3
employees. How many ways can you assign employees to projects if each employee
can be part of multiple projects, but no projects can have the same team?

bO\A\ @ cou st Cumplé’)meh“'

Jot down your initial ideas!
pollev.com/jolie312




Example

A company has 10 projects and 15 employees. Each project requires a team of 3
employees. How many ways can you assign employees to projects if each employee
can be part of multiple projects, but no projects can have the same team?

Our first approach might be to use complementary counting...
What would the complement be in this problem?
> “at least two projects with the same team” — this seems hard to count

L

—_—

L —



Fxample (f,}

A company has 10 projects and 15 employees. Each project requires a team of 3

employees. How many ways can you assign employees to projects if each employee
can be part of multiple projects, but no projects can have the same team?

Let's rephrase the problem...

—IHow many options if all projects have a distinct team of 3 people”

So, we are selecting 10 distinct teams of 3 from all possible distinct teams

-




Example Y . -
- | 2 > Y S b L= .

A company has 10 projects and 15 employees. Each project requires a team of 3

employees. How many ways can you assign employees to projects if each employee
can be part of multiple projects, but no projects can have the same team?

Let's rephrase the problem...

"How many options if all projects have a distinct team of 3 people”

So, we are selecting 10 distinct teams of 3 from all possible distinct teams

'5
> How many possible teams of 3 are there? L 2 )
> How many ways are to pick teams of 3 for these 10 projects?

7AD" RGN\ Gy

——




Example

A company has 10 projects and 15 employees. Each project requires a team of 3

employees. How many ways can you assign employees to projects if each employee
can be part of multiple projects, but no projects can have the same team?

Let's rephrase the problem...

"How many options if all projects have a distinct team of 3 people”

So, we are selecting 10 distinct teams of 3 from all possible distinct teams

> How many possible teams of 3 are there? (*,’) = 455

Picking a subset of 3 distinct people from the 15 employees -> combination
> How many ways are to pick distinct teams for these 10 projects?



Example

A company has 10 projects and 15 employees. Each project requires a team of 3

employees. How many ways can you assign employees to projects if each employee
can be part of multiple projects, but no projects can have the same team?

Let's rephrase the problem...

"How many options if all projects have a distinct team of 3 people”

So, we are selecting 10 distinct teams of 3 from all possible distinct teams

> How many possible teams of 3 are there? (*,’) = 455

Picking a subset of 3 distinct people from the 15 employees -> combination
> How many ways are to pick teams of 3 for these 10 projects? P (455, 10)
Picking 10 of these teams and assigning them to project -> permutation



Example

A company has 10 projects and 15 employees. Each project requires a team of 3

employees. How many ways can you assign employees to projects if each employee
can be part of multiple projects, but no projects can have the same team?

Another valid approach!

Step 1, pick for 15t project: (%))

Step 2, pick for 2" project: (%) — 1 ¢
Step 3, pick for 37 project: (%) — 2 ¥

—_— TN -
e

Step 10, pick for 10t project: (%) — 9
Use product rule, and multiply all these together!




What to do when we see "at least 1...""?

It depends!! Here are some things to try:

Taking the complement. Sometime the complement of what we're trying to count
is easier, so we use complementary counting.
e.g., the complement of at least 1 vowel in the string is strings with NO vowels

Using casework. If the scale of the problem isn't too big, we can look at each case
of exactly how many things are included — then we sum rule
e.g., we can look at the case of exactly 1 vowel, exactly 2 vowels, exactly 3, etc.

