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Probability vs. Statistics

Probabilistic 
Model Data

PROBABILITY

generate

STATISTICS

infer

Maximum Likelihood Estimation:  Given some data drawn from a known distribution 
with unknown parameters, estimate the parameters of the distribution



Creating an maximum likelihood estimator

Goal:  Estimate an unknown value 𝜃, given sample data 𝑋 from known distribution
with unknown parameter(s) 𝜃.

Step 1:  Define

෠𝜃𝑀𝐿 𝑋 = 𝑥 = arg max
𝜃

𝑷(X = x; 𝜃)

This is the 
“likelihood 
function”

Our estimator is the value 
of 𝜃 that maximizes the 

likelihood function



Example of MLE

Goal: Estimate 𝜃 =Number of pink jelly beans

Experiment: Randomly sample 𝑛 = 20 beans w/ replacement

𝑋 = # pink jelly beans in sample
1000 jelly beans total

Xsim Binomial leftnfractheta1000right



Example of MLE

Goal: Estimate 𝜃 =Number of pink jelly beans

Experiment: Randomly sample 𝑛 = 20 beans w/ replacement

𝑋 = # pink jelly beans in sample is Binomial (n, 𝜃 /1000)

𝑷(X = 3; 𝜃) =
20
3

𝜃
1000

3

⋅ 1 −
𝜃

1000

17

Suppose we observe 𝑋 = 3 pinks in our sample with 𝑛 = 20 .  

What value 
of 𝜃

maximizes 
this?

1000 jelly beans total



Example of MLE

1000 jelly beans total

Q:  Suppose we observe 𝑋 = 3 pinks in our sample.  What is P(X = 3; 𝜃)?

What value of 𝜃
maximizes this?

𝜃 = 150

෠𝜃𝑀𝐿 𝑋 = 3

= arg max
𝜃

𝑷(X = 3; 𝜃)

= 150

Goal: Estimate 𝜃 =Number of pink jelly beans

Experiment: Randomly sample 𝑛 = 20 beans w/ replacement

𝑋 = # pink jelly beans in sample

𝑷(X = 3; 𝜃)



Example of MLE
Q: What is the likelihood function 𝑷(X = x; 𝜃)?

𝑋 = # pink jelly beans 
in sample

1000 jelly beans total

Solving, we get:

𝜃 =
1000𝑥
𝑛

𝑷(X = x; 𝜃) =
𝑛
𝑥

𝜃
1000

𝑥

⋅ 1 −
𝜃

1000

𝑛−𝑥

Q: What is መ𝜃𝑀𝐿 𝑋 = 𝑥 = arg max
𝜃

𝑷(X = x; 𝜃)?

0 =
𝑑
𝑑𝜃
𝑷(X = x; 𝜃) = 𝑑

𝑑𝜃
𝑛
𝑥

𝜃
1000

𝑥

⋅ 1 −
𝜃

1000

𝑛−𝑥

=
𝑛
𝑥

𝜃
1000

𝑥

⋅ 𝑛 − 𝑥 ⋅ 1 −
𝜃

1000

𝑛−𝑥−1

⋅
−1
1000

+
𝑛
𝑥 ⋅ 𝑥

𝜃
1000

𝑥−1

⋅
1

1000 ⋅ 1 −
𝜃

1000

𝑛−𝑥

= −
𝑛 − 𝑥
1000 ⋅

𝜃
1000 +

𝑥
1000 ⋅ 1 −

𝜃
1000

2nd derivative is 
negative,

so this is a max 



Maximizing Log likelihood Simpler

Goal:  Estimate an unknown value 𝜃, given sample data 𝑋

Define

෠𝜃 𝑋 = 𝑥 = arg max
𝜃

𝑷(X = x; 𝜃)?

This is the 
likelihood 
function

This is the 
log likelihood 

function

equivalent
Why??

= arg max
𝜃

ln 𝑷(X = x; 𝜃)?



Example of MLE
The likelihood function 𝑷(X = x; 𝜃)?

