CSE 312 — Section 6 Solutions

Spring 2026

Review of Main Concepts

e Continuous Random Variable: A continuous random variable X has an uncountably
infinite number of values and its cumulative distribution function F'y(x) : R — R is continuous
everywhere.

o Cumulative Distribution Function (cdf): For any random variable (discrete or continu-
ous) X, the cumulative distribution function is defined as F'y (z) = P (X < z). Notice that
(1) this function must be monotonically nondecreasing: if x < y then Fy(z) < Fy(y), because
P(X <z) < P(X < y); (2) since probabilities are between 0 and 1, that 0 < Fy(z) <1 for
all , with lim, . Fy(z) = 0 and lim,_,,  Fx(z) = 1; (3) since P(X = k) = 0 for some
constant k if X is a continuous random variable, P(X < k) = P(X < k).

o Probability Density Function (pdf or density): Let X be a continuous random variable.
Then the probability density function fy(z) : R — R of X is defined as fy(z) = L Fy ().
Taking the integral of both sides, it means that Fy(z) = P(X <z) = ffoo fx (t)dt. Tt

follows that P(a < X < b) = Fy(b) — Fx(a) = j;b fx(z)dz and that j;o;o fx(z)dz = 1.
From the fact that Fx(x) is monotonically nondecreasing it follows that fy(z) > 0 for every
real number z. Note that fy (a) # P(X = a), since P(X =a) = Fy(a) — Fx(a) = 0 for
all a. However, the probability that X is close to a is proportional to fy (a): for small 6,
Pla—3<X<a+3)~dfy(a)

e i.i.d. (independent and identically distributed): Random variables X1, ..., X,, are i.i.d.
(or iid) if they are independent and have the same probability mass function or probability
density function.

e Discrete to Continuous: To summarize, when going from discrete to continuous, the main
differences are (1) using an integral instead of a summation, and (2) using the density function

fx (k) instead of the PMF P(X = k).

Discrete Continuous
PMF/PDF | py (1) = P(X = 1) F @) ZPX =) =0
CDF Fy(x) =32, px(®) Fy(z)= [ fx(t)dt
Normalization | > py(z) =1 ff; fx (@)dz =1
Expectation E[X] =" zpx(x) E[X] = fj; zfx (r)dx
LOTUS 0= 5. 6@ @) | FgX] = I () fx (012

o Standardizing: Let X be any random variable (discrete or continuous, not necessarily
normal), with E[X] = y and Var(X) = 02. If welet Y = %, then E[Y] = 0 and Var(Y) = 1.



o Law of Total Probability (Continuous): This may not have been covered in class
yet, but will be at some point, and you will use it on the problem set. A is an
event, and X is a continuous random variable with density function fy(x).

P(A) = /OO P(A| X =2a)fy(x)dzx

o Transforming Continuous Random Variables (May not be covered in class.) Suppose
that X is a discrete random variable that takes values in Qy and let Y = ¢(X) for some
function g. Let 0y = {g(z)|z € Qx} Then the probability mass function of Y satisfies

pyly) = Z px ().
z€Qx|g(w)=y

However, if X is a continuous random variable with density function f, and Y = ¢(X) for
some continuous function g, then we can not say that

fiw = | fx(w)dr.
r€Qx|g(z)=y
Rather, we must take the following steps:

a) Compute Fy(y) from Fy(z).
b) Differentiate Fy{y) with respect to y to obtain fy(y).

See Problems 17 and 18.

e Zoo of Continuous Random Variables
a) Uniform: X ~ Uniform(a,b) iff X has the following probability density function:

1 .
—a lf €T &€ [a, b]
otherwise

o) ={

E[X] = 22 and Var(X) = (bzgf. This represents each real number from [a,b] to be

equally likely.

b) Exponential: X ~ Exponential(\) iff X has the following probability density function:

e if x>0
Fx (@)= { 0 otherwise

E[X] = § and Var(X) = 55. Fx(z) =1—¢e* for # > 0. The exponential random
variable is the continuous analog of the geometric random variable: it represents the
waiting time to the next event, where A\ > 0 is the average number of events per unit
time. Note that the exponential measures how much time passes until the next event
(any real number, continuous), whereas the Poisson measures how many events occur
in a unit of time (nonnegative integer, discrete). The exponential random variable X is
memoryless:
for any 5,6 >0, P(X >s+t| X >s)=P(X > 1)

The geometric random variable also has this property.



¢) Normal (Gaussian, “bell curve”): X ~ N (u, o2) iff X has the following probability
density function:

fx () = U\}ﬂe_é(ig), z eR
E[X] = pand Var(X) = 02. The “standard normal” random variable is typically denoted
Z and has mean 0 and variance 1. The CDF has no closed form, but we denote the CDF
of the standard normal as ®(z) = F,(z) = P(Z < z). Note from symmetry of the
probability density function about z = 0 that: ® (—z) =1 — ®(z).
To find the values of ®(-), you can use this Z-table.

Closure of the Normal Distribution: Let X ~ N (u,02). Then, aX + b ~ N (ap +
b,a?0?). That is, linear transformations of normal random variables are still normal.
Thus, for example, if X ~ N (u, 0?), then Z = % ~ N(0,1).

“Reproductive” Property of Normals: Let X,,..., X, be independent normal
random variables with E[X;] = p; and Var(X,) = o?. Let ay,...,a, € R and b € R.
Then,

n

X=) (a, X, +b)~N <Z(aiui+b)aza?0—z‘2>

i=1 i=1 =1

There’s nothing special about the parameters — the important result here is that the
resulting random variable is still normally distributed.

Central Limit Theorem (CLT): Let X, ..., X, be iid random variables with E[X,] = u
and Var(X;) = 0% Let X = " X,, which has E[X] = nu and Var(X) = no®. Let
Y o 1 n . ~1 ~\ o2
X=3>_% Wi’llCh has E[X] = p and Var(X) = 2
Then, as n — oo, X approaches the normal distribution N (u, %) Standardizing, this is

. X is called the sample mean.

equivalent to Y = % approaching N (0, 1). Similarly, as n — oo, X approaches N (nu, no?)

and Y’ = ‘)f:’;“ approaches V' (0,1). It is no surprise that X has mean p and variance o2 /n —
we have seen this before and it is easy to show. The importance of the CLT is that, for large
n, regardless of what distribution X, comes from, X is approzimately normally distributed

with mean p and variance o2 /n.

Announcements & Plan for Section

Announcements

PSet 4 grades were released and can be viewed on Gradescope. Regrade requests will close
on 5/9. We highly recommend taking a look at any feedback received, the common errors
doc on Ed, and the solutions that were posted on Ed.

Pset 5 was due yesterday.
Pset 6 is released - will be due 2 weeks from now on 5/20.

This week’s focus: continuous distributions and midterm prep


https://courses.cs.washington.edu/courses/cse312/26sp/resources/z_table_accessible.html

Plan for Section
o Content Review (Problem 1)

» Go over practice midterm (linked below)

Suggested midterm problems to focus on: Task le, Task 2 (all parts), Task 3 c-f

Be sure to check out the remaining problems (especially 4, 10, and 14) before you do your homework.

Midterm Prep Resources

e Link to information about exam.
e Link to draft cheat sheet.

e Link to practice midterm and solutions to practice midterm

1 Content Review

a) What is P(X =4) if X is a continuous random variable?

o1
00
O not enough information

(b). If X is a continuous random variable, the probability it takes on a particular
constant is 0 since the support of X has infinite real values.

b) The cumulative distribution function for a continuous random variable X is Fy (k) =

O Lkoo fx(z)dz
O Lo:o fx(x)dx
O fkoo fx(x)dz
O rfx(k)

(a) We take the integral over the PDF over the appropriate range to get the CDF. Since
the CDF is Fx(k) = P(X < k) we take the integral from negative infinity up to k.

c) The probability density function for a continuous random variable X is fy (k) =

O [* fx(x)dx
O LFy(k)

[ (b) We take the derivative of the CDF to get the PDF. J

d) True or False. If X is a continuous random variable, E[X] = [ O:O xfy(x)dx


https://courses.cs.washington.edu/courses/cse312/26sp/exams/
https://courses.cs.washington.edu/courses/cse312/26sp/exams/mt_cheatsheet.pdf
https://courses.cs.washington.edu/courses/cse312/26sp/exams/midterm-24wi.pdf
https://courses.cs.washington.edu/courses/cse312/26sp/exams/midterm-24wi-solutions.pdf

True. This is by definition of expectation for continuous random variables. Note the
difference from the discrete case is that we’re using an integral instead of a summation,
and we’re using density instead of pmf!

e) True or False. If X is a continuous random variable, Var(X) = E[X?] — (E[X])?

True. This definition for variance applies regardless of whether X is discrete or contin-
uous.

f) Which of the following follow an Exponential(\) distribution?

O Number of minutes to the first success with A as average number of successes per minute

O Number of successes in the first 1 minute with A as average number of successes per
minute

O Time (real number) to the first success with A as average number of successes per minute

(¢) The exponential random variable is from our zoo of continuous random variables,
and represents the time (continuous) till the first success. Note that (b) is a Poisson
random variable with parameter A!

g) True or False: For any random variable X, P(X =5) =P(X —5=0).

X and subtract five from it. Then the probability that X — 5 is zero is identical to the
probability that X is originally five.

h) True or False: For some continuous random variable X, P(X < 5) # P(X < 5).

False. Note that P(X < 5) =P(X =5)+ P(X < 5). But the first term is zero, so the
probabilities are exactly equal. This holds for every continous random variable.

i) True or False: Let X ~ N (u,0?) and a,b € R. Then aX + b ~ N (au + b,a0?).

True. We can think of X — 5 as another random variable where we take the output of ]

[ True. This follows by the closure of the normal distribution.

2 Uniform?2

Robbie decided he wanted to create a “new” type of distribution that will be famous, but he
needs some help. He knows he wants it to be continuous and have uniform density, but he needs
help working out some of the details. We’ll denote a random variable X having the “Uniform-2”
distribution as X ~ Uniform2(a, b, c,d), where a < b < ¢ < d. We want the density to be non-zero
in [a,b] and [c,d], and zero everywhere else. Anywhere the density is non-zero, it must be equal to
the same constant.



a) Find the probability density function, fy(z). Be sure to specify the values (in terms of
a,b,c,d) it takes on for every point in (—oo,00). (Hint: use a piecewise definition).

4 )

We want our probability density function to have a non-zero, uniform density in the

intervals [a, b] and [c,d], and zero everywhere else. Let ¢ be that value. Then

¢ fa<z<bore<z<d
fX(QU):{

0 otherwise .

In order for this to be a valid probability density function, we must have | O:O fx(x)dx =
1. Solving,

1=/ifﬂ@dxz/ifﬂwdm+[3x@Mx+[Ux@Mw
+ /Cd Foo(w) da + /doo fr(@) da

b d
—0+/ 6dx+0+/ fdxz +0
={lb—a)+ld—c).

Note that taking the integral over any range that is not [a,b] and [c,d] gives a zero
output since fy(x) = 0 outside of those ranges. Rearranging, we get ¢ = m, SO

fa<z<bore<azxz<d

1
fX(«T> — {(b—a)+(d—c)

0 otherwise .

\_ J

b) Find the cumulative distribution function, F'y(x). Be sure to specify the values it takes on
for every point in (—oo,00). (Hint: use a piecewise definition).

4 )

Let’s keep using ¢ from before to reduce clutter. Recall that the cumulative distribution

function takes an integral over the probability density function from negative infinity

up to x, i.e.,

fwwz/mmww.

We use t as our step variable here to not overload the variable xz. Let us consider
possible values that = can take on. For x < a,

Py = [ axwa=o.