Write it as a union of sets and use the sum rule if disjoint and inclusion-exclusion if
they overlap

Write a sequential process and use the product rule
Especially with ‘at least " problems it's very easy to overcount, so either divide out overcounting
or make Sure to set up the sequential process in a way that overcounts

If we're dealing with indistinguishable things, and using stars and bars and want to

have at least k of some types....
Start by just taking k of that type (only 1 option) and then using stars and bars for the remaining




SULTRY
For example.... U

4 -9:26 \
You're organizing a potluck party with dishes from 4 different cuisines: Italian,

Thai, Lebanese, and Nigerian. Each cuisine has 10 distinct dishes available. How
many ways can you select a plate of 5 distinct dishes to taste, ensuring that you

try at Ie\as/t&e/@ﬁbimn—ea_c@m@me? The order of dishes doesn't matter.
(

poy , L9 T - -—\-10 'ldf’(léd - € \Of .3C
Vol d 0w comes ' = @ 9 -
- -2
Elszl L\/N‘/TQ:L& EXS
, 3L YN A2
L 4. = O (%) o

@ comp I Ehment

%Bafh‘
i R /—Ji’L\_—T—BIj‘-'\ / 16} @|0 N

Jot down your initial ideas!

pollev.com/jolie312




For example....

You're organizing a potluck party with dishes from 4 different cuisines: Italian,
Thai, Lebanese, and Nigerian. Each cuisine has 10 distinct dishes available. How
many ways can you select a plate of 5 distinct dishes to taste, ensuring that you
try at least one dish from each cuisine? The order of dishes doesn't matter.

Let's first try...taking the complement!
What's the complement of “at least one dish from each cuisine”?

> "at |east one cuisine with no dishes” which means that...
> “|. has no dishes OR T. has no dishes OR L. has no dishes QR N. has no dishes”

> the “OR"” means a union of sets
--- do these Sets overlap? Yes, so we would have to use inlusion-exclusion

pp—



For example....

You're organizing a potluck party with dishes from 4 different cuisines: Italian,
Thai, Lebanese, and Nigerian. Each cuisine has 10 distinct dishes available. How
many ways can you select a plate of 5 distinct dishes to taste, ensuring that you
try at least one dish from each cuisine? The order of dishes doesn't matter.

That was too much work @ Let's now try...using casework!

If we write out some possibilities:

(1,15, Tg, Lo, N3}, {I1, Ts, Ts, Lo, Na3}, {I1, Ts, L, Lo, N3}, {11, Ts, Lg, No, N3}
We see that we have the cases:

> Case ﬁexactly 2 of Italian and exactly 1 of 3 remaining): Qz‘l- 10-10-10

> Case 2\@xactly 2 of Thai and exactly 1 of 3 remaining): (%)) - 10 - 10 - 10

> Case 3\“Yexactly 2 of Lebanese and exactly 1 of 3 remaining): (%)) - 10 - 10 - 10
> Case 4 {xactly 2 of Nigerian and exactly 1 of 3 remaining): (3)-10-10- 10




For example....

You're organizing a potluck party with dishes from 4 different cuisines: Italian,
Thai, Lebanese, and Nigerian. Each cuisine has 10 distinct dishes available. How
many ways can you select a plate of 5 distinct dishes to taste, ensuring that you
try at least one dish from each cuisine? The order of dishes doesn't matter.

If we didn't think of that...we might now try writing as union of sets

It's not really clear how we could write this as a union of sets. If we
expanded this out, we would be looking for:
“at least one dish from | AND at least one dish from T AND ...”"

This is an intersection — not a union, which is why when we took the
complement it was a union



For example....

You're organizing a potluck party with dishes from 4 different cuisines: Italian,
Thai, Lebanese, and Nigerian. Each cuisine has 10 distinct dishes available. How
many ways can you select a plate of 5 distinct dishes to taste, ensuring that you
try at least one dish from each cuisine? The order of dishes doesn't matter.

Lastly...we will try writing a sequential process!

Approach 1:
We want at least 1 dish in each cuisine, so let’s start by “forcing” that:

Step 1: Pick 1 falian dish — 10 options

Y_ Step 2: Pick 1 Thai dish — 10 options 10% - 36 Letfi ;heCk,’ihat
Step 3: Pick 1 Lebanese dish — 10 options options 't doesh
overcount....

