Application: Distinct Elements
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Data mining - Stream Model

* In many data mining situations, data often not known ahead of time.

— Examples: Google queries, Twitter or Facebook status updates, YouTube video
views

* Think of the data as an infinite stream
* Input elements (e.g. Google queries) enter/arrive one at a time.

— We cannot possibly store the stream.

Question: How do we make critical calculations about the data stream
using a limited amount of memory?



Stream Model - Problem Setup

Input: sequence (aka. “stream”) of N elements x{, x5, ..., Xy
from a known universe U (e.g., 8-byte integers).

Goal: perform a computation on the input, in a single left to
right pass, where:
— Elements processed in real time

— Can’t store the full data = use minimal amount of storage while
maintaining working “summary”



What can we compute?

327 12’ 147 32'7 77 12’ 32" 77 32'7 12’

Some functions are easy:
— Min
— Max
— Sum
— Average



Today: Counting distinct elements

32, 12, 14, 32, /7, 12, 32, /7, 32, 12,
Application
You are the content manager at YouTube, and you

are trying to figure out the distinct view count for a
video. How do we do that?

Note: A person can view their favorite videos
several times, but they only count as 1 distinct view!



Other applications

* |P packet streams: How many distinct IP addresses or IP flows
(source+destination IP, port, protocol)

— Anomaly detection, traffic monitoring

* Search: How many distinct search queries on Google on a certain
topic yesterday (users identified by IP address)

* Web services: how many distinct users (cookies) searched/browsed a

certain term/item
— Advertising, marketing trends, etc.



Counting distinct elements

32’ 12’ 14’ 32) 7) 12’ 32’ 7) 32) 127

N = #ofIDsin the stream =11, m = # of distinct IDs in the stream =5

Want to compute number of distinct IDs in the stream.
How?



Counting distinct elements

32’ 12) 14’ 32’ 7) 127 32? 7) 32’ 127

N = #ofIDsin the stream =11, m = # of distinct IDs in the stream =5

Want to compute number of distinct IDs in the stream.

* Ndaive solution: As the data stream comes in, store all distinct IDs
in a hash table.

* Space requirement: Q(m)

YouTube Scenario: m is huge!



Counting distinct elements

32’ 12’ 14’ 32’ 7) 12’ 32’ 7) 32’ 127

N = #ofIDsin the stream =11, m = # of distinct IDs in the stream =5

Want to compute (at least approximately) the number of distinct
IDs in the stream.

How to do this without storing all the elements?




Detour - I.I.D. Uniforms

1fY;, -, Y,,~ Unif(0,1) (i.i.d.) where do we expect the points to end up?




Detour - I.I.D. Uniforms

1fY;, -, Y,,~ Unif(0,1) (i.i.d.) where do we expect the points to end up?

m=1 X




Detour - I.I.D. Uniforms

1fY;, -, Y,,~ Unif(0,1) (i.i.d.) where do we expect the points to end up?

“Evenly spread out”

m=1 X

0] 1
m=2 X X

) 1
m=4 X X X X




Detour — Min of I.I.D. Uniforms
1fY;, -, Y,,~ Unif(0,1) (iid) where do we expect the points to end up?

In general, E[min(Yy, -, Y,,)] = —

m+1
E[min(Y;)] =
O 1
E[mln(yl, Yz)] —
O 1
E[min(yl) "t Y4-)] —
m =4 X X X X




Detour — Min of L.I.D. Uniforms
1fY;, -, Y,,~ Unif(0,1) (iid) where do we expect the points to end up?
In general, E[min(Yy, -, Y,)] = ﬁ

What is some intuition for this?



Detour — Min of I.I.D. Uniforms

1fY;, -, Y,,~ Unif(0,1) (i.i.d.) where do we expect the points to end up?
e.g., whatis E[min{Y;, -, ¥, }]?

CDF: Observe that min{Y;,---,Y,,} = yifandonlyif¥; =y, ...V, =y



Detour — Min of I.I.D. Uniforms

1fY;, -, Y,,~ Unif(0,1) (i.i.d.) where do we expect the points to end up?
e.g., whatis E[min{Y;, -, ¥, }]?

CDF: Observe that min{Y;, -+, V,,} = yifandonlyifV; > vy, ...V, = vy

P(min{Yy, -, Y} =2y) =P(Y;1 2 y,...Y =2 ¥)
y € [0,1] - P(Y1 > y) -« P(Y,, = y) (Independence)
=1 -y)m
= P(min{Yy, -, Y} <y)=1-(1—-y)™



Fy(y) = P(min{Yy, -, Y} <y)=1-(1—y)™

fr@) =5 F () =m1-y)m

1
m+1

E[Y] = fo v () dy = j ym(1 - y)m-1dy =
0



Detour — Min of I.I.D. Uniforms

1fY;, -, Y,,~ Unif(0,1) (iid) where do we expect the points to end up?