For a <z <b,

fwmzfxn@wz/“&@ﬁ+/f&@w=Axa»




3

For b < x < c,

For ¢ <z < d,

(b—a)+l(x—

Finally, for x > d,

x):/z fX(t)dt:/a fX(t)dtJr/be(t)dtJr/bcfX(t)dt
/fX dt+/ fx(®)

(b—a)+{(d—

Putting everything together (and now substituting ¢ = Wl(d—@)’

T a b T
= [ sxtwde= [ pwars [ pmaes [ rcoa=eo-a).
0o —oo a b

/ Ix(®) / dt+/abe(t)dt+/bcfX(t)dt+/cx fx(t)dt
={(b

0 ifr<a
ot Has<z<b
Fy(2) =} praliizg Hb<a<c
g ife<w<d
1 ifx>d.
\. J
Create the distribution
Suppose X is a continuous random variable that is uniform on [0, 1) and uniform on [1, 2], but
P1<X<2)=2-PO0<X<I).
Outside of [0, 2] the density is 0. What is the PDF and CDF of X7
~

r

The fact that X is uniform on each of the intervals means that its PDF is constant on each.

So,
c 0<z<1
fx(x)=<d 1<x<2

0 otherwise




Taking the integral of the PDF yields the CDF. For 0 < z < 1:
€T
Fy(x) :/ cdt = cx
0
For1 <z <2:
1 T
Fy(z) —/ cdt—i—/ ddt=c+d(zx—1)=dr+c—d
0 1

So the CDF is:

0 x <0

Fyla) = cr 0<z <1
de+c—d 1<x<2
1 x> 2

To solve for ¢ and d, we use the provided condition that P(1 < X <2)=2-P(0< X < 1),
which is equivalent to:

FX(2> - FX<1> =2 (Fx(l) - FX(()))

Plugging in the expressions from our CDF gives:
d=2c
We also know that the total probability must sum to 1, so the CDF at x = 2 must be 1:
Fy(2)=2d+c—d=c+d=1

Solving this system of equations (d = 2c and ¢+ d = 1) yields ¢ = § and d = 2.

Substituting these values back into our PDF and CDF gives the final functions:

1/3 0<z<1

fx(@)=12/3 1<x<2
0 otherwise
0 x <0
1
=T 0<z<1

Fy(zx)=<3 -

X() %x—% 1<x<2
1 T > 2

\_ J

4 The Spotlight

A spotlight is mounted on a wall at a height h above the ground. The light rotates and is equally
likely to point at any angle © between 0 and 7/4 (where 0 corresponds to pointing straight down
at the ground). Let X be the distance along the ground from the point directly beneath the light
to the spot where the light hits the ground. (Note that X = htan(©)). For X, find ..



a) the cumulative distribution function F'y.
Hint: First, determine the range of possible values for X given the bounds on ©. Then,

use the definition Fx(x) = P[X < x| and substitute for X. Recall that if tan(x) = y, then
x = arctan(y).

( )
We are given that © ~ Unif(0,7/4). Therefore, the CDF of O is Fg(#) = %4 =

4—: for 0 < 0 < w/4. Since X = htan(0), the range of possible values for X is
[htan(0), htan(r/4)] = [0, h]. For x € [0, k], we find the CDF of X as follows:

Fy(z) =P[X <z]=P[htan(0) < z] =P[O < arctan(z/h)]

Substituting the CDF of ©:

Thus, our CDF is:

0 z <0
Fy(z) =4 2arctan (%) 0<az<h
1 x>h
\_ J

b) the probability density function fy.

Hint: Recall the chain rule for derivatives, and that % arctan(u) = 2

1+u? -

(" )
We know that fy(z) = L Fy(z) for z € [0, h]. Using the chain rule:

d T4 T 4 1 1 4h
i) =g e )] = 2 e = e

Thus, our PDF is:

4h
Ix(x) = iy 0<z<h
0 otherwise

\_ J
c) the expected value E[X].

Hint: To evaluate the integral [ 77z dz, try using the substitution u = h? + 22.

4 )
We compute the expected value using the PDF:

00 h
[E[X]:/ a;'fX(x)d:I::/O :x‘ﬂ(h;l_}iﬁ)d:c

Using the substitution u = h? + 22, we have du = 2z dx:

on (%M1 oh ?
E[X]=— —du = —In(u)
h T

T J, U

h2

_2h

(In(2h?) —In(h?)) = 2hIn(2) .

s s

h2




d) the variance Var(X).

Hint: To find [E[Xz], you will need to integrate a fraction like h;fzz. Try adding and

subtracting h? in the numerator to split the fraction into two easier pieces: x> = x? +h? — h?2.

4 )
First, we compute the second moment. Using the hint, we can simplify the integrand:
h h 2 2 2
4h 4h h®—h
[E[XQ]Z/ P e = [T
; w(h? + 22) T J 2+ h

ah (" "ok
™ \o 0

The second integral is exactly the form of the derivative we found in part 2, which
integrates back to our arctangent function:

) eon) -

4
E[X?] = ah (h — harctan (%)
0

™

Consequently, the variance is:

Var(X) = E[X?] — E[X]* = (4}12 - h2) - (zhln@))Q = 2 (4 —1- 4(1112)2) .

2

\_ J

5 Max of uniforms

Let U;,U,, ..., U, be mutually independent Uniform random variables on (0,1). As in the discrete
case, independence of these random variables implies that

for any numbers z, ..., z,,. Find the CDF and PDF for the random variable Z = max(Uy, ..., U,,).

4 )
The key observation is that the max of n numbers max(a, ..., a,) is less than or equal to

some constant z, if and only if each individual number is less than or equal to that constant
x (i.e. a; <z for all 7). Using this idea, we get:

FZ(x> :[P(Z<.T> = (maX(Ula' 7Un) SJI)
=P, <uz,..,U, <z
=PU, <z)-PU, <z [independence]
= FUl(JU)" FUn(ff)
= Fy(z)” [where U ~ Uniform(0, 1)]

10



So the CDF of Z is

0 zz<0
Fylx)=<a" 0<z<1
1 z>1

To find the PDF, we take the derivative of each part of the CDF, which gives us the
following;:

fz(z) =

nz" !t 0<x<1
0 otherwise

\. J

6 New PDF?

Alex came up with a function that he thinks could represent a probability density function. He
defined the potential PDF for X as f(z) = ﬁ defined on [0, 00). Is this a valid PDF? If not, find
a constant ¢ such that the PDF fy(z) = 1355 is valid. Then find E[X]. (Hints: L (tan'z) = 1Lz,

tan § = 0o, and tan0 = 0.)

r ™
f(z) = 757 is not a valid PDF:

> 1
/ de:tanflac
o 1+

. The area under the PDF must be 1. So,

* ¢
/ dr =ctan1 z
b 1 + z2

Solving for ¢ gives us ¢ = 2/7.
Using our value we found for ¢, and the definition of expectation we can compute E[X]

as follows:

oo
cx 2 x

oo o0 1
ElX]| = ——dr = — ———dxr = —In(1 2
[X] /0 14 22 v 7r/0 1+ 22 o 7Tn< +2%)

. J

= 0

0

7 Throwing a dart

Consider the closed unit circle of radius r, i.e., S = {(z,y) : 22 + y?> < r?}. Suppose we throw a
dart onto this circle and are guaranteed to hit it, but the dart is equally likely to land anywhere in
S. Concretely this means that the probability that the dart lands in any particular area of size A
(that is entirely inside the circle of radius R), is equal to m. The density outside the
circle of radius r is 0.

Let X be the distance the dart lands from the center. What is the CDF and pdf of X? What

is E[X] and Var(X)?

11



( )
Since F'y(x) is the probability that the dart lands inside the circle of radius x, that probability
is the area of a circle of radius x divided by the area of the circle of radius r (i.e., 722 /mr?).

Thus, our CDF looks like

0 <0
Fy(z) = %2 0<z<r
1 T >r

To find the PDF we just need to take the derivative of the CDF, which gives us the following:

2x
R

0 otherwise

Using the definition of expectation we get
e T2z 2 2
E[X] = / xfy(x)der = /0 xﬁdaz =32 [563]; =37
We know that Var(X) = E[X?] — (E[X])%.
e "2 2 r
E[X?] = / 22 fy(x)dr = /0 xQT—zdx =12 [x4]0 = 57"2
Plugging this into our variance equation gives

1 2\2 1
Var(X) = E[X?] - (E[X])? = 51— (§r> =

\_ J

8 A square dartboard?

You throw a dart at an s x s square dartboard. The goal of this game is to get the dart to land as
close to the lower left corner of the dartboard as possible. However, your aim is such that the dart
is equally likely to land at any point on the dartboard. Let random variable X be the length of
the side of the smallest square B in the lower left corner of the dartboard that contains the point
where the dart lands. That is, the lower left corner of B must be the same point as the lower left
corner of the dartboard, and the dart lands somewhere along the upper or right edge of B. For X,
find the CDF, PDF, E[X], and Var(X).

4 )
Since F'y(z) is the probability that the dart lands inside the square of side length z, that
probability is the area of a square of length = divided by the area of the square dartboard of
length s (i.e., 22/s?). Thus, our CDF looks like

0, ifz <0
Fy(x) =< 2%/s?, if0<z<s
1, if x> s

12



To find the PDF, we just need to take the derivative of the CDF, which gives us the following:

d [ 2x/s?, f0<x<s
fx(z) = %FX(:U) = { 0, otherwise

Using the definition of expectation and variance we can compute E[X] and Var(X) in the

following manner:

s s 2%’2 2 s 2 5 2
E[X] = /0 zfy(z)de = /0 dr = 32/0 sy = 2 ] = s

\.

9 Will the battery last?

Suppose that the number of miles that a car can run before its battery wears out is exponentially
distributed with expectation 10,000 miles. If the owner wants to take a 5000 mile road trip, what
is the probability that she will be able to complete the trip without replacing the battery, given
that the car has already been used for 2000 miles on the road trip?

( )

Let N be a random variable denoting the number of miles until the battery wears out. Then
N ~ Exponential(10,000~1), because N measures the “time” (in this case miles) before an
occurrence (the battery wears out) and has expectation 10,000. Since this is an exponential
distribution, and the expectation of an exponential distribution is %, A= T%)OO' Therefore,
via the property of memorylessness of the exponential distribution:

3000

P(N > 5000 | N > 2000) = P(N >3000) = 1 — P(N < 3000) = 1 — (1 — e~ 10000 ) ~ 0.741

\_

10 Batteries and exponential distributions

Let X, X, be independent exponential random variables, where X, has parameter A;, for 1 <14 < 2.
Let Y = min(X,, X,).
a) Show that Y'is an exponential random variable with parameter A = \; + A,. Hint: Start by
computing P(Y > y). Two random variables with the same CDF have the same pdf. Why?

~N

-
We start with computing P(Y > y), by substituting in the definition of Y.

P(Y >y) = P(min(X;, X;) > y)

The probability that the minimum of two values is above a value is the probability that

13



both of them are above that value. From there, we can separate them further because
X, and X, are independent.

P(X; >yNXy>y)=P(X; >y)P(Xy >y) = e M2V = e~ (Mitha)y — =My

So Fy(y) = 1-P(Y > y) = 1—e M and fy(y) = Ae™*¥. Thus Y ~ Exponential()), since
this is the exact same CDF and PDF as an exponential distribution with parameter
A=A + Aq.
\_ J
b) What is P(X; < X,)? Use the law of total probability. The law of total probability hasn’t
been covered in class yet, but will be soon at which point it would be good to revisit this
problem!

4 )
By the continuous law of total probability,

PO, < X,) = [ PUX, <X, | X, =) fy, (0)ds
0
:/ P(X, > z)\ e M%dx
0
:/ e 2T\ e My
0

oo
— )\1 / 67(A1+)\2)mdl‘
0

-1 o0

=\ —(At+Ag)z
! [)\1 + )\26
A

— 1
AL+ A

\_ J

¢) You have a digital camera that requires two batteries to operate. You purchase n batteries,
labelled 1,2, ...,n, each of which has a lifetime that is exponentially distributed with param-
eter A, independently of all other batteries. Initially, you install batteries 1 and 2. Each time
a battery fails, you replace it with the lowest-numbered unused battery. At the end of this
process, you will be left with just one working battery. What is the expected total time until
the end of the process? Justify your answer.