\_ Step 4: Pick 1 Nigerian dish — 10 options
_=step 5: Pick a 5t dish from remaining: 40 — 4 = 36 options



For example....

You're organizing a potluck party with dishes from 4 different cuisines: Italian,
Thai, Lebanese, and Nigerian. Each cuisine has 10 distinct dishes available. How
many ways can you select a plate of 5 distinct dishes to taste, ensuring that you
try at least one dish from each cuisine? The order of dishes doesn't matter.

Lastly...we will try writing a sequential process! ‘

Approach 1: 2

We want at least 1 dish in each cuisine, so let’s start by “forcing” that:
Step 1: Pick 1 Italian dish — 10 options Any set of dishes haylét i3k a repeat cuisine:
Step 2: Pick 1 Thai dish — 10 options @Tb;(@ N,

Step 3: Pick 1 Lebanese dish — 10 options ~ Can be maqle by piEETng Ty In step 2 a.nd T in
Step 4 Pick 1 Nigerian dish — 10 options ~ St€P > OR picking T in stép 2 and T}, in step 5

Step 5: Pick a 5t dish from remaining : 40 — 4 = 36 options T =



For example....

You're organizing a potluck party with dishes from 4 different cuisines: Italian,
Thai, Lebanese, and Nigerian. Each cuisine has 10 distinct dishes available. How
many ways can you select a plate of 5 distinct dishes to taste, ensuring that you
try at least one dish from each cuisine? The order of dishes doesn't matter.

Lastly...we will try writing a sequential process!

Approach 1:
We want at least 1 dish in each cuisine, so let’s start by “forcing” that:

Step 1: Pick 1 Italian dish — 10 options

Step 2: Pick 1 Thai dish — 10 options Divide by 2 because every possible outcome is
Step 3: Pick 1 Lebanese dish — 10 options counted twice: (10* - 36)/2

Step 4: Pick 1 Nigerian dish — 10 options

Step 5: Pick a 5% dish from remaining : 40 — 4 = 36 options



For example....

You're organizing a potluck party with dishes from 4 different cuisines: Italian,
Thai, Lebanese, and Nigerian. Each cuisine has 10 distinct dishes available. How
many ways can you select a plate of 5 distinct dishes to taste, ensuring that you
try at least one dish from each cuisine? The order of dishes doesn't matter.

Lastly...we will try writing a sequential process! \ Okff?\ s Y &S

i 0 5
Approach 2: “ l,z/ ) - 1D
When we try listing out some possibilities, there's always 1 repeated cuisine
we try lising out some possiblties there's aways 1 repeated cuisip
Step 1: Pick 1 cuisine that will be repeated — 4 options ) L
o T o 27 ) a\s
r__ﬂStep 2: Pick 2 dishes from that cuisine — (*,’) options (L Ty L., Ny T.}
Step 3: Pick 1 dish from the 15t remaining cuisine — 10 options Can be made with only set of
Step 4: Pick 1 dish from the 2t remaining cuisine — 10 options choices, so no overcounting

__Step 5: Pick 1 dish from the 3" remaining cuisine — 10 options



A Fruit Problem

You have to choose 20 pieces of fruit. There are apples, oranges,
bananas, and cherries. Fruits of the same type are indistinguishable.

You need to pick at most 2 apples and at least 1 banana. How many sets
of fruit can you choose?

Jot down your initial ideas!

pollev.com/jolie312

When you see a restriction with at most k of something either use casework
If k is small enough OR take complement and find total — was with more
than k of that thing (very similar to at least k of something)




A Fruit Problem

You have to choose 20 pieces of fruit. There are apples@, oranges@),
pananas &R, and cherries & . Fruits of the same type are
indistinguishable. You need to pick at most 2 apples and at least 1
panana. How many sets of fruit can you choose?

Divide into disjoint cases based on number of apples:
0 apples:
1 apple@:
2 apples@ W:

total (by sum rule)




A Fruit Problem

You have to choose 20 pieces of fruit. There are apples@), oranges@®,
bananas{,, and cherries&®. Fruits of the same tgpe are indistinguishable.