𝑋 = # pink jelly beans 
in sample

1000 jelly beans total𝑷(X = x; 𝜃) =
𝑛
𝑥

𝜃
1000

𝑥

⋅ 1 −
𝜃

1000

𝑛−𝑥

ln 𝑷(X = x; 𝜃) = ln
𝑛
𝑥

+ x ln
𝜃

1000
+ (𝑛 − x)ln 1 −

𝜃
1000

0 =
𝑑
𝑑𝜃
ln 𝑷(X = x; 𝜃)

ln 𝑎𝑏 = ln 𝑎 + ln 𝑏
ln 𝑎/𝑏 = ln 𝑎 − ln(𝑏)

ln 𝑎𝑏 = 𝑏 ⋅ ln(𝑎)

frac100001000

lnleftbeginmatrixnxendmatrixrightxlnthetaxlnleft1000rightleftnxrightlnleft1000thetarightleftnxrightlnleft1000right
fracxthetafracleftnxrightleft1right100theta0



Example of MLE
What is the likelihood function 𝑷 𝑋 = 𝑥 𝜃}?

𝑋 = # pink jelly beans 
in sample

1000 jelly beans total

This holds
∀𝑥

𝑷(X = x; 𝜃) =
𝑛
𝑥

𝜃
1000

𝑥

⋅ 1 −
𝜃

1000

𝑛−𝑥

What is ෠𝜃 𝑋 = 𝑥 = arg max
𝜃

𝑷(X = x; 𝜃)

෠𝜃 𝑋 = 𝑥 = arg max
𝜃

𝑷(X = x; 𝜃) = 1000𝑥
𝑛

= arg max
𝜃

ln 𝑷(X = x; 𝜃)?



Agenda

• MLE for Continuous Distributions
• MLE for Normal Distribution
• Unbiased and Consistent Estimators



The Continuous Case

Given 𝑛 (independent) samples 𝑋1 = 𝑥1,… , 𝑋n = 𝑥𝑛 from 
(continuous) parametric model 𝑓 𝑥𝑖; 𝜃 which is now a family of 
densities

Definition. The likelihood of independent observations 𝑥1, … . , 𝑥𝑛 is

ℒ 𝑋1 = 𝑥1, … , 𝑋n = 𝑥𝑛; 𝜃 =ෑ
𝑖=1

𝑛

𝑓(𝑥𝑖; 𝜃)

Replace pmf with pdf!



Why density?

• Density ≠ probability, but:
– For maximizing likelihood, we really only care about relative 

likelihoods, and density captures that
– has desired property that likelihood increases with better fit to the 

model

PleftXinleftxxdxrightrightneqfleftxrightdx



Agenda

• MLE for for Continuous Distributions
• MLE for Normal Distribution
• Unbiased and Consistent Estimators



0−1−2−3−4 1 2 3 4 5 6

𝑛 samples 𝑋1= 𝑥1, … , 𝑋n = 𝑥𝑛 ∈ ℝ from Gaussian 𝒩(𝜇, 1). Most likely 𝜇?
[i.e., we are given the promise that the variance is 1]

unknown



Example – Gaussian Parameters

Normal outcomes 𝑋1 = 𝑥1, … , 𝑋𝑛 = 𝑥𝑛, known variance 𝜎2 = 1

ℒ(𝑋1= 𝑥1, … , 𝑋n = 𝑥𝑛; θ) =ෑ
𝑖=1

𝑛

𝑓(𝑥𝑖; 𝜃) =ෑ
𝑖=1

𝑛
1
2𝜋

𝑒−
𝑥𝑖−𝜃 2

2

=
1
2𝜋

𝑛

ෑ
𝑖=1

𝑛

𝑒−
𝑥𝑖−𝜃 2

2

Goal: estimate 𝜃, the unknown expectation

ln 𝑎𝑏 = ln 𝑎 + ln 𝑏
ln 𝑎/𝑏 = ln 𝑎 − ln(𝑏)

ln 𝑎𝑏 = 𝑏 ⋅ ln(𝑎)

lnLnlnleftfrac1sqrt2pirightsum_i1nlnefracleftxithetaright22fracn2lnleft2pirightsum_i1nfracleftxithetaright22



Example – Gaussian Parameters

Normal outcomes 𝑋1= 𝑥1, … , 𝑋n = 𝑥𝑛, known variance 𝜎2 = 1

Goal: estimate 𝜃= expectation

ln ℒ(𝑋1= 𝑥1, … , 𝑋n = 𝑥𝑛; θ) = − 𝑛
ln 2𝜋
2

−෍
𝑖=1

𝑛
𝑥𝑖 − 𝜃 2

2

Note: d
d𝜃

𝑥𝑖−𝜃 2

2
= 1

2
⋅ 2 ⋅ 𝑥𝑖 − 𝜃 ⋅ −1 = 𝜃 − 𝑥𝑖

d
d𝜃

lnℒ 𝑋1 = 𝑥1, … , 𝑋n = 𝑥𝑛; 𝜃 = sum_i1nleftthetaxiright
thetansum_i1nxi0Rightarrowhatthetafrac1nsum_i1nxi