4 )
Let T be the time until the end of the process. We are trying to find E[T7].

Let Y, be the time we wait between the (i — 1)-th battery failing and the i-th battery
failing. Whenever we have two working batteries in the camera, we are waiting for the
minimum of two independent Exponential(\) variables to fail. By part (a), the time
until the first one fails is distributed as Y; ~ Exponential(2)). Because the exponential
distribution is memoryless, the battery that didn’t fail is "as good as new”, meaning
the wait for the next failure is identically distributed, Y; ~ Exponential(2)).

We start with 2 batteries and have n — 2 backups. The process ends when the n-th

14



battery is installed and one of the two in the camera fails, leaving exactly 1 working
battery. Thus, there are exactly n — 1 failure events that occur. The total time is
T=Y +Y,+..4+Y, ;. By linearity of expectation:

n—1 n—1 1 n—1
ET] = LY. = — =
. J

d) In the scenario of the previous part, what is the probability that battery i is the last remaining
battery as a function of ¢? (You might want to use the memoryless property of the exponential
distribution that has been discussed.)

4 )
If there are only two batteries ¢,j in the camera, by part (b), the probability each
outlasts the other is 1/2, since they have the same parameter. Hence, the last battery
n has probability 1/2 of being the last one remaining. The second to last battery
n — 1 has to beat out the previously remaining battery and the n-th battery, so the
probability it lasts the longest is (1/2)? = 1/4. Working down inductively we get that
the probability the i-th battery is the last remaining is (1/2)" "1 for i > 3. Finally
the first two batteries share the remaining probability as they start at the same time,
with probability (1/2)"! each.

1\ J

11 Grading on a curve

In some classes (not CSE classes) an examination is regarded as being good (in the sense of deter-
mining a valid spread for those taking it) if the test scores of those taking it are well approximated
by a normal density function. The instructor often uses the test scores to estimate the normal
parameters 4 and o2 and then assigns a letter grade of A to those whose test score is greater than
u+ o, B to those whose score is between p and p + o, C to those whose score is between y — o
and u, D to those whose score is between y — 20 and u — o and F to those getting a score below
w — 20. If the instructor does this and a student’s grade on the test really is normally distributed
with mean p and variance o2, what is the probability that student will get each of the possible
grades A,B,C,D and F?

r

~N
We can solve for each of these probabilities by standardizing the normal curve and then
looking up each bound in the Z-table. Let X be the students score on the test. Then we have

IP(A):IP(Xz/,H—a):[P(X_'uZl):1—[P<X_'u<1>

g g

By the closure properties of the normal random variable, % is distributed as a standard
normal random variable Z ~ N (0,1). We can plug it into our ®-table to get the following:

P(A)=1—&(1) =1 — 0.84134 = 0.158366
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The other probabilities can be found using a similar approach:

P(B)=P(u< X <p+o0)=o(1)—d(0) =0.34134
P(C)=P(p—0o < X < pu) =®(0) — d(—1) = 0.34134
P(D)=P(p—20 < X < p—0) = B(—1) — B(—2) = 0.13591
P(F)=P(X < pu—20) = ®(—2) = 0.02275

\. J

12 Normal questions

a) Let X be a normal random variable with parameters g = 10 and 02 = 36. Compute P(4 <

X < 16).

4 )
Let % = Z. By the scale and shift properties of normal random variables Z ~
N(0,1).

4—10 X—-10 16—10
[P(4<X<16):[P< i <6 <% ) P(-1<Z<1)
=P(Z<1)—P(Z<—-1)=®(1) — P(—1) = 0.68268
\_ J
b) Let X be a normal random variable with mean 5. If P(X > 9) = 0.2, approximately what is
Var(X)?
@ )

Let 0 = Var(X). Then,

[P(X>9):[P<X_5>9_5) :1—[P<X_5<9_5):1—<I><4> =0.2

g g g g g

So, ¢ ( ) = 0.8. Looking up the phi values in reverse lets us undo the ¢ function, and
gives us ; ~ 0.845. Solving for o we get o &~ 4.73, which means that the variance is

about 22.4.

. J
c) Let X be a normal random variable with mean 12 and variance 4. Find the value of ¢ such

that

P(X > c¢) = 0.10.
4 )
X—-12 ¢—12 X—-12 c¢—12 c—12
(X>c) ( 5 72 > ( 5“2 > ( > > 0

So, ¢ (C 12) = 0.9. Looking up the phi values in reverse lets us undo the ® function,
and gives us 5= 12 ~ 1.28. Solving for ¢ we get ¢ &~ 14.56.
\_ J

16



13 Do it in Reverse

a) Let X be a normal random variable with parameters u = 8 and 02 = 9. Find z such that
P(X <z)=0.6.

4 )
Let % = Z. By the scale and shift properties of normal random variables, Z ~
N(0,1). Thus, we must find z such that P(Z < z) = 0.6.

O(z)=P(Z<z) =06

1(D(2)) = 1(0.6)

Thus, z ~ 0.25 by looking up the phi values in reverse to undo the ® function. Then

I8 = 2~ 0.25, so x ~ 8.75.

\_ J

b) Lots of statistics (like standardized test scores or heights) use percentiles to give context to
where outcomes fall in a distribution. The nth percentile marks the outcome at which n% of
the data points are less than the outcome. Let Y'be a normal random variable with parameters
p =15 and 02 = 4. What value y marks the 85th percentile? What value b marks the 15th
percentile?

4 )
We first find y, which marks the 85th percentile, so P(Y < y) = 0.85. Let % =Z.
By the scale and shift properties of normal random variables, Z ~ N (0,1). Thus, we
must find z such that P(Z < z) = 0.85.

®(z)=P(Z < z) =085

> 1(P(2)) = d1(0.85)

Thus, z ~ 1.04 by looking up the phi values in reverse to undo the ® function. Then

15 = 2 ~ 1.04, so y ~ 17.08.

Recall that normal distributions are symmetric around the mean, where P(Y < u) =
0.5. Since

IP(Y < ) — P(Y <y)| =05 —0.85| = 0.35 = |P(Y < ) — P(Y <b),

b=p—|y—p| =15—]17.08 — 15| = 12.92,

so b~ 12.92.
\_ J

14 Bad Computer

Each day, the probability your computer crashes is 10%, independent of every other day. Suppose
we want to evaluate the computer’s performance over the next 100 days.

a) Let X be the number of crash-free days in the next 100 days. What distribution does X
have? Identify E[X] and Var(X) as well. Write an exact (possibly unsimplified) expression
for P(X > 87).

17



4 )
Since X counts the number of crash-free days (successes) in 100 days (trials), where each
trial is a success with probability 0.9, we can see that X is binomial with n = 100 and
p = 0.9, or X ~ Binomial(100,0.9). Hence, E[X] = np = 90 and Var(X) = np(1—p) = 9.

Finally,
100 7100 -
P(X >87)= ) ( L )(0.9)k(1—0.9)100 k
k=87
- Y,

b) Approximate the probability of at least 87 crash-free days out of the next 100 days using the
Central Limit Theorem. Use continuity correction.

Important: continuity correction says that if we are using the normal distribution to

approximate
P <a <> X, < b)
i=1

where a < b are integers and the X,’s are i.i.d. discrete random variables taking all integer
values, then, as our approximation, we should use

Pla—05<Y <b+0.5)

where Y is the appropriate normal distribution that Z?: | X; converges to by the Central
Limit Theorem. The intuition here is that, to avoid a mismatch between discrete distributions
(whose range is a set of integers) and continuous distributions, we get a better approximation
by imagining that a discrete random variable, say W, is a continuous distribution with density
function

fw(z) :=pw(i) wheni—0.5<z <i+0.5and ¢ integer

For more details see pages 209-210 in the Tsun book.

4 )
From the previous part, we know that E[X] = 90 and Var(X) = 9.

86.5—90 X —90 _ 100.5— 90
P(X > 87) = P(86.5 < X < 100.5) = P ( )

3 T3 ST 3
P(—1.17 < Z < 3.5) ~ ®(3.5) — ®(—1.17)

®(3.5) — (1 — ®(1.17))
i)
0.

Q

(3.5) + ®(1.17) — 1
9998 + 0.8790 — 1 = 0.8788

Q

Notice that, if you had used 86.5 < X in place of 86.5 < X < 100.5, your answer would
have been nearly the same, because ®(3.5) is so close to 1.
\_ J

15 Another continuous r.v.

The density function of X is given by

a+bx? when0<z<1
f(x) = .
0 otherwise.

18



If E[X] =2, find a and b.
( )
To find the value of two variables, we need two equations to solve as a system. We know that

E[X] = %, so we know, by the definition of expected value, that

E[X] :/Ooxf(x)d:rzg

—00

Since f(x) is defined to be 0 outside of the given range, we can integrate within only that
range, plugging in f(z):

[E[X]:/:xf(a;)d:c:/_Zoxf(x)da:+/01xf(x)dx+/looa:f(:c)dx:/01 z(a + ba?)dx

1 2 4
b
—/0 (ax + bz3)dx = (ag —i-fz )

We also know that a valid density function integrates to 1 over all possible values. Thus, we
can perform the same process to get a second equation:

o0 0 . _
/Oo f(x)dx:/oo f(x)d:v+/0 f(x)d:z:+/1 F(z)da

1 3
= / (a+ bz?)dx = (aa: + bx)
b 3

Solving this system of equations we get that a = %, b=
\_ _J

! 3

_l’_

b
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a
2
0

16 Point on a line

A point is chosen at random on a line segment of length L. Interpret this statement and find the
probability that the ratio of the shorter to the longer segment is less than i.

4 )
Define RV X to be the distance of your random point from the leftmost side of the stick.
Since we’re choosing a point at random, this RV has an equal likelihood of any distance from

0 to L, making it a continuous uniform RV with parameters a = 0,b = L. For the ratio to
be less than i, the shorter segment has to be less than % in length.

This can happen when X < % or X > %. Thus, using the CDF of a continuous uniform
distribution (and the fact that P(X = k) = 0 for any k since X is a continuous random
variable), the probability that the ratio is less than % is

4L L 4, L_p L _
PX <Z)4+P(X > —)=F(2)+(1—Fy(—)) = 2 1—-2
( _5)+ (X > 5) X<5)+( x(5)) L_0+( 7.0

h

)= 55 =3
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17 Transforming continuous random variables

The next few questions are designed to help you understand the issue with transforming continuous
random variables.

Specifically let’s explore why we cannot simply adapt the discrete formula py(y) = Zx|g (2)=y P ()

into an integral fy(y) = [

o) =y fx(z)dz for continuous random variables.

a) Suppose X ~ Unif(—1,1) and Y = X2. We want to find the density of Y at y = 0.25. If we
blindly apply the incorrect formula fy(0.25) = fr 222025 fx(x)dx, what is the mathematical

result of this specific integral?

(a (—0.5) + fx(0.5) =1
(b
(c
(d) 0.25

4 )
Correct: (b)

The set of points where 22 = 0.25 is exactly two discrete points: {—0.5,0.5}. In
calculus, the integral of any finite continuous function over a discrete set of points (a
set of “measure zero”) is always 0.

) fx
)0
) 0.5
)

This shows why the formula is mathematically broken: you cannot integrate over a set

of distinct points to get a non-zero density!
\_ _J

b) Suppose X ~ Unif(0,1) and we apply the transformation ¥ = 3X. We know that Y is
uniformly distributed over (0, 3), so its true density should be fy(y) =1/3 for y € (0, 3).

If a student mistakenly assumes they can just “move” the density from X to Y by setting
fy(y) = fx(z) where 3z = y, what incorrect density would they get for ¥?

(a) fyly) =1fory e (0,3)
(b) fyly) =3 for y € (0,3)
(c) fily) =1/3 fory € (0,1)
(d) fily) =0 for y € (0,3)

4 )
Correct: (a)

For any y € (0,3), the corresponding = is y/3. Because y/3 is between 0 and 1, the
density of X there is fy(y/3) = 1 using the probability density function for a continuous
uniform random variable.