You need to pick at most 2 apples and at least 1 banana. How many sets of
fruit can you choose?

Divide into disjoint cases based on number of apples:
0 apples: Pick 1§, select@® /82, /& for remaining 19: (*°°71) = (%)

1 apple@: Pick 1§, select@® /8 /& for remaining 18: (*°°7) = (%)
2 apples@ @: Pick 183, select@® /8 /& for remaining 19: (*7°71) = (%))

(5)+ )+ () total (by sum rule)




A Fruit Problem (another approach!)

You have to choose 20 pieces of fruit. There are apples@, oranges®),
bananas{), and cherries@®. Fruits of the same type are
indistinguishable. You need to pick at most 2 apples and at least 1
banana. How many sets of fruit can you choose?

1. Pick out your first banana

2. Pick 19 fruits (< 2 apples)
Complementary counting:
Total possibilities ignoring apple restriction:
Possibilities with = 3 apples (these are the outcomes we want to exclude):

Total: (1) — (%))



A Fruit Problem (another approach!)

You have to choose 20 pieces of fruit. There are apples@, oranges®),
bananas{), and cherries@®. Fruits of the same type are
indistinguishable. You need to pick at most 2 apples and at least 1
banana. How many sets of fruit can you choose?

1. Pick out your first banana — 1 option because indistinguishable

2. Pick 19 fruits (< 2 apples)
Complementary counting:
Total possibilities ignoring apple restriction: (*°*7%) (19 pieces, 4 types)
Possibilities with > 3 apples (these are the outcomes we want to exclude)

(164+f1‘1). Pick 3 apples (1 options bc indistinguishable), pick 4 from 3 types

Total: (1) — (%))



[~ Uniform Probability Spaces



Probability (in general)

Probability allows us to assign a value between 0 and 1 to outcomes
— * Random experiment: any process where the outcome is unknown
—— Sample space of an experiment: set of all possible outcomes
——+ Event: a subset of the sample space (some set of outcomes)

_—* Probability space: the pair (£, IP) where Q is the sample space and P is
the probability measure (a function that assigns probabilities to every
outcome w In the sample space)

Uniform probability space: A probability space where every outcome
(s equally likely to occur. In a uniform probability space...

X P(w)=— P(E)=:cl € <L




When do | know to setup a uniform
probability space?

It you're looking for a probability and see phrases like “equally likely”,

“uniformly at random”, a “fair coin/dice”, “randomly picking..." you're
C’ most likely going to be able to pick a uniform probability space.

L3
> Pick a sample space where every outcome is equally likely

the information included in the sample space should be what's relevant to the problem
think about what are you considering as 1 outcome, write out some examples

r———

> Find the size of the sample space (using counting techniques!)

—

> Define the event and count its size (using counting techniques!)
_ IE|

_—> Find the probability by doing P(E) = 1

=~



Examples A —=
p T 3 /q_\BJQJK

What is the probability that when you pick 3 distinct cards from a
deck of 52 cards, that they form a consecutive sequence (any order)?
Assume you are equally likely to draw any cards.

Sample space: | O\ = ;%) S & | "l'&. 3k

Event. = ”% C&E:[P\g%e = 2 “
A A V2"a) - \)
Probability: ° = Q

PLC) - \ex




Examples

What is the probability that when you pick 3 distinct cards from a
deck of 52 cards, that they form a consecutive sequence (any order)?
Assume you are equally likely to draw any cards.

Sample space: Set of all possible subsets of 3 cards. || = (532)

Event: E is the event that the 3 cards form a sequence

Probability: P(E) =

|E
|}

T (D) —



I~ Conditional Probability



What is conditional probability?

