Continuous Random Variables

CSE 312 Spring 26
Lecture 15



Agenda

e Continuous Random Variables

* Probability Density Function

* Cumulative Distribution Function

* Expectation and Variance of continuous r.v.
* Introduction to continuous zoo

Often we want to model experiments where the outcome is not discrete.



Definition. A continuous random variable X has a continuous range of
values that it can take (an interval or a set of intervals).

' Thus, a continuous random variable can take on an uncountable set of
 possible values

_____________________________________________________________________________________________________________________________________________________________________

Examples:

[ Time of an event

(1 Response time of a job

1 Speed of a device

[ Location of a satellite

] Distance between people’s eyeballs



Example - Lightning Strike

Lightning strikes a pole within a one-minute time frame
* T =time of lightning strike
* Every time within [0,1] is equally likely

— Time measured with infinitesimal precision.

0] T =0.71237131931129576 ...

___________________________________________________________________________________



Lightning strikes a pole within a one-minute time frame
* T =time of lightning strike
* Every pointin time within [0,1] is equally likely

P(T = 0.5) =

—

0.5 1



Lightning strikes a pole within a one-minute time frame
* T =time of lightning strike
* Every pointin time within [0,1] is equally likely

-

Y 0.2 0.5

P(0.2<T <0.5)=



Lightning strikes a pole within a one-minute time frame
* T =time of lightning strike
* Every pointin time within [0,1] is equally likely

Y 0.5

P(T =0.5) =



Bottom line

* This gives rise to a different type of random variable
» P(T =x)=0forallx € [0,1]
* Yet, somehow we want

— P(Te[01]) =1

— P(T €[a,b]) =b—a

* How do we model the behavior of T?

First try: A discrete approximation



Example - Lightning Strike

Lightning strikes a pole within a one-minute time frame
* X =time of lightning strike
* Every time within [0,1] is equally likely

— Time measured with infinitesimal precision.

0] X =0.71237131931129576 ...



A Discrete Approximation
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A Discrete Approximation

Probability Mass Function Cumulative Distribution Function
PMF CDF
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- Given the CDF Fy of a random variable X with
Oy = {0,1,2,...}, how do you compute the
pmf?

éPr(X =k) =

a Fx(k—1)

b Fx(1) + Fx(2) + -+ Fx(k—1)
¢ Fy(k) — Fy(k—1)

d. Idon’t know.

_____________________________________________________________________________________________



Definition. A continuous random variable X is defined by a
~ probability density function (PDF) fx: R — R, such that

Non-negativity: fy(x) = O forallx € R




Probability Density Function - Intuition
Non-negativity: f(x) = 0 forallx € R

Normalization: fjozo fx(x)dx =1




Density as a rate

Density functions are not necessarily related to probability.

Example: Filling a bathtub at rate fy(t) = t# gallons/sec, where t = 0

Q: How much
rate f(1)
gallons/sec water after 4
seconds?

A: E 4 64
f fr(Odt = J t2gt = — gallons
0 0 3




Probability Density Function - Intuition
Non-negativity: f(x) = 0 forallx € R

Normalization: fjozo fx(x)dx =1

b
F(b) — F(a) =P(a< X <b) =f fx(x) dx




Probability Density Function - Intuition
Non-negativity: f(x) = 0 forallx € R

Normalization: fjozo fx(x)dx =1

b
F(b) — F(a) =P(a< X <b) =f fx(x) dx

y ' Density # Probability
/[ e \ M#0 PX=y)=0




Probability Density Function - Intuition
Non-negativity: fy(x) = O forallx € R

Normalization: fjozo fx(x)dx =1

b
F(b) —F(a) = P(a <X <b) = f fio(x) dx

€ €
y—5yJyts3 P(Xzy)zP(y—

yty
<X<y +—) = f fx(x) dx = efx (¥)

2 2

What fy (x) measures: The local rate at which probability accumulates



Probability Density Function - Intuition

Non-negativity: fy(x) = O forallx € R
PX=y)

PX~z)

Normalization: fjozo fx(x)dx =1
b
F(b) — F(a) = P(a < X < b) = j 7l

y
P<x=y)=P(ysxsw=ffx<x>dx=o
y

y z y+s
P ~p(y-Ssxsy+i)= [ [f0dr= efu)

2

PX~y) efx(y)  fx(y)
PX~2) efy(2) fx(2)

m




_____________________________________________________________________________________________________________________________________________________________________

Definition. A continuous random variable X is defined by a
probability density function (PDF) f;: R — R, such that