If the student sets fy{y) = 1 over the interval (0, 3), the total area under their PDF
would be fo 1 dy = 3, which violates the rule that all PDFs must integrate to 1. This
error happens because the transformation Y = 3X ”stretches” the variable by a factor
of 3, so the density must scale down by a factor of 1/3 to conserve the total probability
mass of 1.

20



c) Based on the previous examples, why does using the CDF method (Fy{y) = P [Y < y]) succeed
where manipulating the PDF directly fails?

(a) The CDF converts the continuous variable into a discrete variable before taking the
derivative.

(b) The CDF works over intervals (areas) rather than individual points, properly accounting
for how the transformation stretches or squishes the probability mass.

(¢c) The CDF method only works for linear functions, bypassing the need for integration.

(d) Probability density functions cannot be evaluated at specific points; they are only defined
at infinity.

4 )
Correct: (b)
Continuous probability is fundamentally about the area over an interval, not the height
at a specific point. By starting with Fy(y) = P[Y < y|, we are looking at an interval.
When we map that interval back to X and eventually take the derivative, the chain
rule automatically generates the scaling factor (the Jacobian) that accounts for how

the transformation stretched or squished the geometry of the sample space.
\_ _J

18 Non-Monotonic Transformations

When a transformation is not strictly increasing or decreasing, we have to be extra careful
when setting up the inequalities for the CDF. Let X ~ Unif(—2,2) and let Y = X2,

(a) What is the cumulative distribution function (CDF) of Y7 Be sure to clearly state the
range of possible values for Y.
(" )

First, we determine the support of Y. Since X ranges from —2 to 2, the square of
X will range from 0 to 4. Therefore, the support of Yis [0, 4].

For y € [0,4], we find the CDF by setting up the probability:

Fy(y) =P(Y <y) =P(X* <y)

Taking the square root of both sides of an inequality introduces both a positive
and a negative bound:

Fy(y) =Py < X <\/y)
We can rewrite this probability in terms of the CDF of X:
Fy(y) = Fx(Vy) — Fx(—VY)

For X ~ Unif(—2,2), the CDF on its support is Fy(z) = 2=22) 232 Substi-
tuting our bounds into this formula gives:

Fyly) = (\/??4+2> B (—\/Z+2) _ 22@ Vi
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The complete piecewise CDF is:
0 y <0
Fyly) =4 ¥ 0<y<4
1 y>4
\_ _J

(b) Derive the probability density function (pdf) of Y by taking the derivative of your answer

from part (a).

4 )
To find the pdf, we take the derivative of the CDF with respect to y over the valid
support range (0, 4]:

fyly) = diFY(?ﬁ = CZ/ <;yl/2>

Therefore,
The complete piecewise PDF is:

1
— O<y<4
f Y(y) = .
0 otherwise

Note that the pdf goes to infinity as y approaches 0, which is a common feature
when transforming continuous distributions at stationary points (like the vertex of

y=a?).
. Y

19 Transformations

Suppose X ~ Uniform(0, 1) has the continuous uniform distribution on (0,1). Let Y = —% In X for
some A\ > 0.

a) What is Q7

Qy = (0,00) because In(z) € (—o0,0) for x € (0,1). Thus, that range times a necessarily

negative number —%, will result in a range from 0 to positive infinity.

b) First write down F'y(z) for € (0,1). Then, find Fy(y) on .

(

N
Fyx(z) =z for x € (0,1) because that is the CDF of the continuous uniform distribution.
We find the CDF of Y by plugging in the given definition of Y and getting into a form
where we can use the CDF of X. Let y € Qy.

1
Fy(y))=P(Y <y) =P (_X InX < y) =PnX>-Ay)=PX>eM)=1-P(X <e?
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Then, because e~ € (0, 1):

=1—FyleM)=1—eM

¢) Now find fy(y) on Qy (by differentiating Fy(y) with respect to y). What distribution does Y’
have?

Fr(y) = Fyly) = e

Hence, Y ~ Exponential(\).
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   𝔼  [    𝑋  𝑖   ]  =    𝜇  𝑖  


    Var   (    𝑋  𝑖   )  =    𝜎  𝑖  2  


     𝑎  1   ,  …  ,    𝑎  𝑛   ∈  ℝ 


   𝑏  ∈  ℝ 


   𝑋  =    ∑    𝑖  =  1   𝑛   (        𝑎  𝑖   𝑋   𝑖   +  𝑏  )  ∼  𝒩      (    ∑    𝑖  =  1   𝑛   (      𝑎  𝑖     𝜇  𝑖    +  𝑏  )  ,    ∑    𝑖  =  1   𝑛       𝑎  𝑖  2     𝜎  𝑖  2    )  


   𝔼  [    𝑋  𝑖   ]  =  𝜇 


    Var   (    𝑋  𝑖   )  =    𝜎  2  


   𝑋  =    ∑    𝑖  =  1   𝑛     𝑋  𝑖  


   𝔼  [  𝑋  ]  =  𝑛  𝜇 


    Var   (  𝑋  )  =  𝑛    𝜎  2  


     𝑋  ‾   =    1  𝑛     ∑    𝑖  =  1   𝑛     𝑋  𝑖  


   𝔼  [    𝑋  ‾   ]  =  𝜇 


    Var   (    𝑋  ‾   )  =      𝜎  2   𝑛  


     𝑋  ‾  


   𝑛  →  ∞ 


   𝒩      (  𝜇  ,      𝜎  2   𝑛   )  


   𝑌  =        𝑋  ‾   −  𝜇     𝜎  /    𝑛    


   𝒩  (  0  ,  1  ) 


   𝒩  (  𝑛  𝜇  ,  𝑛    𝜎  2   ) 


     𝑌  ′   =      𝑋  −  𝑛  𝜇     𝜎    𝑛    


   𝜇 


     𝜎  2   /  𝑛 


   𝑛 


     𝑋  𝑖  


   ℙ  (  𝑋  =  4  ) 


   ○ 


     𝐹  𝑋   (  𝑘  )  = 


     ∫    −  ∞   𝑘     𝑓  𝑋   (  𝑥  )  𝑑  𝑥 


     ∫    −  ∞   ∞     𝑓  𝑋   (  𝑥  )  𝑑  𝑥 


     ∫  𝑘  ∞     𝑓  𝑋   (  𝑥  )  𝑑  𝑥 


     𝑑    𝑑  𝑘      𝑓  𝑋   (  𝑘  ) 


     𝐹  𝑋   (  𝑘  )  =  ℙ  (  𝑋  ≤  𝑘  ) 


     𝑓  𝑋   (  𝑘  )  = 


     𝑑    𝑑  𝑘      𝐹  𝑋   (  𝑘  ) 


   𝔼  [  𝑋  ]  =    ∫    −  ∞   ∞   𝑥    𝑓  𝑋   (  𝑥  )  𝑑  𝑥 


    Var   (  𝑋  )  =  𝔼  [    𝑋  2   ]  −  (  𝔼  [  𝑋  ]    )  2  


    Exponential   (  𝜆  ) 


   𝜆 


   ℙ  (  𝑋  =  5  )  =  ℙ  (  𝑋  −  5  =  0  ) 


   𝑋  −  5 


   ℙ  (  𝑋  ≤  5  )  ≠  ℙ  (  𝑋  <  5  ) 


   ℙ  (  𝑋  ≤  5  )  =  ℙ  (  𝑋  =  5  )  +  ℙ  (  𝑋  <  5  ) 


   𝑋  ∼  𝒩  (  𝜇  ,    𝜎  2   ) 


   𝑎  ,  𝑏  ∈  ℝ 


   𝑎  𝑋  +  𝑏  ∼  𝒩  (  𝑎  𝜇  +  𝑏  ,    𝑎  2     𝜎  2   ) 


   𝑋  ∼   Uniform2   (  𝑎  ,  𝑏  ,  𝑐  ,  𝑑  ) 


   𝑎  <  𝑏  <  𝑐  <  𝑑 


   [  𝑐  ,  𝑑  ] 


     𝑓  𝑋   (  𝑥  ) 


   𝑎  ,  𝑏  ,  𝑐  ,  𝑑 


   (  −  ∞  ,  ∞  ) 


   [  𝑎  ,  𝑏  ] 


   [  𝑐  ,  𝑑  ] 


   ℓ 


     𝑓  𝑋   (  𝑥  )  =    {          ℓ           if    𝑎  ≤  𝑥  ≤  𝑏    or    𝑐  ≤  𝑥  ≤  𝑑        0           otherwise     .        


     ∫    −  ∞   ∞     𝑓  𝑋   (  𝑥  )    𝑑  𝑥  =  1 


         1  =    ∫    −  ∞   ∞     𝑓  𝑋   (  𝑥  )    𝑑  𝑥     =    ∫    −  ∞   𝑎     𝑓  𝑋   (  𝑥  )    𝑑  𝑥  +    ∫  𝑎  𝑏     𝑓  𝑋   (  𝑥  )    𝑑  𝑥  +    ∫  𝑏  𝑐     𝑓  𝑋   (  𝑥  )    𝑑  𝑥                    +    ∫  𝑐  𝑑     𝑓  𝑋   (  𝑥  )    𝑑  𝑥  +    ∫  𝑑  ∞     𝑓  𝑋   (  𝑥  )    𝑑  𝑥           =  0  +    ∫  𝑎  𝑏   ℓ    𝑑  𝑥  +  0  +    ∫  𝑐  𝑑   ℓ    𝑑  𝑥  +  0           =  ℓ  (  𝑏  −  𝑎  )  +  ℓ  (  𝑑  −  𝑐  )    .    


     𝑓  𝑋   (  𝑥  )  =  0 


   ℓ  =    1    (  𝑏  −  𝑎  )  +  (  𝑑  −  𝑐  )   


     𝑓  𝑋   (  𝑥  )  =    {            1    (  𝑏  −  𝑎  )  +  (  𝑑  −  𝑐  )             if    𝑎  ≤  𝑥  ≤  𝑏    or    𝑐  ≤  𝑥  ≤  𝑑        0           otherwise     .        


     𝐹  𝑋   (  𝑥  ) 


     𝐹  𝑋   (  𝑥  )  =    ∫    −  ∞   𝑥     𝑓  𝑋   (  𝑡  )    𝑑  𝑡    . 


   𝑡 


   𝑥  <  𝑎 


     𝐹  𝑋   (  𝑥  )  =    ∫    −  ∞   𝑥     𝑓  𝑋   (  𝑡  )    𝑑  𝑡  =  0    . 


   𝑎  ≤  𝑥  <  𝑏 


     𝐹  𝑋   (  𝑥  )  =    ∫    −  ∞   𝑥     𝑓  𝑋   (  𝑡  )    𝑑  𝑡  =    ∫    −  ∞   𝑎     𝑓  𝑋   (  𝑡  )    𝑑  𝑡  +    ∫  𝑎  𝑥     𝑓  𝑋   (  𝑡  )    𝑑  𝑡  =  ℓ  (  𝑥  −  𝑎  )    . 


   𝑏  ≤  𝑥  <  𝑐 


     𝐹  𝑋   (  𝑥  )  =    ∫    −  ∞   𝑥     𝑓  𝑋   (  𝑡  )    𝑑  𝑡  =    ∫    −  ∞   𝑎     𝑓  𝑋   (  𝑡  )    𝑑  𝑡  +    ∫  𝑎  𝑏     𝑓  𝑋   (  𝑡  )    𝑑  𝑡  +    ∫  𝑏  𝑥     𝑓  𝑋   (  𝑡  )    𝑑  𝑡  =  ℓ  (  𝑏  −  𝑎  )    . 