P(A|B) is the probability that A happens given/conditioning on B

A —

we are looking for the probability that A happens but we are given the extra
information that B happens

“what's the probability of A given B”
“if B, what's the probability A happens”

e.q., "What is the probability the moon landing is fake if | wear a tinfoil hat?"
Let the event M ~ the moon landing is fake

Let the event T ~ | wear aa\m‘oil hat

We are interested in P(M|T)
—/



Rules that use conditional probability

YO

Definition of conditional probability: P(A|B) = P[([:zgf)
g \

Bayes' theorem: P(B|A) 1 PUBR®) 4

—— PR

@w of total probability:
P(4) = PA|E)P(E,) + -+ P(AIE,)P(E, ) @I Lg e

it E1,E,, ..., E,, partition the sample space Q
o —

1ghﬂ_&lle: N
(E1 NE; NN Ey) = P(E)P(E,|E))P(ES|E; NER) . P(Eg|Er N - N Ep_q)

_— S

-—



Rules that use conditional probability

If events A and B are independent. P(A|B) = IP(B),P(An B)IP(A)IP(B)

- e e ————

If events A, B, C, ... are mutually independent. P(ANBNCN ) =P(A)P(B)P(C) ..

—

If events A and B are conditionally independent on C: P(A n B|C) = P(A|C)IP(B|C)
—_— j



How to know what rules to use?

© (1B
i,Start by clearly defining relevant events for the problem

¢ Write the probabilities given in the problem in terms of those events
¢ Write the probability we are looking for in terms of those events

E—

% Think about what rules we can use to relate those probabilities
together to get what we are looking for

> e.g., iIf we're looking for IP(A) and we have the probabilities for A

conditioned on other things, use law of to bility




Example P (=l MB - '-P(A) S1TP o
P(A\SIP(S) «P (o RE

A classifier determlnes whether an email is spam.

—_—
(e ;he classifier correctly classifies spamemalls with probability 0.95 and
incorrectly classities non-spam emails as spam with probability 0.05

e

The overall probability that an email is spam is 0.3 g

If an emall is classified as spam, what is the progmlity that it is actually
spam? A
Sork w| eventy deb. =D Argnsia € wOrds 4o everns
B - o\ evaing [clasSifging a5 s povn

D— eé\\(\ccj}lj & &\_5 s p&nn :PC 6) O 3 Jot down your initial ideas!

P(s \A) = ~ Y [&\ 53 c D 9s pollev.com/jolie312




A classifier determines whether an email is spam.

* The classifier correctly classifies spam emails with probability 0.95 and
incorrectly classifies non-spam emails as spam with probability 0.05

The overall probability that an email is spam is 0.3

If an email is classified as spam, what is the probability that it is actually
spam?

Start by defining events:

A ~ classifier labels email as spam, S~the email is actually spam

Write probabilities in the problem in terms of events:



The classifier correctly classifies spam emails with probability 0.95 and
incorrectly classifies non-spam emails as spam with probability 0.05

The overall probability that an email is spam is 0.3

Start by defining events:
A ~ classifier labels email as spam, S~the email is actually spam
Write probabilities in the problem in terms of events:



The classifier correctly classifies spam emails with probability 0.95 and
incorrectly classifies non-spam emails as spam with probability 0.05

The overall probability that an email is spam is 0.3

Start by defining events:
A ~ classifier labels email as spam, S~the email is actually spam
Write probabilities in the problem in terms of events:

“Classifier correctly classifies spam emails with probability 0.9" can be
reworded as “If an email is spam, classifier correctly classifies it with probability
0.9"



The classifier correctly classifies spam emails with probability 0.95 and
incorrectly classifies non-spam emails as spam with probability 0.05

The overall probability that an email is spam is 0.3

Start by defining events:
A ~ classifier labels email as spam, S~the email is actually spam
Write probabilities in the problem in terms of events:

“Classifier correctly classifies spam emails with probability 0.9" can be
reworded as “If an email is spam, classifier correctly classifies it with probability
0.9" 2 P(A|S) = 0.95



The classifier correctly classifies spam emails with probability 0.95 and
incorrectly classifies non-spam emails as spam with probability 0. 05