Example – Gaussian Parameters

Normal outcomes 𝑋1= 𝑥1, … , 𝑋n = 𝑥𝑛, known variance 𝜎2 = 1

Goal: estimate 𝜃= expectation

ln ℒ(𝑋1= 𝑥1, … , 𝑋n = 𝑥𝑛; θ) = − 𝑛
ln 2𝜋
2

−෍
𝑖=1

𝑛
𝑥𝑖 − 𝜃 2

2

𝜕
𝜕𝜃 lnℒ 𝑋1 = 𝑥1, … , 𝑋n = 𝑥𝑛; 𝜃 =෍

𝑖=1

𝑛

(𝑥𝑖 − 𝜃) =෍
𝑖=1

𝑛

𝑥𝑖 − 𝑛𝜃

መ𝜃(𝑋1= 𝑥1,… , 𝑋n = 𝑥𝑛) =
σ𝑖
𝑛 𝑥𝑖
𝑛

In other words, MLE is the 
sample mean of the data.

So… solve  σ𝑖=1
𝑛 𝑥𝑖 − 𝑛 መ𝜃 = 0 for መ𝜃

Note: 𝜕
𝜕𝜃

𝑥𝑖−𝜃 2

2
= 1

2
⋅ 2 ⋅ 𝑥𝑖 − 𝜃 ⋅ −1 = 𝜃 − 𝑥𝑖
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Next: 𝑛 samples 𝑋1= 𝑥1, … , 𝑋𝑛 = 𝑥𝑛 ∈ ℝ from Gaussian 
𝒩(𝜇, 𝜎2). Most likely 𝜇 and 𝜎2? 



Two-parameter optimization

Normal outcomes 𝑋1= 𝑥1, … , 𝑋𝑛 = 𝑥𝑛

Goal: estimate 𝜃𝜇 = expectation and 𝜃𝝈𝟐 = variance

ℒ 𝑋1 = 𝑥1, … , 𝑋𝑛 = 𝑥𝑛; 𝜃𝜇, 𝜃𝝈𝟐 =ෑ
𝑖=1

𝑛

𝑓(𝑥𝑖; 𝜃𝜇, 𝜃𝝈𝟐)

= 1

2𝜋𝜃𝝈𝟐

𝑛
ς𝑖=1
𝑛 𝑒

−
𝑥𝑖−𝜃𝜇

2

2𝜃𝝈𝟐

ln 𝑎𝑏 = ln 𝑎 + ln 𝑏
ln 𝑎/𝑏 = ln 𝑎 − ln(𝑏)

ln 𝑎𝑏 = 𝑏 ⋅ ln(𝑎)

𝜃𝜇

𝜃𝝈𝟐

fracddxlnxfrac1x



Two-parameter estimation

ln ℒ 𝑋1= 𝑥1, … , 𝑋𝑛 = 𝑥𝑛; 𝜃𝜇, 𝜃𝝈𝟐 = −
ln(2𝜋 𝜃𝝈𝟐)

2
−෍

𝑖=1

𝑛
𝑥𝑖 − 𝜃𝜇

2

2𝜃𝝈𝟐

Find pair መ𝜃𝜇, መ𝜃𝝈𝟐 that maximizes ln ℒ 𝑋1= 𝑥1, … , 𝑋𝑛 = 𝑥𝑛; 𝜃𝜇, 𝜃𝝈𝟐



Two-parameter estimation

ln ℒ 𝑋1 = 𝑥1, … , 𝑋𝑛 = 𝑥𝑛; 𝜃𝜇, 𝜃𝝈𝟐 = −
ln(2𝜋 𝜃𝝈𝟐)

2
−෍

𝑖=1

𝑛
𝑥𝑖 − 𝜃𝜇

2

2𝜃𝝈𝟐

We need to find a solution መ𝜃𝜇, መ𝜃𝝈𝟐 to

𝜕
𝜕𝜃𝜇

lnℒ 𝑥1, … , 𝑥𝑛 ; 𝜃𝜇, 𝜃𝝈𝟐 = 0

𝜕
𝜕𝜃𝝈𝟐

lnℒ 𝑥1, … , 𝑥𝑛 ; 𝜃𝜇, 𝜃𝝈𝟐 = 0

And then check second order conditions. 7nlnleftpirightfracn2lnlefttheta62right



MLE for Expectation

ln ℒ 𝑋1 = 𝑥1, … , 𝑋𝑛 = 𝑥𝑛; 𝜃𝜇, 𝜃𝝈𝟐 = −𝑛
ln(2𝜋 𝜃𝝈𝟐)