   𝑐  ≤  𝑥  <  𝑑 


           𝐹  𝑋   (  𝑥  )     =    ∫    −  ∞   𝑥     𝑓  𝑋   (  𝑡  )    𝑑  𝑡  =    ∫    −  ∞   𝑎     𝑓  𝑋   (  𝑡  )    𝑑  𝑡  +    ∫  𝑎  𝑏     𝑓  𝑋   (  𝑡  )    𝑑  𝑡  +    ∫  𝑏  𝑐     𝑓  𝑋   (  𝑡  )    𝑑  𝑡  +    ∫  𝑐  𝑥     𝑓  𝑋   (  𝑡  )    𝑑  𝑡                =  ℓ  (  𝑏  −  𝑎  )  +  ℓ  (  𝑥  −  𝑐  )    .    


   𝑥  ≥  𝑑 


           𝐹  𝑋   (  𝑥  )     =    ∫    −  ∞   𝑥     𝑓  𝑋   (  𝑡  )    𝑑  𝑡  =    ∫    −  ∞   𝑎     𝑓  𝑋   (  𝑡  )    𝑑  𝑡  +    ∫  𝑎  𝑏     𝑓  𝑋   (  𝑡  )    𝑑  𝑡  +    ∫  𝑏  𝑐     𝑓  𝑋   (  𝑡  )    𝑑  𝑡                    +    ∫  𝑐  𝑑     𝑓  𝑋   (  𝑡  )    𝑑  𝑡  +    ∫  𝑑  𝑥     𝑓  𝑋   (  𝑡  )    𝑑  𝑡           =  ℓ  (  𝑏  −  𝑎  )  +  ℓ  (  𝑑  −  𝑐  )    .    


     𝐹  𝑋   (  𝑥  )  =    {          0           if    𝑥  <  𝑎            𝑥  −  𝑎     (  𝑏  −  𝑎  )  +  (  𝑑  −  𝑐  )             if    𝑎  ≤  𝑥  <  𝑏            𝑏  −  𝑎     (  𝑏  −  𝑎  )  +  (  𝑑  −  𝑐  )             if    𝑏  ≤  𝑥  <  𝑐            (  𝑏  −  𝑎  )  +  (  𝑥  −  𝑐  )     (  𝑏  −  𝑎  )  +  (  𝑑  −  𝑐  )             if    𝑐  ≤  𝑥  <  𝑑        1           if    𝑥  ≥  𝑑    .        


   [  0  ,  1  ) 


   [  1  ,  2  ] 


   ℙ  (  1  ≤  𝑋  ≤  2  )  =  2  ⋅  ℙ  (  0  ≤  𝑋  <  1  )  . 


   [  0  ,  2  ] 


     𝑓  𝑋   (  𝑥  )  =    {          𝑐          0  ≤  𝑥  <  1        𝑑          1  ≤  𝑥  ≤  2        0           otherwise         


   0  ≤  𝑥  <  1 


     𝐹  𝑋   (  𝑥  )  =    ∫  0  𝑥   𝑐    𝑑  𝑡  =  𝑐  𝑥 


   1  ≤  𝑥  ≤  2 


     𝐹  𝑋   (  𝑥  )  =    ∫  0  1   𝑐    𝑑  𝑡  +    ∫  1  𝑥   𝑑    𝑑  𝑡  =  𝑐  +  𝑑  (  𝑥  −  1  )  =  𝑑  𝑥  +  𝑐  −  𝑑 


     𝐹  𝑋   (  𝑥  )  =    {          0          𝑥  <  0        𝑐  𝑥          0  ≤  𝑥  <  1        𝑑  𝑥  +  𝑐  −  𝑑          1  ≤  𝑥  ≤  2        1          𝑥  >  2        


   𝑐 


   𝑑 


   ℙ  (  1  ≤  𝑋  ≤  2  )  =  2  ⋅  ℙ  (  0  ≤  𝑋  <  1  ) 


     𝐹  𝑋   (  2  )  −    𝐹  𝑋   (  1  )  =  2  ⋅    (    𝐹  𝑋   (  1  )  −    𝐹  𝑋   (  0  )  )  


   𝑑  =  2  𝑐 


   𝑥  =  2 


     𝐹  𝑋   (  2  )  =  2  𝑑  +  𝑐  −  𝑑  =  𝑐  +  𝑑  =  1 


   𝑑  =  2  𝑐 


   𝑐  +  𝑑  =  1 


   𝑐  =    1  3  


   𝑑  =    2  3  


     𝑓  𝑋   (  𝑥  )  =    {          1  /  3          0  ≤  𝑥  <  1        2  /  3          1  ≤  𝑥  ≤  2        0           otherwise         


     𝐹  𝑋   (  𝑥  )  =    {          0          𝑥  <  0          1  3   𝑥          0  ≤  𝑥  <  1          2  3   𝑥  −    1  3           1  ≤  𝑥  ≤  2        1          𝑥  >  2        


   ℎ 


   Θ 


   𝜋  /  4 


   𝑋  =  ℎ     tan   (  Θ  ) 


     𝐹  𝑋  


     𝐹  𝑋   (  𝑥  )  =  ℙ      [  𝑋  ≤  𝑥  ]  


    tan   (  𝑥  )  =  𝑦 


   𝑥  =   arctan   (  𝑦  ) 


   Θ  ∼   Unif   (  0  ,  𝜋  /  4  ) 


     𝐹  Θ   (  𝜃  )  =    𝜃    𝜋  /  4    =      4  𝜃   𝜋  


   0  ≤  𝜃  ≤  𝜋  /  4 


   [  ℎ     tan   (  0  )  ,  ℎ     tan   (  𝜋  /  4  )  ]  =  [  0  ,  ℎ  ] 


   𝑥  ∈  [  0  ,  ℎ  ] 


     𝐹  𝑋   (  𝑥  )  =  ℙ      [  𝑋  ≤  𝑥  ]   =  ℙ      [  ℎ     tan   (  Θ  )  ≤  𝑥  ]   =  ℙ      [  Θ  ≤   arctan   (  𝑥  /  ℎ  )  ]  


     𝐹  𝑋   (  𝑥  )  =    4  𝜋      arctan       (    𝑥  ℎ   )  


     𝐹  𝑋   (  𝑥  )  =    {          0          𝑥  <  0          4  𝜋      arctan       (    𝑥  ℎ   )           0  ≤  𝑥  ≤  ℎ        1          𝑥  >  ℎ        


     𝑓  𝑋  


         d       d  𝑢       arctan   (  𝑢  )  =    1    1  +    𝑢  2    


     𝑓  𝑋   (  𝑥  )  =        d       d  𝑥      𝐹  𝑋   (  𝑥  ) 


     𝑓  𝑋   (  𝑥  )  =        d       d  𝑥        [    4  𝜋      arctan       (    𝑥  ℎ   )   ]   =    4  𝜋   ⋅    1    1  +  (  𝑥  /  ℎ    )  2     ⋅    1  ℎ   =      4  ℎ     𝜋  (    ℎ  2   +    𝑥  2   )   


     𝑓  𝑋   (  𝑥  )  =    {              4  ℎ     𝜋  (    ℎ  2   +    𝑥  2   )            0  ≤  𝑥  ≤  ℎ        0           otherwise         


   𝔼      [  𝑋  ]  


   ∫    𝑥      ℎ  2   +    𝑥  2       d  𝑥 


   𝑢  =    ℎ  2   +    𝑥  2  


   𝔼      [  𝑋  ]   =    ∫    −  ∞   ∞   𝑥  ⋅    𝑓  𝑋   (  𝑥  )    d  𝑥  =    ∫  0  ℎ   𝑥  ⋅      4  ℎ     𝜋  (    ℎ  2   +    𝑥  2   )      d  𝑥 


     d  𝑢  =  2  𝑥    d  𝑥 


   𝔼      [  𝑋  ]   =      2  ℎ   𝜋     ∫    ℎ  2     2    ℎ  2       1  𝑢     d  𝑢  =      2  ℎ   𝜋      ln   (  𝑢  )    |    ℎ  2     2    ℎ  2     =      2  ℎ   𝜋   (   ln   (  2    ℎ  2   )  −   ln   (    ℎ  2   )  )  =      2  ℎ     ln   (  2  )   𝜋     . 


    Var     (  𝑋  )  


   𝔼      [    𝑋  2   ]  


       𝑥  2       ℎ  2   +    𝑥  2    


     ℎ  2  


     𝑥  2   =    𝑥  2   +    ℎ  2   −    ℎ  2  


   𝔼      [    𝑋  2   ]   =    ∫  0  ℎ     𝑥  2   ⋅      4  ℎ     𝜋  (    ℎ  2   +    𝑥  2   )      d  𝑥  =      4  ℎ   𝜋     ∫  0  ℎ         𝑥  2   +    ℎ  2   −    ℎ  2        𝑥  2   +    ℎ  2       d  𝑥 


   𝔼      [    𝑋  2   ]   =      4  ℎ   𝜋       (    ∫  0  ℎ   1    d  𝑥  −    ∫  0  ℎ       ℎ  2       𝑥  2   +    ℎ  2       d  𝑥  )  


   𝔼      [    𝑋  2   ]   =      4  ℎ   𝜋       (  ℎ  −  ℎ     arctan       (    𝑥  ℎ   )     |  0  ℎ   )   =      4  ℎ   𝜋       (  ℎ  −  ℎ      (    𝜋  4   )   )   =      4    ℎ  2    𝜋   −    ℎ  2     . 


    Var     (  𝑋  )   =  𝔼      [    𝑋  2   ]   −  𝔼        [  𝑋  ]   2   =    (      4    ℎ  2    𝜋   −    ℎ  2   )   −      (      2  ℎ     ln   (  2  )   𝜋   )   2   =    ℎ  2       (    4  𝜋   −  1  −      4  (   ln     2    )  2      𝜋  2    )     . 


     𝑈  1   ,    𝑈  2   ,  …  ,    𝑈  𝑛  


   (  0  ,  1  ) 


   ℙ  (    𝑈  1   ≤    𝑥  1   ,  …  ,    𝑈  𝑛   ≤    𝑥  𝑛   )  =  ℙ  (    𝑈  1   ≤    𝑥  1   )  ⋯  ℙ  (    𝑈  𝑛   ≤    𝑥  𝑛   ) 


     𝑥  1   ,  …  ,    𝑥  𝑛  


   𝑍  =   max   (    𝑈  1   ,  …  ,    𝑈  𝑛   ) 


    max   (    𝑎  1   ,  …  ,    𝑎  𝑛   ) 


     𝑎  𝑖   ≤  𝑥 


   𝑖 


           𝐹  𝑍   (  𝑥  )  =  ℙ  (  𝑍  ≤  𝑥  )     =  ℙ  (   max   (    𝑈  1   ,  …  ,    𝑈  𝑛   )  ≤  𝑥  )                =  ℙ  (    𝑈  1   ≤  𝑥  ,  …  ,    𝑈  𝑛   ≤  𝑥  )           =  ℙ  (    𝑈  1   ≤  𝑥  )  ⋯  ℙ  (    𝑈  𝑛   ≤  𝑥  )       [   independence   ]                =    𝐹    𝑈  1    (  𝑥  )  ⋯    𝐹    𝑈  𝑛    (  𝑥  )           =    𝐹  𝑈   (  𝑥    )  𝑛        [   where    𝑈  ∼   Uniform   (  0  ,  1  )  ]    


     𝐹  𝑍   (  𝑥  )  =    {          0          𝑥  <  0          𝑥  𝑛           0  ≤  𝑥  ≤  1        1          𝑥  >  1        


     𝑓  𝑍   (  𝑥  )  =    {          𝑛    𝑥    𝑛  −  1            0  ≤  𝑥  ≤  1        0           otherwise         


   𝑓  (  𝑥  )  =    1    1  +    𝑥  2    


   [  0  ,  ∞  ) 


     𝑓  𝑋   (  𝑥  )  =    𝑐    1  +    𝑥  2    


   𝔼  [  𝑋  ] 


     𝑑    𝑑  𝑥    (     tan     −  1      𝑥  )  =    1    1  +    𝑥  2    


    tan       𝜋  2   =  ∞ 


    tan     0  =  0 


   𝑓  (  𝑥  )  =    1    1  +    𝑥  2    


     ∫  0  ∞     1    1  +    𝑥  2     𝑑  𝑥  =     tan     −  1      𝑥    |  0  ∞   =    (    𝜋  2   −  0  )   =    𝜋  2   ≠  1 