Non-negativity: fy(x) = O forall x € R

Normalization: fjozo fx(x)dx =1
i b
R - F@ =PlasX<b) = [ f00)dx

g y
P(X=)’)=P(ySXSJ’)=j fx(x) dx =0
' y

€ € y+5
P(Xzy)zp(y—ESXSY+§)= o fx () dx = efy ()
Y3

P&y k) _ W)
P ~2) efy(D) (D)




Cumulative Distribution Function

Definition. The cumulative distribution function (cdf) of X is
Fx(@) =P(X < a) = [ fy(x) dx '

_____________________________________________________________________________________________________________________________________________________________________

By the fundamental theorem of Calculus f;(x) = % Fy (x)



Cumulative Distribution Function

_____________________________________________________________________________________________________________________________________________________________________

Definition. The cumulative distribution function (cdf) of X is
Fx(@) =P(X <a) = [ fx(x) dx |

_____________________________________________________________________________________________________________________________________________________________________

By the fundamental theorem of Calculus fy (x) = % Fy (x)

Therefore: P(X € [a, b]) = Fx(b) — Fx(a)
Fy is monotone increasing, since fy(x) = 0. Thatis Fy(c) < Fy(d) forc < d

lim,,_ o Fx(a) =P(X < —) =0 limy,,o Fx(a) =P(X < 4+o0) =1



From Discrete to Continuous

Discrete Continuous
PMF/PDF py(x) = P(X = x) fx(x) #P(X=x)=0
CoF FeG) = ) pe(® B = [ filode

Normalization

f_o:ofx(x) dx =1




A Discrete Approximation

Probability Mass Function Cumulative Distribution Function
PMF CDF
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PDF of Uniform RV :
X ~ Unif(0,1) Fo(x) =P(X<x)=1{x 0<x<1

_____________________________________________________________________________________




PDF of Uniform RV

X ~ Unif(0,1) Non-negativity: fy(x) = 0 forall x € R

1, x € [0,1] Normalization: fj;o fr(x)dx =1
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Probability of Event

X ~ Unif(0,1) Non-negativity: fy(x) = 0 forallx € R

1, x € [0,1] Normalization: fjozo fr(x)dx =1

>
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=
=
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| i b
v e | P(asxgb)=jfx(x)dx




X ~ Unif(0,1) {1, x€[01]

' fX(x) — O, % E [0,1]
_ 0 x<0
Fy(x) =P(X<x)=<x 0<x<1
kl 1<x

_____________________________________________________________________________________

Non-negativity: fy(x) = 0 forallx € R
Normalization: [ oofx(x) dx =1

F(b) — F(a) = P(a < X < b) = j £(x) da
P(X = y)—P(y<X<y)—ffx(X)dx—0
P(X =y) = efy(y)

PX~y) efx(y)  fx(y)
PX ~2z) efy(2) fx(2)




PDF of Uniform RV
X ~ Unif(0,0.5)




. Density # Probability
PDF of Uniform RV ! £(x) > 1 is possible!

X ~ Unif(0,0.5) B

>
R
R
=
—
|

: oo 1
f fx(x) dx = f fx(x)dx=2-05=1
1= / = 0

Probability on [0,0.5] accumulates at

: twice the rate compared to Unif(0,1)
L | owethertecompared o UnifOD)

0] 0.5 1




PDF of Uniform RV

X ~ Unif(0,0.5)
| (2,  x€[0,0.5]
A fx(x) = {O, X & [0,0.5]




Uniform Distribution f

X ~ Unif(a, b) () = \b 6 a Eel[sC: 7
e
1
b—a | E j_:ofx(x)dxz(b—a)bia=1




Agenda

e Continuous Random Variables

* Probability Density Function

e Cumulative Distribution Function

* Expectation and Variance of continuousr.v.
* Introduction to continuous zoo



Expectation of a Continuous RV

_____________________________________________________________________________________________________________________________________________________________________

Definition. The expected value of a continuous RV X is defined as
: + 00

E[X] = fx(x) - x dx

_____________________________________________________________________________________________________________________________________________________________________



Expectation of a Continuous RV

_____________________________________________________________________________________________________________________________________________________________________

Definition. The expected value of a continuous RV X is defined as
: + 00

E[X] = fx(x) - x dx

_____________________________________________________________________________________________________________________________________________________________________

Proof follows same

Fact. [E[aX + bY + C] — a[E[X] + b[E[Y] + C : ideas as discrete case




Expectation of a Continuous RV

_____________________________________________________________________________________________________________________________________________________________________

+00
E[X] = fx(x) - x dx
e e
Fact. [E[ClX + bY + C] — a[E[X] + b[E[Y] + C ‘ ideas as discrete case

Definition. The variance of a continuous RV X is defined as )
i + oo —
Var(X) = | fyx(x) - (x — E[X])? dx = E[X?] — E[X]?