The overall probability that an email is spam is 0.3

Start by defining events:
A ~ classifier labels email as spam, S~the email is actually spam
Write probabilities in the problem in terms of events:

“Classifier correctly classifies spam emails with probability 0.9" can be
reworded as “If an email is spam, classifier correctly classifies it with probability
0.9" 2 P(A|S) = 0.95



The classifier correctly classifies spam emails with probability 0.95 and
incorrectly classifies non-spam emails as spam with probability 0. 05

The overall probability that an email is spam is 0.3

Start by defining events:
A ~ classifier labels email as spam, S~the email is actually spam
Write probabilities in the problem in terms of events:

“Classifier correctly classifies spam emails with probability 0.9" can be
reworded as “If an email is spam, classifier correctly classifies it with probability
0.9" 2 P(A|S) = 0.95

“Classifier classifies non-spam emails as spam with probability 0.05" can be
reworded as “lf an email is non-spam, classifies it as spam with probability
0.05" 2 P(A|S) = 0.05



The classifier correctly classifies spam emails with probability 0.95 and
incorrectly classifies non-spam emails as spam with probability 0.05

The overall probability that an email is spam is 0.3

Start by defining events:
A ~ classifier labels email as spam, S~the email is actually spam
Write probabilities in the problem in terms of events:

P(A|S) = 0.95, P(4|S) = 0.05



The classifier correctly classifies spam emails with probability 0.95 and
incorrectly classifies non-spam emails as spam with probability 0.05

The overall probability that an email is spam is 0.3

Start by defining events:
A ~ classifier labels email as spam, S~the email is actually spam
Write probabilities in the problem in terms of events:

P(A|S) = 0.95, P(4|S) = 0.05, P(S) = 0.3



The classifier correctly classifies spam emails with probability 0.95 and
incorrectly classifies non-spam emails as spam with probability 0.05

The overall probability that an email is spam is 0.3

If an email is classified as spam, what is the probability that it is actually
spam?

Start by defining events:

A ~ classifier labels email as spam, S~the email is actually spam
Write probabilities in the problem in terms of events:

P(A|S) = 0.95, P(A|S) = 0.05, P(S) = 0.3
Write the probability of what we are looking for:



The classifier correctly classifies spam emails with probability 0.95 and
incorrectly classifies non-spam emails as spam with probability 0.05

The overall probability that an email is spam is 0.3

If an email is classified as spam, what is the probability that it is actually
spam?

Start by defining events:

A ~ classifier labels email as spam, S~the email is actually spam

Write probabilities in the problem in terms of events:

P(A|S) = 0.95, P(A|S) = 0.05, P(S) = 0.3

Write the probability of what we are looking for:
P(S|A) =



The classifier correctly classifies spam emails with probability 0.95 and
incorrectly classifies non-spam emails as spam with probability 0.05

The overall probability that an email is spam is 0.3

If an email is classified as spam, what is the probability that it is actually
spam?

Start by defining events:

A ~ classifier labels email as spam, S~the email is actually spam

Write probabilities in the problem in terms of events:

P(A|S) = 0.95, P(A|S) = 0.05, P(S) = 0.3

Write the probability of what we are looking for:
pesia) < PAIPE) _
=)




The classifier correctly classifies spam emails with probability 0.95 and
incorrectly classifies non-spam emails as spam with probability 0.05

The overall probability that an email is spam is 0.3

If an email is classified as spam, what is the probability that it is actually
spam?

Start by defining events:

A ~ classifier labels email as spam, S~the email is actually spam

Write probabilities in the problem in terms of events:

P(A|S) = 0.95, P(A|S) = 0.05, P(S) = 0.3

Write the probability of what we are looking for:
P(S|A) = P(A[S)P(S) P(A|S)P(S)

P(A)  P(AISP(S) + P(A[S)P(S)




The classifier correctly classifies spam emails with probability 0.95 and
incorrectly classifies non-spam emails as spam with probability 0.05

T

The overall probability that an email is spam is 0.3

If an email is classified as spam, what is the prof)_a\bility that it is actually
spam?

