More Maximum Likelihood Estimation
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Several slides by Mor Harchol-Balter from
Book “Intro to Probability for Computing”



Probability vs. Statistics

PROBABILITY
generate
Probabilistic
Model
infer
STATISTICS

Maximum Likelihood Estimation: Given some data drawn from a known distribution
with unknown parameters, estimate the parameters of the distribution




Creating an maximum likelihood estimator

Goal: Estimate an unknown value &, given sample data X from known distribution
with unknown parameter(s) 6.

0, (X = x) = arg max
0

Our estimator is the value

This is the
“likelihood
function”

Step 1: Define

of & that maximizes the
likelihood function




Example of MLE

Goal: Estimate & =Number of pink jelly beans

Experiment: Randomly sample n = 20 beans w/ replacement R i,
1000 jelly beans total

X = # pink jelly beans in sample 3\§;;



Example of MLE

Goal: Estimate & =Number of pink jelly beans

Experiment: Randomly sample n = 20 beans w/ replacement R i,
1000 jelly beans total

X = # pink jelly beans in sample is Binomial (n, £ /1000) 3\‘?
by

Suppose we observe X = 3 pinks in our sample withn = 20.

What value
lo}i

3 maximizes
P(X=3;0) = N (L) (- this?
3 1000 1000




Example of MLE

Goal: Estimate & =Number of pink jelly beans

Experiment: Randomly sample n = 20 beans w/ replacement R i,
1000 jelly beans total

X = # pink jelly beans in sample 3\?
D

Q: Suppose we observe X = 3 pinks in our sample. What is P(X = 3; 6)?

P(X =3;0)
What value of 95 JaesagihyrossslramnsnsbonsaceiBoarss ~
maximizes this? N~ Peakat : Oy (X =3)
0.20 VR g gy L
el T , = argmax P(X = 3;6)
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Example of MLE

Q: What is the likelihood function P(X = x; 6)?

PX=x:0)= " 4 ) 1 i
=50 =) (1o55) “(*~1055)

Q: What is 8, (X = x) = argmax P(X = x; 0)?
0

n_

X

X = # pink jelly beans

1000 jelly beans total

A, AR e

in sample

(& 3

— d — [ d n 9 ’ 6
0 = EP(X =x;0) = E(x) (m) '(“M)

0 x 0 n—x—1 —1 n
= () (m) '<"—x)'<1—m> ‘00 (x)"“<

el U S Solvi t
~ 771000 1000 ' 1000 Oving, we get:

1000
B n

6
1000

-

1
1000

9 n—x
(1 - 1000)

2" derivative is
negative,
so this is a max

d




Maximizing Log likelihood Simpler

Goal: Estimate an unknown value &, given sample data X

. This is the This is the
Define likelihood log likelihood
function function

I\ |
R [ \ f \
0 (X=x)=argmax PX=x;0)? = argmax In P(X =x;0)?
0 0

equivalent

Why??




Exam p | e Of MLE 1111?5%)) _ llrrll((ccll)) +—11rr11((ll)7))

In(a?) = b - In(a)

The likelihood function P(X = x; 0)? A
n 6 \~ o\~ “** “

PE=x0) = (x) <M> | (1 - W) 10(;Ojelly beans tot;I

LSy pinkelly beans

|n sample

In P(X = x; 0) —1n( ) + X1n< o ) + (n_x)1n<1_i>
1000 1000

= QAP(X> +xI-6 —x Q,v\(|mn>+( ~x) M\W@@B () QM(‘“’CO

_ @ — 0 = Xy w2 (-\
CIMPX=x0)= & ) ) -0



Example of MLE

What is the likelihood function P{X = x | 6}?

n 9 \* 0 nex 1000 jelly beans total
x/ \1000 1000 X = # pink jelly beans
in sample
PR
Whatis (X = x) = arg max P(X = x; 6) = argmax In P(X =x; 0)?
Z] 0

1000x
n

6(X =x) = argmaxP(X =x;0) =
0




Agenda

 MLE for Continuous Distributions
* MLE for Normal Distribution
 Unbiased and Consistent Estimators



The Continuous Case

Given n (independent) samples X% = Xq, ..., X, = x,, from

(continuous) parametric model f(x;; 6) which is now a family of
densities

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

Def|n|t|on The likelihood of independent observatlons X1y eene, Xy IS

L(X, = %1, 0, Xy = %3 60) = nf(xl, 0

****************************************************************************************************** \

Replace pmf with pdf!



Why density? P(X € ﬁ‘l WM}) — 1C(X> ax

* Density # probability, but:

— For maximizing likelihood, we really only care about relative
likelihoods, and density captures that

— has desired property that likelihood increases with better fit to the
model



Agenda

* MLE for for Continuous Distributions
* MLE for Normal Distribution a
 Unbiased and Consistent Estimators



un it

L
n samples X;= x4, ..., X;, = x,, € R from Gaussian NV (u, 1). Most likely u?
[i.e., we are given the promise that the variance is 1] (

J
&




In(ab) = In(a) + In(b)

Example — Gaussian Parameters In(a/b) = In(a) = In(b)
In(a?) = b - In(a)

Normal outcomes X; = x4, ..., X,, = x,,, known variance % = 1

Goal: estimate 0, the unknown expectation

= 1 (@im0)?
LX1=x1,....,Xn =xp; 0) = f(x;0) = <—e_T>
1= X1 n 1:1[ 1:1[ Ton
1 >” _ (x=6)?
= | — e 2
N -
2
— A .
S TGO