     ∫  0  ∞     𝑐    1  +    𝑥  2     𝑑  𝑥  =  𝑐       tan     −  1      𝑥    |  0  ∞   =  𝑐      (    𝜋  2   −  0  )   =  1 


   𝑐  =  2  /  𝜋 


   𝔼  [  𝑋  ]  =    ∫  0  ∞       𝑐  𝑥     1  +    𝑥  2     𝑑  𝑥  =    2  𝜋     ∫  0  ∞     𝑥    1  +    𝑥  2     𝑑  𝑥  =    1  𝜋      ln   (  1  +    𝑥  2   )    |  0  ∞   =  ∞ 


   𝑟 


   𝑆  =  {  (  𝑥  ,  𝑦  )  ∶    𝑥  2   +    𝑦  2   ≤    𝑟  2   } 


   𝑆 


   𝑅 


     A   Area of whole circle   


    Var   (  𝑋  ) 


   𝜋    𝑥  2   /  𝜋    𝑟  2  


     𝐹  𝑋   (  𝑥  )  =    {          0          𝑥  <  0            𝑥  2     𝑟  2            0  ≤  𝑥  ≤  𝑟        1          𝑥  >  𝑟        


     𝑓  𝑋   (  𝑥  )  =    {              2  𝑥     𝑟  2            0  <  𝑥  ≤  𝑟        0           otherwise         


   𝔼  [  𝑋  ]  =    ∫    −  ∞   ∞   𝑥    𝑓  𝑋   (  𝑥  )  𝑑  𝑥  =    ∫  0  𝑟   𝑥      2  𝑥     𝑟  2    𝑑  𝑥  =    2    3    𝑟  2           [    𝑥  3   ]   0  𝑟   =    2  3   𝑟 


   𝔼  [    𝑋  2   ]  =    ∫    −  ∞   ∞     𝑥  2     𝑓  𝑋   (  𝑥  )  𝑑  𝑥  =    ∫  0  𝑟     𝑥  2       2  𝑥     𝑟  2    𝑑  𝑥  =    2    4    𝑟  2           [    𝑥  4   ]   0  𝑟   =    1  2     𝑟  2  


    Var   (  𝑋  )  =  𝔼  [    𝑋  2   ]  −  (  𝔼  [  𝑋  ]    )  2   =    1  2     𝑟  2   −      (    2  3   𝑟  )   2   =    1   18      𝑟  2  


   𝑠  ×  𝑠 


   𝐵 


   𝑠 


     𝑥  2   /    𝑠  2  


     𝐹  𝑋   (  𝑥  )  =    {          0  ,      if    𝑥  <  0          𝑥  2   /    𝑠  2   ,      if    0  ≤  𝑥  ≤  𝑠        1  ,      if    𝑥  >  𝑠        


     𝑓  𝑋   (  𝑥  )  =    𝑑    𝑑  𝑥      𝐹  𝑋   (  𝑥  )  =    {          2  𝑥  /    𝑠  2   ,      if    0  ≤  𝑥  ≤  𝑠        0  ,      otherwise         


   𝔼  [  𝑋  ]  =    ∫  0  𝑠   𝑥    𝑓  𝑋   (  𝑥  )  𝑑  𝑥  =    ∫  0  𝑠       2    𝑥  2      𝑠  2    𝑑  𝑥  =    2    𝑠  2      ∫  0  𝑠     𝑥  2   𝑑  𝑥  =    2    3    𝑠  2           [    𝑥  3   ]   0  𝑠   =    2  3   𝑠 


   𝔼  [    𝑋  2   ]  =    ∫  0  𝑠     𝑥  2     𝑓  𝑋   (  𝑥  )  𝑑  𝑥  =    ∫  0  𝑠       2    𝑥  3      𝑠  2    𝑑  𝑥  =    2    𝑠  2      ∫  0  𝑠     𝑥  3   𝑑  𝑥  =    1    2    𝑠  2           [    𝑥  4   ]   0  𝑠   =    1  2     𝑠  2  


    Var   (  𝑋  )  =  𝔼  [    𝑋  2   ]  −  (  𝔼  [  𝑋  ]    )  2   =    1  2     𝑠  2   −      (    2  3   𝑠  )   2   =    1   18      𝑠  2  


   𝑁 


   𝑁  ∼   Exponential   (   10   ,     000     −  1    ) 


     1  𝜆  


   𝜆  =    1     10   ,   000    


   ℙ  (  𝑁  ≥   5000   ∣  𝑁  ≥   2000   )  =  ℙ  (  𝑁  ≥   3000   )  =  1  −  ℙ  (  𝑁  ≤   3000   )  =  1  −    (  1  −    𝑒    −     3000    10000      )   ≈  0  .   741  


     𝑋  1   ,    𝑋  2  


     𝑋  𝑖  


     𝜆  𝑖  


   1  ≤  𝑖  ≤  2 


   𝑌  =   min   (    𝑋  1   ,    𝑋  2   ) 


   𝜆  =    𝜆  1   +    𝜆  2  


   ℙ  (  𝑌  >  𝑦  ) 


   ℙ  (  𝑌  >  𝑦  )  =  ℙ  (   min   (    𝑋  1   ,    𝑋  2   )  >  𝑦  ) 


     𝑋  1  


     𝑋  2  


   ℙ  (    𝑋  1   >  𝑦  ∩    𝑋  2   >  𝑦  )  =  ℙ  (    𝑋  1   >  𝑦  )  ℙ  (    𝑋  2   >  𝑦  )  =    𝑒    −    𝜆  1   𝑦      𝑒    −    𝜆  2   𝑦    =    𝑒    −  (    𝜆  1   +    𝜆  2   )  𝑦    =    𝑒    −  𝜆  𝑦   


     𝐹  𝑌   (  𝑦  )  =  1  −  ℙ  (  𝑌  >  𝑦  )  =  1  −    𝑒    −  𝜆  𝑦   


     𝑓  𝑌   (  𝑦  )  =  𝜆    𝑒    −  𝜆  𝑦   


   𝑌  ∼   Exponential   (  𝜆  ) 


   𝜆  =    𝜆  1   +    𝜆  2  


   ℙ  (    𝑋  1   <    𝑋  2   ) 


           ℙ  (    𝑋  1   <    𝑋  2   )     =    ∫  0  ∞   ℙ  (    𝑋  1   <    𝑋  2   ∣    𝑋  1   =  𝑥  )    𝑓    𝑋  1    (  𝑥  )  𝑑  𝑥             =    ∫  0  ∞   ℙ  (    𝑋  2   >  𝑥  )    𝜆  1     𝑒    −    𝜆  1   𝑥    𝑑  𝑥             =    ∫  0  ∞     𝑒    −    𝜆  2   𝑥      𝜆  1     𝑒    −    𝜆  1   𝑥    𝑑  𝑥             =    𝜆  1     ∫  0  ∞     𝑒    −  (    𝜆  1   +    𝜆  2   )  𝑥    𝑑  𝑥             =    𝜆  1         [      −  1       𝜆  1   +    𝜆  2       𝑒    −  (    𝜆  1   +    𝜆  2   )  𝑥    ]   0  ∞              =      𝜆  1       𝜆  1   +    𝜆  2       


   1  ,  2  ,  …  ,  𝑛 


   𝑇 


   𝔼  [  𝑇  ] 


     𝑌  𝑖  


   (  𝑖  −  1  ) 


     𝑌  𝑖   ∼   Exponential   (  2  𝜆  ) 


   𝑛  −  2 


   𝑛  −  1 


   𝑇  =    𝑌  1   +    𝑌  2   +  …  +    𝑌    𝑛  −  1   


   𝔼  [  𝑇  ]  =    ∑    𝑖  =  1     𝑛  −  1    𝔼  [    𝑌  𝑖   ]  =    ∑    𝑖  =  1     𝑛  −  1      1    2  𝜆    =      𝑛  −  1     2  𝜆   


   𝑖  ,  𝑗 


   1  /  2 


   (  1  /  2    )  2   =  1  /  4 


   (  1  /  2    )    𝑛  −  𝑖  +  1   


   𝑖  ≥  3 


   (  1  /  2    )    𝑛  −  1   


     𝜎  2  


   𝜇  +  𝜎 


   𝜇  +  𝜎 


   𝜇  −  𝜎 


   𝜇  −  2  𝜎 


   𝜇  −  𝜎 


   𝜇  −  2  𝜎 


   ℙ  (  𝐴  )  =  ℙ  (  𝑋  ≥  𝜇  +  𝜎  )  =  ℙ      (      𝑋  −  𝜇   𝜎   ≥  1  )   =  1  −  ℙ      (      𝑋  −  𝜇   𝜎   <  1  )  


       𝑋  −  𝜇   𝜎  


   𝑍  ∼  𝒩  (  0  ,  1  ) 


   Φ 


   ℙ  (  𝐴  )  =  1  −  Φ  (  1  )  =  1  −  0  .   84134   =  0  .   15866  


         ℙ  (  𝐵  )     =  ℙ  (  𝜇  <  𝑋  <  𝜇  +  𝜎  )  =  Φ  (  1  )  −  Φ  (  0  )  =  0  .   34134              ℙ  (  𝐶  )     =  ℙ  (  𝜇  −  𝜎  <  𝑋  <  𝜇  )  =  Φ  (  0  )  −  Φ  (  −  1  )  =  0  .   34134         ℙ  (  𝐷  )     =  ℙ  (  𝜇  −  2  𝜎  <  𝑋  <  𝜇  −  𝜎  )  =  Φ  (  −  1  )  −  Φ  (  −  2  )  =  0  .   13591         ℙ  (  𝐹  )     =  ℙ  (  𝑋  <  𝜇  −  2  𝜎  )  =  Φ  (  −  2  )  =  0  .   02275     


   𝜇  =   10  


     𝜎  2   =   36  


   ℙ  (  4  <  𝑋  <   16   ) 


       𝑋  −   10    6   =  𝑍 


   𝑍  ∼  𝒩  (  0  ,  1  ) 


   ℙ  (  4  <  𝑋  <   16   )  =  ℙ      (      4  −   10    6   <      𝑋  −   10    6   <       16   −   10    6   )   =  ℙ  (  −  1  <  𝑍  <  1  ) 


   =  ℙ  (  𝑍  <  1  )  −  ℙ  (  𝑍  <  −  1  )  =  Φ  (  1  )  −  Φ  (  −  1  )  =  0  .   68268  


   ℙ  (  𝑋  >  9  )  =  0  .  2 


     𝜎  2   =   Var   (  𝑋  ) 


   ℙ  (  𝑋  >  9  )  =  ℙ      (      𝑋  −  5   𝜎   >      9  −  5   𝜎   )   =  1  −  ℙ      (      𝑋  −  5   𝜎   <      9  −  5   𝜎   )   =  1  −  Φ      (    4  𝜎   )   =  0  .  2 


   Φ      (    4  𝜎   )   =  0  .  8 


     4  𝜎   ≈  0  .   845  


   𝜎 


   𝜎  ≈  4  .   73  


    22   .  4 


   ℙ  (  𝑋  >  𝑐  )  =  0  .   10   . 