2
−෍

𝑖=1

𝑛
𝑥𝑖 − 𝜃𝜇

2

2𝜃𝝈𝟐

fracpartialpartialthetamuleftxithetamuright2partialleftxithetamurightlnleft2pirightlnlefttheta62right
cdotleft1right2thetamuxi

fracddxfrac1xfrac1x2
fracpartialpartialthetamulnLfrac12theta62sum_i1n2leftthetamuxiright0frac2partialtheta62lnLfracn2frac1theta62sum_i1nfracleftxithetamuright22frac2partialtheta62frac1theta62fracnpartialtheta62sum_i1nfracleftxithetamuright22leftsigma62right2



MLE for Expectation

ln ℒ 𝑋1 = 𝑥1, … , 𝑋𝑛 = 𝑥𝑛; 𝜃𝜇, 𝜃𝝈𝟐 = −𝑛
ln(2𝜋 𝜃𝝈𝟐)

2
−෍

𝑖=1

𝑛
𝑥𝑖 − 𝜃𝜇

2

2𝜃𝝈𝟐

𝜕
𝜕𝜃𝜇

lnℒ 𝑋1 = 𝑥1, … , 𝑋𝑛 = 𝑥𝑛; 𝜃𝜇, 𝜃𝝈𝟐 =
1
𝜃𝝈𝟐

෍
𝑖

𝑛

(𝑥𝑖 − 𝜃𝜇) = 0

𝜕
𝜕𝜃𝝈𝟐

lnℒ 𝑥1, … , 𝑥𝑛 ; መ𝜃𝜇, 𝜃𝝈𝟐 = −
𝑛

2𝜃𝝈𝟐
+

1
2𝜃𝝈𝟐

2 ෍
𝑖=1

𝑛

𝑥𝑖 − 𝜃𝜇
2 = 0

cdottheta62
sum_ixinthetamu0 Rightarrowhatthetamufrac1nsum_ni

02 22r



MLE for Expectation

ln ℒ 𝑋1 = 𝑥1, … , 𝑋𝑛 = 𝑥𝑛; 𝜃𝜇, 𝜃𝝈𝟐 = −𝑛
ln(2𝜋 𝜃𝝈𝟐)

2
−෍

𝑖=1

𝑛
𝑥𝑖 − 𝜃𝜇

2

2𝜃𝝈𝟐

𝜕
𝜕𝜃𝜇

lnℒ 𝑋1 = 𝑥1, … , 𝑋𝑛 = 𝑥𝑛; 𝜃𝜇, 𝜃𝝈𝟐 =
1
𝜃𝝈𝟐

෍
𝑖

𝑛

(𝑥𝑖 − 𝜃𝜇) . Set = 0

መ𝜃𝜇(𝑋1= 𝑥1, … , 𝑋𝑛 = 𝑥𝑛) =
σ𝑖
𝑛 𝑥𝑖
𝑛

In other words, MLE of expectation is 
(again) the sample mean of the data, 
regardless of 𝜃2

What about the variance?



MLE for Variance

𝜕
𝜕𝜃𝝈𝟐

lnℒ 𝑥1, … , 𝑥𝑛 ; መ𝜃𝜇, 𝜃𝝈𝟐 =

መ𝜃𝝈𝟐 (𝑋1= 𝑥1,… , 𝑋𝑛 = 𝑥𝑛) =
1
𝑛
෍
𝑖=1

𝑛

𝑥𝑖 − መ𝜃𝜇
2

In other words, MLE of variance is the 
population variance of the data.