In general, E[min(Y;, -, ¥;,)] = —
E[min(Y;)] = :11 = %
m=1 -
E[min(Y;, ¥,)] = =~ = = 1
m =2 X %
Y E[min(Yy, -+, Y,)] = — == |
m = 4 X X X X




Back to counting distinct elements

32? 12} 14? 32) 7? 12’ 32? 7) 32’ 12’

N = #ofIDsin the stream =11, m = # of distinct IDs in the stream =75

Want to compute number of distinct IDs in the stream, at least
approximately.

How to do this without storing all the elements?




Distinct Elements — Hashing into [0, 1]

‘Hash function h: U — [0,1]
Key property: Every time you hash the same element,
‘you get the same value.

RN

h(32), h(12), h(14), h(32), h(7), h(12), h(32), h(7)



Distinct Elements — Hashing into [0, 1]

‘Hash function h: U — [0,1]

Key Assumptions:

‘+ Hash values are uniformly random.

« Distinct elements are hashed independently.

_____________________________________________________________________________________________________________________________________

RN

h(32), h(12), h(14), h(32), h(7), h(12), h(32), h(7)



'Hash function h: U - [0,1]

Key Assumptions:

'+ Hash values are uniformly random. 5
« Distinct elements are hashed independently.

2, 12, 14, 32, 7, 12,

I T A A A

h(32), h(12), h(14), h(32), h(7), h(12), h(32), h(7)

Stream of length N=8, m=4 distinct elements
— 4i.i.d.RVs  h(32),h(12),h(14),h(7) ~ Unif(O 1)
— E[min{h(32),h(12), h(14),h(7)}] = =

4+1 5

I =



Distinct Elements — Hashing into [0, 1]

'Hash function h: U — [0,1]

Key Assumptions:

'+ Hash values are uniformly random. :
» Distinct elements are hashed independently.

X1,%X5, ..., Xy contains m distinct elements

!

h(xq),h(x;), ..., h(xy) contains mi.i.d. rvs ~ Unif(0,1)
1 and N — m repeats

E[min{h(x;), ..., h(xy)}] = m+ 1



A super duper clever idea!!!!

We can track min{h(x,), ..., h(xy)} by storing only a single element.

Suppose that min{h(x;), ..., h(xy)}is = E[min{h(x,), ..., h(xn)}] .

Then we would be golden because

E[min{h(x;), ..., h(xp)}]

:m+1




A super duper clever idea!!!!

We can track min{h(x,), ..., h(xy)} by storing only a single element.

Suppose that min{h(x;), ..., h(xy)}is = E[min{h(x,), ..., h(xn)}] .

Then we would be golden!

E[minth(xy), ..., R(xy)}] = m+ 1

1
>0 M = E[min{h(xq),...h(xpn)}] -1




1

The MinHash Algorithm - Idea m = E[min{h(x;), ..., h(xy)}] -

1. Compute val = min{h(xy), ..., h(xy)}
2. Assume that val = E|[min{h(x,), ..., h(xy)}]

3. Output as estimate for m:  round (L — 1)

val




The MinHash Algorithm - Implementation

Algorithm MinHash(x, x5, ..., Xy)

val « o \
fori = 1to N do Memory cost = just remember val

/ (with sufficient precision)
val « min{val, h(x;)}

return round (i — 1)
val



1. Compute val = min{h(x;), ..., h(xy)}
2.  Assume that val = E[min{h(x;), ..., h(xy)}]

MinHash Example

3. Output round (Vial — 1)

Stream: 13, 25, 19, 25, 19, 19

Hashes: 0.51, 0.26, 0.79, 0.26, 0.79, 0.79

What does
MinHash return?



MinHash Example Il

Stream: 11, 34, 89, 11, 389, 23

Hashes: 0.5, 0.21, 0.94, 0.5, 0.94, O.1

.1
Output is v 1=9 Clearly, not a very good answer!

Not particularly unlikely: P(h(x) < 0.1) = 0.1



The MinHash Algorithm - Problem

Algorithm MinHash(xq, x5, ..., Xy)
val « oo

fori = 1to N do Problem: val is not E[val]!

val « min{val, h(x;)} How far is val from E[val]?
return round (i — 1) / 1

val Var(val) =

(m+ 1)2

1
m+1

val = min{h(x,), ..., h(xy)} E[val] =



How can we reduce the variance?

Idea: Repetition to reduce variance!
Use k independent hash functions h', h?, -+ h*

val;, = min{h!(x;), ..., A1 (xy)}
val, = min{h?(xy), ..., h*(xn)}

val, = .r.r.lin{hk (x1), ..., A (xpn)}

k

— 1

val « EE val;
i=1

Output as estimate
for m: round(l/ﬁl — 1)




How can we reduce the variance?