   ℙ  (  𝑋  >  𝑐  )  =  ℙ      (      𝑋  −   12    2   >      𝑐  −   12    2   )   =  1  −  ℙ      (      𝑋  −   12    2   <      𝑐  −   12    2   )   =  1  −  Φ      (      𝑐  −   12    2   )   =  0  .  1 


   Φ      (      𝑐  −   12    2   )   =  0  .  9 


       𝑐  −   12    2   ≈  1  .   28  


   𝑐  ≈   14   .   56  


   𝜇  =  8 


     𝜎  2   =  9 


   ℙ  (  𝑋  ≤  𝑥  )  =  0  .  6 


       𝑋  −  8   3   =  𝑍 


   𝑧 


   𝑃  (  𝑍  ≤  𝑧  )  =  0  .  6 


   Φ  (  𝑧  )  =  𝑃  (  𝑍  ≤  𝑧  )  =  0  .  6 


     Φ    −  1    (  Φ  (  𝑧  )  )  =    Φ    −  1    (  0  .  6  ) 


   𝑧  ≈  0  .   25  


       𝑥  −  8   3   =  𝑧  ≈  0  .   25  


   𝑥  ≈  8  .   75  


   𝑛  % 


   𝜇  =   15  


     𝜎  2   =  4 


    85  


   𝑏 


    15  


   ℙ  (  𝑌  ≤  𝑦  )  =  0  .   85  


       𝑌  −   15    2   =  𝑍 


   𝑃  (  𝑍  ≤  𝑧  )  =  0  .   85  


   Φ  (  𝑧  )  =  𝑃  (  𝑍  ≤  𝑧  )  =  0  .   85  


     Φ    −  1    (  Φ  (  𝑧  )  )  =    Φ    −  1    (  0  .   85   ) 


   𝑧  ≈  1  .   04  


       𝑦  −   15    2   =  𝑧  ≈  1  .   04  


   𝑦  ≈   17   .   08  


   ℙ  (  𝑌  ≤  𝜇  )  =  0  .  5 


   |  ℙ  (  𝑌  ≤  𝜇  )  −  ℙ  (  𝑌  ≤  𝑦  )  |  =  |  0  .  5  −  0  .   85   |  =  0  .   35   =  |  ℙ  (  𝑌  ≤  𝜇  )  −  ℙ  (  𝑌  ≤  𝑏  )  |  , 


   𝑏  =  𝜇  −  |  𝑦  −  𝜇  |  =   15   −  |   17   .   08   −   15   |  =   12   .   92   , 


   𝑏  ≈   12   .   92   . 


    100  


   ℙ  (  𝑋  ≥   87   ) 


   𝑛  =   100  


   𝑝  =  0  .  9 


   𝑋  ∼   Binomial   (   100   ,  0  .  9  ) 


   𝔼  [  𝑋  ]  =  𝑛  𝑝  =   90  


    Var   (  𝑋  )  =  𝑛  𝑝  (  1  −  𝑝  )  =  9 


   (        


   ℙ  (  𝑋  ≥   87   )  =    ∑    𝑘  =   87     100              (                 100   𝑘           )             (  0  .  9    )  𝑘   (  1  −  0  .  9    )     100   −  𝑘    


   ℙ      (  𝑎  ≤    ∑    𝑖  =  1   𝑛     𝑋  𝑖   ≤  𝑏  )  


   𝑎  ≤  𝑏 


   ℙ  (  𝑎  −  0  .  5  ≤  𝑌  ≤  𝑏  +  0  .  5  ) 


     ∑    𝑖  =  1   𝑛     𝑋  𝑖  


   𝑊 


   𝑖 


     𝑓  𝑊   (  𝑥  )  ∶  =    𝑝  𝑊   (  𝑖  )      when    𝑖  −  0  .  5  ≤  𝑥  <  𝑖  +  0  .  5    and     𝑖   integer  


   𝔼  [  𝑋  ]  =   90  


    Var   (  𝑋  )  =  9 


         ℙ  (  𝑋  ≥   87   )     =  ℙ  (   86   .  5  <  𝑋  <   100   .  5  )  =  ℙ      (       86   .  5  −   90    3   <      𝑋  −   90    3   <       100   .  5  −   90    3   )                 ≈  ℙ  (  −  1  .   17   <  𝑍  <  3  .  5  )  ≈  Φ  (  3  .  5  )  −  Φ  (  −  1  .   17   )           =  Φ  (  3  .  5  )  −  (  1  −  Φ  (  1  .   17   )  )           =  Φ  (  3  .  5  )  +  Φ  (  1  .   17   )  −  1           ≈  0  .   9998   +  0  .   8790   −  1  =  0  .   8788     


    86   .  5  <  𝑋 


    86   .  5  <  𝑋  <   100   .  5 


   Φ  (  3  .  5  ) 


   𝑓  (  𝑥  )  =    {          𝑎  +  𝑏    𝑥  2             when    0  ≤  𝑥  ≤  1        0            otherwise.         


   𝔼      [  𝑋  ]   =    3  5  


   𝔼      [  𝑋  ]   =    3  5  


   𝔼      [  𝑋  ]   =    ∫    −  ∞   ∞   𝑥  𝑓  (  𝑥  )  𝑑  𝑥  =    3  5  


   𝑓  (  𝑥  ) 


   𝔼      [  𝑋  ]   =    ∫    −  ∞   ∞   𝑥  𝑓  (  𝑥  )  𝑑  𝑥  =    ∫    −  ∞   0   𝑥  𝑓  (  𝑥  )  𝑑  𝑥  +    ∫  0  1   𝑥  𝑓  (  𝑥  )  𝑑  𝑥  +    ∫  1  ∞   𝑥  𝑓  (  𝑥  )  𝑑  𝑥  =    ∫  0  1   𝑥  (  𝑎  +  𝑏    𝑥  2   )  𝑑  𝑥 


   =    ∫  0  1   (  𝑎  𝑥  +  𝑏    𝑥  3   )  𝑑  𝑥  =    (      𝑎    𝑥  2    2   +      𝑏    𝑥  4    4   )     |  0  1   =    𝑎  2   +    𝑏  4   =    3  5  


     ∫    −  ∞   ∞   𝑓  (  𝑥  )  𝑑  𝑥  =    ∫    −  ∞   0   𝑓  (  𝑥  )  𝑑  𝑥  +    ∫  0  1   𝑓  (  𝑥  )  𝑑  𝑥  +    ∫  1  ∞   𝑓  (  𝑥  )  𝑑  𝑥 


   =    ∫  0  1   (  𝑎  +  𝑏    𝑥  2   )  𝑑  𝑥  =    (  𝑎  𝑥  +      𝑏    𝑥  3    3   )     |  0  1   =  𝑎  +    𝑏  3   =  1 


   𝑎  =    3  5   ,  𝑏  =    6  5  


   𝐿 


     1  4  


   𝑎  =  0  ,  𝑏  =  𝐿 


     𝐿  5  


   𝑋  <    𝐿  5  


   𝑋  >      4  𝐿   5  


   ℙ  (  𝑋  =  𝑘  )  =  0 


   ℙ  (  𝑋  ≤    𝐿  5   )  +  ℙ  (  𝑋  >      4  𝐿   5   )  =    𝐹  𝑋   (    𝐿  5   )  +  (  1  −    𝐹  𝑋   (      4  𝐿   5   )  )  =        𝐿  5   −  0     𝐿  −  0    +  (  1  −          4  𝐿   5   −  0     𝐿  −  0    )  =    1  5   +  (  1  −    4  5   )  =    2  5  


     𝑝  𝑌   (  𝑦  )  =    ∑    𝑥  ∣  𝑔  (  𝑥  )  =  𝑦      𝑝  𝑋   (  𝑥  ) 


     𝑓  𝑌   (  𝑦  )  =    ∫    𝑥  ∣  𝑔  (  𝑥  )  =  𝑦      𝑓  𝑋   (  𝑥  )    d  𝑥 


   𝑋  ∼   Unif   (  −  1  ,  1  ) 


   𝑌  =    𝑋  2  


   𝑦  =  0  .   25  


     𝑓  𝑌   (  0  .   25   )  =    ∫    𝑥  ∣    𝑥  2   =  0  .   25       𝑓  𝑋   (  𝑥  )    d  𝑥 


     𝑓  𝑋   (  −  0  .  5  )  +    𝑓  𝑋   (  0  .  5  )  =  1 


   0  .  5 


   0  .   25  


     𝑥  2   =  0  .   25  


   {  −  0  .  5  ,  0  .  5  } 


   𝑋  ∼   Unif   (  0  ,  1  ) 


   𝑌  =  3  𝑋 


   (  0  ,  3  ) 


     𝑓  𝑌   (  𝑦  )  =  1  /  3 


   𝑦  ∈  (  0  ,  3  ) 


     𝑓  𝑌   (  𝑦  )  =    𝑓  𝑋   (  𝑥  ) 


   3  𝑥  =  𝑦 


     𝑓  𝑌   (  𝑦  )  =  1 


   𝑦  ∈  (  0  ,  3  ) 


     𝑓  𝑌   (  𝑦  )  =  3 


   𝑦  ∈  (  0  ,  1  ) 


     𝑓  𝑌   (  𝑦  )  =  0 


   𝑦  /  3 


     𝑓  𝑋   (  𝑦  /  3  )  =  1 


     ∫  0  3   1    d  𝑦  =  3 


   𝑌  =  3  𝑋 


   1  /  3 


     𝐹  𝑌   (  𝑦  )  =  ℙ      [  𝑌  ≤  𝑦  ]  


   𝑋  ∼   Unif   (  −  2  ,  2  ) 


   −  2 


   2 


   4 


   [  0  ,  4  ] 


   𝑦  ∈  [  0  ,  4  ] 


     𝐹  𝑌   (  𝑦  )  =  ℙ  (  𝑌  ≤  𝑦  )  =  ℙ  (    𝑋  2   ≤  𝑦  ) 


     𝐹  𝑌   (  𝑦  )  =  ℙ  (  −    𝑦   ≤  𝑋  ≤    𝑦   ) 


     𝐹  𝑌   (  𝑦  )  =    𝐹  𝑋   (    𝑦   )  −    𝐹  𝑋   (  −    𝑦   ) 


     𝐹  𝑋   (  𝑥  )  =      𝑥  −  (  −  2  )     2  −  (  −  2  )    =      𝑥  +  2   4  


     𝐹  𝑌   (  𝑦  )  =    (        𝑦   +  2   4   )   −    (      −    𝑦   +  2   4   )   =      2    𝑦    4   =      𝑦   2  


     𝐹  𝑌   (  𝑦  )  =    {          0          𝑦  <  0            𝑦   2           0  ≤  𝑦  ≤  4        1          𝑦  >  4        


   (  0  ,  4  ] 


     𝑓  𝑌   (  𝑦  )  =    𝑑    𝑑  𝑦      𝐹  𝑌   (  𝑦  )  =    𝑑    𝑑  𝑦        (    1  2     𝑦    1  /  2    )  


     𝑓  𝑌   (  𝑦  )  =    1  2   ⋅    1  2     𝑦    −  1  /  2    =    1    4    𝑦     . 