_____________________________________________________________________________________________________________________________________________________________________



Expectation, Variance, and LOTUS

Defn: For a continuous r.v. X with p.d.f. fx(:), we have:

E[X] = f 0 )b

E[X?] = Jfooxz - fx(x)dx

rw

|

Var(x) = E[(X — E[X])? | = foo (x — EIXD2fy(x)dx = E[X?] — E[X]?

— CO

ElgiX)] = | g&)-fx(x)dx




Agenda

e Z0o of continuous random variables
— Uniform Distribution
— Exponential Distribution
— Normal Distribution



Expectation of a Continuous RV +o

Example. T ~ Unif(0,1) s




Expectation of a Continuous RV +o

Example. T ~ Unif(0,1) e

E[X] = =12 !
27 2

L J

Area of triangle




Uniform Density — Expectation (

X ~ Unif(a, b) )

_______________________________________________________________________

E[X] = f_+oofx(x) . x dx

_1fbd—1 x*\| 1 b? — a*
_b_aax * b—al\?2 - b—a 2
_(b—-—a)(a+b) a+tb
-~ 2(b—-a) 2




Uniform Density — Variance (

X ~ Unif(a, b) )

_______________________________________________________________________

E[X?] =



Uniform Density - Variance (1

X ~ Unif(a, b) ;

_______________________________________________________________________

E[X4] = f+oofx(x) - x% dx

1 szd 1 (X3 - b -a’

_b—aax *Th—a\3 - 3(b—a)
~(b—a)(b*+ab+a®) b*+ab+a’
a 3(b —a) B 3




Uniform Density - Variance

X ~ Unif(a, b)

Var(X) = E[X?2] — E[X]?




Uniform Density — Variance b2 +ab +a?

X ~ Unif(a, b)

Var(X) = E[X2] — E[X]?
_b2+ab+0L2 a’ + 2ab + b*?
- 3 a 4

4b%? + 4ab + 4a® 3a? + 6ab + 3b?
N 12 N 12
b? —2ab +a* (b—a)?
12 EY.




Uniform Distribution Summary (1

X ~ Unif(a, b) 0




Agenda

e Z00 of continuous random variables
— Uniform Distribution
— Exponential Distribution



Recall Poisson

Assume expected # of occurrences of an event per unit of time is /1 (independently)

* C(Cars going through intersection ~ « Rate of radioactive decay
* Number of lightning strikes

* Requests to web server
* Patients admitted to ER

Numbers of occurrences of event in one unit of time: Poisson
distribution b
P(W =1i) = e 4 - (Discrete)
L!

How long to wait until next event? Exponential density!

Let’s define it and then derive it!



Exponential Density - Warmup

Assume expected # of occurrences of an event per unit of time is /1 (independently)

Whatis E|Z;| where Z,= # occurrences of event per t units of time?



Exponential Density - Warmup

Assume expected # of occurrences of an event per unit of time is /1 (independently)

What is the distribution of Z,= # occurrences of event per t units of time?

E[Z,] = tA

Z: isindependent over disjoint intervals

S0 Z, ~ Poi(t})



The Exponential PDF/CDF e -

Assume expected # of occurrences of an event per unit of time is /4 (independently)

Numbers of occurrences of event: Poisson distribution
How long to wait until next event? Exponential density!

* Let X be the time till the first event. We will compute Fy(t) and fy(t)

 Weknow Z,~Poi(tA) is the # of events in the first t units of time, fort > 0.



The Exponential PDF/CDF e -

Assume expected # of occurrences of an event per unit of time is /4 (independently)

Numbers of occurrences of event: Poisson distribution

How long to wait until next event? Exponential density!

* The exponential RV has range [0, co], unlike Poisson with range {0,1,2, ... }

Let X~Exp(A) be the time till the first event. We will compute Fy(t) and f (t)

*  Weknow Z;~Poi(tA) be the # of events in the first t units of time, for t > 0.