Idea: Repetition to reduce variance!
Use k independent hash functions h?, h?, -+ h*

Algorithm MinHash(x{, x,, ..., Xy)

valy, ..., valy « oo
fori = 1to N do

forj = 1tokdo val; « min{val;, b/ (x;)}

_1v
val « EE val;
i=1

return round(1/val — 1)

1 1
k(m+ 1)2

Var (val) =




How do we get a handle on how many hash functions to use?

CLT

Tail bounds



Tail Bounds (Idea)

Bounding the probability a random variable is far from its
mean. Usually statements of the form:

Pr( X >a)<b
Pr(|X — E[X]| = a) < b

Useful tool when
* An approximation that is easy to compute is sufficient
* The process is too complex to analyze exactly

34



Key point

* Arandom variable might almost never be at least its
expectation.

* Similarly, a random variable might almost always be at least
its expectation or even much bigger.

35



Tail Bounds

Generally, the more you know about your random variable the
better tail bounds you can get.

 Markov’s Inequality =
* Chebyshev’s Inequality



Markov’s Inequality

Theorem. Let X be a random variable taking only non-negative values.
Then, forany t > 0,

IE(X)

PX>t) <—= ;

P(X >t-EX)) <

ﬁ-lr—\

Irélcredibly simplistic — only requires that the random variable is non-negative and

_____________________________________________________________________________________________________________________________________________________________________

only needs you to know expectation. You don’t need to know anything else about
the distribution of X. 37




" Theorem. Let X be a (discrete) random variable taking

Markov’s Inequality = Proof only non-negative values. Then, forany ¢t > 0,

P(X >t) < &tx)

E(X) =Zx-IP>(X=x)

x=20
=2x-IP>(X=x)+Zx-IP>(X:x)
x=t x<t



" Theorem. Let X be a (discrete) random variable taking

Markov’s |nequa|ity = Proof only non-negative values. Then, forany ¢t > 0,

P(X > t) <=2,

E(X) :2x-IP>(X=x)

X
> () becausex = 0

=2x-]P>(X=x)+Zx-IP>(X=x) whenever P(X = x)

> 0 (takes only non-

x=t negative values)

= Z x-PX =x)
x>t

= Z t-PX=x) =t-P(X>t) Follows by re-arranging terms
x>t

39



Markov’s inequality

Example - Binomial Random Variable PX > £) < B9

Let X be Binomial RV with parameters. n,p = 0.5

n
E(X) = =
() =
What is the probability that X > ==

Markov’s inequality: P (X > %n) <

NS

4 2
- - Can we do better?
n 3

40



Some tail bounds

* Markov’s Inequality
* Chebyshev’s Inequality @

41



Using variance

* If we know more about the random variable, e.g. its
variance, we can get a better bound!

42



Markov's inequality
Chebyshev’s Inequality P(X > t) < [E(tX)

Theorem. Let X be a random variable. Then, forany ¢ > 0,

P(|X —EX)| = ¢t) < Va““‘)

________________________________________________________________________________________________________________________________________________________

Proof: Define Z = X — [E(X) Deffnition of Variance

E(Z2) Alar(X
P(|Z| = t) =P(Z? > t?) < (tZ ) ~ tg )

7 y _ . ) . 2 >
Z| > tiff 72 > ¢2 Markov’s inequality (Z° = 0) .



Chebychev’s Inequality

Var(X)
P(|X —EX)| =t < a; .

Example - Binomial Random Variable

Let X be Binomial RV with parameters. n,p = 0.5

E(X) = g Var(X) =

What is the probability that X = %n %

Chebychev’s inequality: P (X > %) <

4
3n

2

Markov’s inequality: P (X = %) < =3 44

NS



Chevychev gives us a pretty good bound. But still not great.

Chebychev’s inequality: IP (X > %”‘) <2

For 1000 flips, probability of getting at least 750 heads is at most 0.02

The truth for n = 1000:

3n
P (X = T) < 0.0000000000000000000000000000000000000000000067

45



Tail Bounds

Useful for approximations of complex systems. How good the
approximation is depends on the actual distribution and the
context you are using it in.

— Usually loose upper-bounds are okay when designing for worst-
case

Generally, the more you know about your random variable the
better tail bounds you can get.



And one more thing....

47



Detour — Min of I.I.D. Uniforms

 Useful fact. For any random variable Y taking
- non-negative values

________________________________________________________________________________________________________________

0 0




Yy, Yy~ Unif(0,1) (i.i.d.)
Y = min{yll Y Ym}

Detour — Min of I.I.D. Uniforms

Useful fact. For any continuous random
~variable Y taking non-negative values

________________________________________________________________________________________________________________

00 1
BV = | PO 2ydy = [ -y)mdy
0 0
1
1 1
— (1 y)m+1 — o — 1
+ 1 . m+ 1 m+ 1



Useful fact. For any discrete random variable YV
 taking non-negative values .-, P(Y > k)
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