\
1=\



Example - Gaussian Parameters Goal: estimate 0= expectation

Normal outcomes X;= x4, ..., X, = x,,, known variance 6% = 1

n
In 27 (x; — 0)?
lnL(Xlz xlr'--an:xn; e):_n 2 —ZT
i=1

ilnL(X1 = Xy, ey Xy = Xp;0) = = Z[G—XQ

do -y
%_x'\ S S %K(

A
SN —

L 2
Note: =9 _ 1 5 (x. — ). (1) = 6 — x;



Example - Gaussian Parameters Goal: estimate 6= expectation

Normal outcomes X;= x4, ..., X, = x,,, known variance 6% = 1

n
In 27 (x; — 6)?
1nL(X1= X1 '--:Xn = Xn; 9) - n 2 _ZT
=i

L 2
Note: =X _ 1.5 (5, —8) - (=1) = 6 — x;

‘90 2 2
a n n
%lnll(X1 = X1, ., Xy = Xp; 0) =Z(xl- —0) = in —nb
i=1 =1
So... solve Y™ x; —né = 0 for
P X In other words, MLE is the

n sample mean of the data.



Next: n samples X, = x4, ..., X,, = x,, € R from Gaussian
N (u,0%). Most likely i and 022

05

0,
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/j/\
—
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LL N~R = \

° o ° — = l b =1 1 b

Two-parameter optimization ax *r lnréza/b)) - 1?1({3)+- 1?1(@))
In(a?) = b -In(a)

Normal outcomes X = x4, ..., X,, = x,

Goal: estimate 0, = expectation and 6 2 = variance

n
£(Xy = Xy ) X = X3 0, 0,2) = Hf(xl-; 0,,0,2)
i=1




Two-parameter estimation

n 2
In(2m 6 x; — 0
lnL( X1: X1, ---;Xn = Xns H,W 80'2) - ( 9 62) N 2( 129 ZM)
=1

Find pair 8, 0 > that maximizes In £( Xy= xy, ..., X, = %5 60,,60,2)



Two-parameter estimation

In(2m 6 2) - (x -0 )2
InL(X; = x1, o0, Xp = X5 Ou, 0,2) = — 2 - 2 129 2“
i=1 7

We need to find a solution 6, 0 > to

0
Elnlﬁ(xl, ey Xy 3 Oy, 0,2) =0

50, InL(xq, ..., Xy ; HM,Haz) =0

()

—n G N e, >
And then check second order conditionyﬁ > &M S



MLE for Expectation MM
InL(X; = X1, ., Xy = X3 0,,0,2) = — ln(ZnQ 2) Z (xl _ H)
Q'V‘EQ‘ “/@kZ/{i\e ~x) =
. e~
wl= -2 _é; _ jtﬁf&
A %’ Q“ - M
T oG = @y



MLE for Expectation

lnL‘(Xl = X1, e, Xy = X 6?#,002) =—-n

In(27 6 _2) i(x )’
a?) i Yu

2

0
—lnL(X1 = X1, s X = X Oy, 902)
a6,




MLE for Expectation

n 2

In(27 6,2) (x; — 6,)
In £(Xy = X1, o0, Ky = T B 6,2) = —n 22— ZT
U=

0
ﬁlnll(X1 = X1, ., Xy = Xp; 0 z) = Z(xl —6,) Set =20

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

In other words, MLE of expectation is
(again) the sample mean of the data,
regardless of 6,

What about the variance?



MLE for Variance

n 2
lnL(X1 = Xq1, 0, Xy = Xp; gwgoz) = —n% — E %
: 2

n
In2n 111962 1 3
I _zeazz(xi‘ )
L=

population variance of the data.






Likelihood - Continuous Case

Def|n|t|on The likelihood of independent observatlons X1y eene) Xy IS

L(X;=xq, ... = x,;0) = Hf(xl, 0)

................................................................................................................................................................

.................................................................

MLE estimator for
expectation

MLE estimator for
variance



General Recipe (single parameter)

1. Input Given n i.i.d. samples X; = x4, X, = x5, ..., X,, = x,, from parametric
model with parameter 6.
2. Likelihood Define your likelihood £ (X; = x1, X, = x5, ..., X, = xp; 0).
— For discrete L(xq, e xn; 0) =[]y P(x;;60)
— For continuous  L(xy, ..., x,; 0) =[Iiv, f(x;i; 0)
3.Log Compute InL(xq, ..., %X, ; 6)

4. Differentiate Compute %ln L(X1, 00y Xy ; 0)

5. Solve for 6 by setting derivative to 0 and solving for max.

Do a second derivative test to verify it is a maximum, but we won’t ask you to
do that in CSE 312.



General Recipe (multiple parrameters)

1. Input Given n i.i.d. samples X; = x4, X, = x5, ..., X;,, = x,, from parametric
model with parameters 6 = (6,, ..., 6,).

—

2. Likelihood Define your likelihood L (Xl = X1,X; = X9, e, Xy = X5 0).
— For discrete L(x1, 0, %50) =L, P (xl- 5)
— Forcontinuous  L(xy, .., x,;6) = [T, f(x;;6)

3. Log Compute InL (xl, e S5 5)

4. Differentiate Compute %m L (xl, o 5 5)

5. Solve for O by setting all the derivatives to 0 and solving.

Check second order conditions, but we won’t ask you to do that in CSE 312.
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