P(X > t) = P(no eventin the first t units) = P(Z, = 0) = e—t/’l(t(’}—')o — o~ t4

« F(®)=PX<t)=1-P(Y>t)=1-e

fx(t) = %Fx(t) = le~t



o P(X>t)=e
Exponential Distribution

Definition. An exponential random variable X with parameter 4 = 0 is
follows the exponential density |

_Jde™™ x>0
fx(x)—{ 0 <0

 CDF:Fory =0, A=2 -
Fx()=1—e A= 15




Expectation _Je™ x>0
x () { 0 x<0

P(X >t) =e t4

IE[X] — j_ fx(X) - x dx --------------------------------------------------------------------



Expectation _Je™ x>0
fx(x) { 0 x<0
o P(X >t) = et
E[X]| = j elad) osecie 000 e——
o .
e E[X] ==
= f le™ . x dx A
0
1 Cq Var(x) = —
_ [ _ 1N —Ax _ - dar — ﬁ
( (x +/1)e ) 0 7

__________________________________________________________________

Somewhat complex calculation
-use integral by parts |



o PX>t)=et
Exponential Distribution
We write X ~ Exp(A) and say X that follows the exponential dlstrlbutlon.

Definition. An exponential random variable X with parameter 4 = 0 is
follows the exponential density |

le™ x>0
X) = P
fx (%) { 0 x <0
CDF:Fory >0, |
:_________-_-_-_-_—_—_—_—_—_—_—_—_—_—_-_'_]': '_‘_‘E _______________ A=15
E[X] ==
X] =3 |




Memorylessness

Definition. A random variable is memoryless if forall s,t > 0,
PX>s+t|X>s)=PX >t).

Assuming an exponential distribution, if you’ve waited s minutes,
The probability of waiting ¢ more is exactly same as when s = 0.



_____________________________________

Memorylessness of Exponential

Proof that assuming exp distr, if you’ve waited s
minutes, prob of waiting t more is exactly same
aswhen s =0

PX>s+t|X>s)=



_____________________________________

Memorylessness of Exponential

Proof that assuming exp distr, if you’ve waited s
minutes, prob of waiting t more is exactly same
aswhen s =0

P{X >s+t}n{X >s})
P(X > s)
P(X>s+1t)
"~ P(X > s)

PX>s+t|X>s) =

e—l(s+t)

_ _ At _
al—r —e " =PX>1)

The only memoryless RVs are the geometric RV (discrete) and Exp RV (continuous)



Example

Time it takes to check someone out at a grocery store is exponential
with an expected value of 10 mins.

Independent for different customers

If there is one person currently being served, what is the probability
that you will have to wait between 10 and 20 mins until you start
getting service?






Example

Time it takes to check someone out at a grocery store is exponential
with an expected value of 10 mins.

Independent for different customers

If there is one person currently being served, what is the probability
that you will have to wait between 10 and 20 mins until you start
getting service?

1
T ~Exp(—
P
201 X
P(10 < T < 20) =f —e 10 dx
10 10
X dx
yzﬁsodyzﬁ
2 2

P(10 < T <20) = f e Vdy=—e7V| =el—e?
1 1



Example

Time it takes to check someone out at a grocery store is exponential
with an expected value of 10 mins.

Independent for different customers

If there is one person currently being served, what is the probability
that you will have to wait between 10 and 20 mins until you start
getting service?

1

T ~Exp(—
P (T t
soF(t)=1—e 10

20 10
1 —2

=1—¢e 10—\1—¢ 10) ="+ —c¢



Recap - Continuous RVs

__________________________________________________________________________________________________________________________________________________________________

Probability Density Function (PDF). . Cumulative Distribution Function (CDF).
. - y
SR Rt | Fo) = | fdr
- * f(x)=0forallx e R o — o
f_-l-ozo f (_X') dx = 1 E L"""""""""""""""""'i'_'_'_'_'_'_'_'_'_'_'_'_'_'_'_'_'_'_'_'_'_'_'_'_'_'_'_'_'_______________________________Ii
. Theorem. f(x) = df(x)

Density # Probability !

b
P(X € [a,b]) = j N Fe(y) = P(X < y)

= Fx(b) — Fx(a)

64



Recap: From Discrete to Continuous

Discrete Continuous
PMF/PDF py(x) = P(X = x) fx(x) #P(X=x)=0
CoF FeG) = ) pe(® B = [ filode

t<Xx

Normalization

z px(x) =1

f_o:ofx(x) dx =1

Expectation

Elg(0] = ) g(0) px(x)

00

E[g(X)] = f 900 fx (%) dx
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