−
𝑛

2𝜃𝝈𝟐
+

1
2𝜃𝝈𝟐

2 ෍
𝑖=1

𝑛

𝑥𝑖 − መ𝜃𝜇
2

= −𝑛
ln 2𝜋
2

− 𝑛
ln 𝜃𝝈𝟐
2

−
1

2𝜃𝝈𝟐
෍
𝑖=1

𝑛

𝑥𝑖 − ෠𝜃𝜇
2

Set = 0

ln ℒ 𝑋1 = 𝑥1, … , 𝑋𝑛 = 𝑥𝑛; 𝜃𝜇, 𝜃𝝈𝟐 = −𝑛
ln(2𝜋 𝜃𝝈𝟐)

2
−෍

𝑖=1

𝑛
𝑥𝑖 − 𝜃𝜇

2

2𝜃𝝈𝟐

theta62

frac1nsum ito solve 0
crossmultiplyby2lefttheta2right2 andsold
for hattheta62

Yxi uhprob frac1ni1n



x1x2vdots EleftYrightx1frac1nx2frac1nldotsxncdotfrac1nfrac1nsum_i1nxibeginmatrixfrac1nfrac1nendmatrixfrac1nY
xn

VarleftYrightEleftleftYEleftYrightright2right
sum_i1nleftxiEleftYrightright2cdotfrac1n
sum_i1nleftxifrac1nsum_i1nxiright2cdotfrac1n

EleftgleftYrightrightsum_yinOmegagyleftyrightPleftYyright



Likelihood – Continuous Case

Definition. The likelihood of independent observations 𝑥1, … . , 𝑥𝑛 is

ℒ 𝑋1= 𝑥1, … , 𝑋𝑛 = 𝑥𝑛; 𝜃 =ෑ
𝑖=1

𝑛

𝑓(𝑥𝑖; 𝜃)

Normal outcomes (𝑋1= 𝑥1, … , 𝑋𝑛 = 𝑥𝑛)

መ𝜃𝝈𝟐 =
1
𝑛
෍
𝑖=1

𝑛

𝑥𝑖 − መ𝜃𝜇
2መ𝜃𝜇 (𝑋1= 𝑥1,… , 𝑋𝑛 = 𝑥𝑛) =

σ𝑖
𝑛 𝑥𝑖
𝑛

MLE estimator for 
expectation

MLE estimator for 
variance



General Recipe (single parameter)

1. Input Given 𝑛 i.i.d. samples 𝑋1 = 𝑥1, 𝑋2 = 𝑥2,… , 𝑋𝑛 = 𝑥𝑛 from parametric 
model with parameter 𝜃.
2. Likelihood Define your likelihood ℒ (𝑋1 = 𝑥1, 𝑋2 = 𝑥2, … , 𝑋𝑛 = 𝑥𝑛; θ).

– For discrete ℒ 𝑥1, … , 𝑥𝑛 ; 𝜃 = ς𝑖=1
𝑛 𝑃 𝑥𝑖 ; 𝜃

– For continuous ℒ 𝑥1, … , 𝑥𝑛 ; 𝜃 = ς𝑖=1
𝑛 𝑓 𝑥𝑖 ; 𝜃

3. Log Compute lnℒ 𝑥1, … , 𝑥𝑛 ; 𝜃
4. Differentiate Compute d

d𝜃
lnℒ 𝑥1, … , 𝑥𝑛 ; 𝜃

5. Solve for መ𝜃 by setting derivative to 0 and solving for max.

Do a second derivative test to verify it is a maximum, but we won’t ask you to 
do that in CSE 312.



General Recipe (multiple parrameters)

1. Input Given 𝑛 i.i.d. samples 𝑋1 = 𝑥1, 𝑋2 = 𝑥2, … , 𝑋𝑛 = 𝑥𝑛 from parametric 
model with parameters Ԧ𝜃 = (𝜃1,… , 𝜃k).

2. Likelihood Define your likelihood ℒ (𝑋1 = 𝑥1, 𝑋2 = 𝑥2, … , 𝑋𝑛 = 𝑥𝑛; 𝜃). 
– For discrete ℒ 𝑥1, … , 𝑥𝑛 ; Ԧ𝜃 = ς𝑖=1

𝑛 𝑃 𝑥𝑖 ; 𝜃
– For continuous ℒ 𝑥1, … , 𝑥𝑛 ; Ԧ𝜃 = ς𝑖=1

𝑛 𝑓 𝑥𝑖 ; Ԧ𝜃

3. Log Compute lnℒ 𝑥1, … , 𝑥𝑛 ; 𝜃

4. Differentiate Compute 𝜕
𝜕𝜃i

ln ℒ 𝑥1, … , 𝑥𝑛 ; 𝜃
5. Solve for ෠𝜃 by setting all the derivatives to 0 and solving.

Check second order conditions, but we won’t ask you to do that in CSE 312.
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