Start by defining events:

A ~ classifier labels email as spam, S~the email is actually spam

Write probabilities in the problem in terms of events:

P(A|S) = 0.95, P(A]S) = 0.05, P(S) = 0.3

Write the probability of what we are looking for:
P(S|A) = P(A[S)P(S) P(A|S)P(S) 0.95-0.3

P(A)  PAISPES) + P(A[S)PS) 0.95-0.3+0.05-0.7
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Defining Events Can Be Tedious

AN —R\EVYYX —
For example, if we're interested in analyzing the sum of 2 random dice...

e e e

We might define events for all the possible outcomes:

E_;~ the sum 'SJ__

E, ~thesumis?2

E; ~ thesum s 3

E, ~thesumis 12

enfonmm—



Defining and Using Events Can Be Tedious

For example, if we're interested in analyzing the sum of 2 random dice...

Now, how might we express the event that the sum is more than 67

We could define an event A ~ the sum is more than 6 or since that's a bit
undescriptive we might look for P(E; U Eg U Eq U E1g U Ej1 U Ejp)

We want a way to easily say something “[the sum of the dice] > 6" or be
able to summarize things like “what is [the sum of the dice] on average?”



Random Variable
Pal

Informally: A random variable is a way to summarize the important
(numerical) information from your outcome.

———

Random Variable

X:Q — Ris a random variable
X(w) is the summary of the outcome w

Formally: Function assigning a value to outcomes of a random experiment
S — ——
Q is set of
possible
outcomes

Outcome_> Y — Quantitative
w E Q) value



The sum of two dice

EVENTS RANDOM VARIABLE

—_— —

We could define X:0-R

E, ="sumis 2" X is the sum of the two dice.
by —-—

1 M "
E; ="sumis 3
— T

E,, ="sum is 12"

And ask “which event occurs”?



More random variables

g From one sample space,é/j)u can define many random variables.
S\Jm £\ cpro s KEwY) —Rgum YLQB‘?_SB 5

Qis set of X — Quantitative value
. Outcome
possible e Y _— Quantitative value
outcomes Z = Quantitative value
= t2 72t | o .
E.g., Roll a fair red die and a fair blue die, Q is the set of possible outcomes

e

et |D |be the value of the red die minus the blue die D(4 2) = 2
 et(S _/_J_pe the sum of the values of the dice S(42) = 6
_et@e the maximum of the values M(4,2) = 4

——
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> We will always use capital letters for random variables.

> |t's common to use lower-case letters for the values they could take on.

> When we say X = 2, we are referring to the set of outcomes that the
random varlablemgns the value 2 -

For example, if X is the number of heads in three coin flips, X = 2 corresponds to the
set of outcomes {HHT, HTH, THH} = - ——

L (LHATIN = 2
XOUHTHTY =




Notational Notes

> We will always use capital letters for random variables.
> |t's common to use lower-case letters for the values they could take on.

> When we say X = 2, we are referring to the set of outcomes that the
random variable X assigns the value 2

For example, if X is the number of heads in three coin flips, X = 2 corresponds to the
set of outcomes {HHT,HTH, THH}

Note that X = 2 is a set of outcomes, so it is an event!

= {ﬁHT:HTH]—rHH}




How do we describe random variables?

Random variable gives a quantitative property of an outcome in a random
experiment.
e.g., the number of coin flips till the first head, or the sum of two dice rolls

> Support

e.g., what are the possible “number of coin flips” it could possibly take?

> Probability Mass Function
e.g., what's the probability it takes 3 coin flips till the 15t head? what about 5 flips?

> Cumulative Distribution Function
e.g., what's the probability it takes less than 3 coin flips till the 15t head?

> Expectation
e.g., how many coin flips can we expect it to take till the first head on average?
> Variance
e.g., on average, how much does the “number of coin flips” deviate from the expectation?
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