     𝑓  𝑌   (  𝑦  )  =    {            1    4    𝑦             0  <  𝑦  ≤  4        0           otherwise         


   𝑦  =    𝑥  2  


   𝑋  ∼   Uniform   (  0  ,  1  ) 


   𝑌  =  −    1  𝜆      ln     𝑋 


   𝜆  >  0 


     Ω  𝑌  


     Ω  𝑌   =  (  0  ,  ∞  ) 


    ln   (  𝑥  )  ∈  (  −  ∞  ,  0  ) 


   𝑥  ∈  (  0  ,  1  ) 


   −    1  𝜆  


     𝐹  𝑋   (  𝑥  )  =  𝑥 


   𝑦  ∈    Ω  𝑌  


     𝐹  𝑌   (  𝑦  )  =  ℙ  (  𝑌  ≤  𝑦  )  =  ℙ      (  −    1  𝜆      ln     𝑋  ≤  𝑦  )   =  ℙ  (   ln     𝑋  ≥  −  𝜆  𝑦  )  =  ℙ  (  𝑋  ≥    𝑒    −  𝜆  𝑦    )  =  1  −  ℙ  (  𝑋  <    𝑒    −  𝜆  𝑦    ) 


     𝑒    −  𝜆  𝑦    ∈  (  0  ,  1  ) 


   =  1  −    𝐹  𝑋   (    𝑒    −  𝜆  𝑦    )  =  1  −    𝑒    −  𝜆  𝑦   


     𝑓  𝑌   (  𝑦  )  =    𝐹  𝑌  ′   (  𝑦  )  =  𝜆    𝑒    −  𝜆  𝑦   


$X$


$F_{X}(x):\mathbb {R} \rightarrow \mathbb {R}$


$X$


$F_{X}\left ( x \right ) = \Pr \left ( X \leq x \right )$


$x<y$


$F_X(x) \leq F_X(y)$


$\Pr (X \leq x) \leq \Pr (X \leq y)$


$0$


$1$


$0\le F_X(x)\le 1$


$x$


$\lim _{x\to -\infty }{F_X(x)}=0$


$\lim _{x\to +\infty }{F_X(x)}=1$


$\Pr (X=k) = 0$


$k$


$X$


$\Pr (X < k) = \Pr (X \leq k)$


$X$


$f_{X}(x):\mathbb {R} \rightarrow \mathbb {R}$


$X$


$f_{X}(x) = \frac {d}{dx}F_{X}\left ( x \right )$


$F_X(x) = \Pr \left ( X \leq x \right ) = \int _{-\infty }^{x}{f_{X}\left ( t \right )dt}$


$\Pr (a\le X\le b)=F_X(b)-F_X(a)=\int _a^b{f_X(x)dx}$


$\int _{-\infty }^{\infty }{f_X(x)dx} = 1$


$F_X(x)$


$f_X(x) \geq 0$


$x$


$f_{X}\left ( a \right ) \neq \Pr (X = a)$


$\Pr \left ( X = a \right ) = F_X(a) - F_X(a) = 0$


$a$


$X$


$a$


$f_{X}\left ( a \right )$


$\delta $


$\Pr \left ( a - \frac {\delta }{2} < X < a + \frac {\delta }{2} \right ) \approx \delta f_{X}(a)$


$X_{1},\ldots ,X_{n}$


$f_X(k)$


$\Pr (X=k)$


$p_{X}(x)=\Pr (X=x)$


$f_{X}(x)\neq \Pr (X=x)=0$


$F_{X}\left (x\right )=\sum _{t \leq x}^{}{p_{X}(t)}$


$F_{X}\left (x\right )=\int _{- \infty }^{x}{f_{X}\left ( t \right )dt}$


$\sum _{x}^{}{p_{X}(x)}=1$


$\int _{- \infty }^{\infty }{f_{X}\left ( x \right )dx}=1$


$\Exp [X]=\sum _{x}^{}{x p_{X}(x)}$


$\Exp [X]=\int _{- \infty }^{\infty }{x f_{X}\left ( x \right )dx}$


$\Exp [g(X)]=\sum _{x}^{}{g(x)p_{X}(x)}$


$\Exp [g(X)]=\int _{- \infty }^{\infty }{g(x)f_{X}\left ( x \right )dx}$


$X$


$\Exp [X] = \mu $


$\Var (X) = \sigma ^{2}$


$Y = \frac {X - \mu }{\sigma }$


$\Exp [Y] = 0$


$\Var (Y) = 1$


$A$


$X$


$f_X(x)$


\begin {equation*}\Pr (A)=\int _{-\infty }^\infty {\Pr (A \mid X=x)f_X(x)dx}\end {equation*}


$X$


$\Omega _X$


$Y=g(X)$


$g$


$\Omega _Y =\{g(x) | x \in \Omega _X\}$


$Y$


\begin {equation*}p_Y(y) = \sum _{x\in \Omega _X \mid g(x) = y} p_X(x).\end {equation*}


$X$


$f$


$Y= g(X)$


$g$


\begin {equation*}f_Y(y) = \int _{x\in \Omega _X \mid g(x) = y}f_X(x) dx.\end {equation*}


$F_Y(y)$


$F_X(x)$


$F_Y(y)$


$y$


$f_Y(y)$


$X\sim \textsf {Uniform}(a,b)$


$X$


\begin {equation*}f_{X}\left ( x \right ) = \left \{ \begin {array}{ll} \frac {1}{b - a} & \mbox {if } x \in \lbrack a,b\rbrack \\ 0 & \mbox {otherwise} \end {array} \right .\end {equation*}


$\Exp [X] = \frac {a + b}{2}$


$\Var (X) = \frac {\left ( b - a \right )^{2}}{12}$


$\lbrack a,b\rbrack $


$X\sim \textsf {Exponential}(\lambda )$


$X$


\begin {equation*}f_{X}\left ( x \right ) = \left \{ \begin {array}{ll} \lambda e^{- \lambda x} & \mbox {if } x \geq 0 \\ 0 & \mbox {otherwise} \end {array} \right .\end {equation*}


$\Exp [X]= \frac {1}{\lambda }$


$\Var (X) = \frac {1}{\lambda ^{2}}$


$F_{X}\left ( x \right ) = 1 - e^{- \lambda x}$


$x \geq 0$


$\lambda > 0$


$X$


\begin {equation*}\text {for any } s,t \geq 0, \ \Pr \left ( X > s + t \mid X > s \right ) = \Pr (X > t)\end {equation*}


$X\sim \mathcal {N}(\mu ,\ \sigma ^{2})$


$X$


\begin {equation*}f_{X}\left ( x \right ) = \frac {1}{\sigma \sqrt {2\pi }}\,e^{- \frac {1}{2}\frac {\left ( x - \mu \right )^{2}}{\sigma ^{2}}},\ \ x \in \mathbb {R}\end {equation*}


$\Exp [X]= \mu $


$\Var (X) = \sigma ^{2}$


$Z$


$0$


$1$


$\Phi \left ( z \right ) = F_{Z}\left ( z \right ) = \Pr (Z \leq z)$


$z = 0$


$\Phi \left ( - z \right ) = 1 - \Phi (z)$


$\Phi (\cdot )$


$X\sim \mathcal {N}(\mu ,\sigma ^{2})$


$aX + b\sim \mathcal {N}(a\mu + b,a^{2}\sigma ^{2}$


$X\sim \mathcal {N}(\mu ,\ \sigma ^{2})$


$Z = \frac {X - \mu }{\sigma }\sim \mathcal {N}(0,1)$


$X_{1},\ldots ,X_{n}$


$\Exp [X_i]=\mu _i$


$\Var (X_i)=\sigma _i^2$


$a_{1},\ldots ,a_{n} \in \mathbb {R}$


$b \in \mathbb {R}$


\begin {equation*}X = \sum _{i = 1}^{n}({a_{i}X}_{i} + b)\sim \mathcal {N}\left ( \sum _{i = 1}^{n}({a_{i}\mu _{i}} + b),\sum _{i = 1}^{n}{a_{i}^{2}\sigma _{i}^{2}} \right )\end {equation*}


$X_{1},\ldots ,X_{n}$


$\Exp [X_i] = \mu $


$\Var (X_i) = \sigma ^{2}$


$X = \sum _{i = 1}^{n}X_{i}$


$\Exp [X] = n\mu $


$\Var (X) = n\sigma ^{2}$


$\overline {X} = \frac {1}{n}\sum _{i = 1}^{n}X_{i}$


$\Exp [\overline {X}] = \mu $


$\Var (\overline {X}) = \frac {\sigma ^{2}}{n}$


$\overline {X}$


$n \rightarrow \infty $


$\overline {X}$


$\mathcal {N}\left ( \mu ,\frac {\sigma ^{2}}{n} \right )$


$Y = \frac {\overline {X} - \mu }{\sigma /\sqrt {n}}$


$\mathcal {N}(0,1)$


$n \rightarrow \infty $


$X$


$\mathcal {N}(n\mu ,n\sigma ^{2})$


$Y' = \frac {X - n\mu }{\sigma \sqrt {n}}$


$\mathcal {N}(0,1)$


$\overline {X}$


$\mu $


$\sigma ^{2}/n$


$n$


$X_{i}$


$\overline {X}$


$\mu $


$\sigma ^{2}/n$


$\Pr (X=4)$


$X$


$\relax \bigcirc $


$1$


$\relax \bigcirc $


$0$


$\relax \bigcirc $


$X$


$X$


$X$


$F_X(k) =$


$\relax \bigcirc $


$\int _{-\infty }^{k} f_X(x)dx$


$\relax \bigcirc $


$\int _{-\infty }^{\infty } f_X(x)dx$


$\relax \bigcirc $


$\int _{k}^{\infty } f_X(x) dx$


$\relax \bigcirc $


$\frac {d}{dk} f_X(k)$


$F_X(k) = \Pr (X\leq k)$


$k$


$X$


$f_X(k) =$


$\relax \bigcirc $


$\int _{-\infty }^{k} f_X(x)dx$


$\relax \bigcirc $


$\frac {d}{dk} F_X(k)$


$X$


$\Exp [X] = \int _{-\infty }^{\infty } x f_X(x)dx$


$X$


$\Var (X) = \Exp [X^2] - (\Exp [X])^2$


$X$


$\textsf {Exponential}(\lambda )$


$\relax \bigcirc $


$\lambda $


$\relax \bigcirc $


$\lambda $


$\relax \bigcirc $


$\lambda $


$\lambda $


$X$


$\Pr (X = 5) = \Pr (X - 5 = 0)$


$X - 5$


$X$


$X - 5$


$X$


$X$


$\Pr (X \leq 5) \neq \Pr (X < 5)$


$\Pr (X \leq 5) = \Pr (X = 5) + \Pr (X < 5)$


$X \sim \mathcal {N}(\mu , \sigma ^2)$


$a,b \in \mathbb {R}$


$aX + b \sim \mathcal {N}(a\mu + b, a^2\sigma ^2)$


$X$


$X\sim \textsf {Uniform2}(a,b,c,d)$


$a < b < c < d$


$\lbrack a,b\rbrack $


$\lbrack c,d\rbrack $


$f_{X}(x)$


$a, b, c, d$


$( - \infty ,\infty )$


$[a,b]$


$[c,d]$


$\ell $


\begin {equation*}f_X(x) = \begin {cases} \ell & \text {if } a \leq x \leq b \text { or } c \leq x \leq d \\ 0 & \text {otherwise} \;. \end {cases}\end {equation*}


$\int _{-\infty }^{\infty } f_X(x)\,dx = 1$


\begin {equation*}\begin {aligned} 1 = \int _{-\infty }^{\infty } f_X(x)\,dx &= \int _{-\infty }^{a} f_X(x)\,dx + \int _{a}^{b} f_X(x)\,dx + \int _{b}^{c} f_X(x)\,dx \\ &\quad \quad + \int _{c}^{d} f_X(x)\,dx + \int _{d}^{\infty } f_X(x)\,dx \\ &= 0 + \int _{a}^{b} \ell \,dx + 0 + \int _{c}^{d} \ell \,dx + 0 \\ &= \ell (b - a) + \ell (d - c) \;. \end {aligned}\end {equation*}


$[a,b]$


$[c,d]$


$f_X(x) = 0$


$\ell = \frac {1}{(b-a) + (d-c)}$


\begin {equation*}f_X(x) = \begin {cases} \frac {1}{(b-a) + (d-c)} & \text {if } a \leq x \leq b \text { or } c \leq x \leq d \\ 0 & \text {otherwise} \;. \end {cases}\end {equation*}


$F_{X}(x)$


$( - \infty ,\infty )$


$\ell $


$x$


\begin {equation*}F_X(x) = \int _{-\infty }^x f_X(t) \,dt \;.\end {equation*}


$t$


$x$


$x$


$x < a$


\begin {equation*}F_X(x) = \int _{-\infty }^x f_X(t) \,dt = 0 \;.\end {equation*}


$a \leq x < b$


\begin {equation*}F_X(x) = \int _{-\infty }^x f_X(t) \,dt = \int _{-\infty }^a f_X(t) \,dt + \int _{a}^{x} f_X(t) \,dt = \ell (x - a) \;.\end {equation*}


$b \leq x < c$


\begin {equation*}F_X(x) = \int _{-\infty }^x f_X(t) \,dt = \int _{-\infty }^a f_X(t) \,dt + \int _{a}^{b} f_X(t)\,dt + \int _{b}^x f_X(t) \,dt = \ell (b - a) \;.\end {equation*}


$c\leq x < d$


\begin {equation*}\begin {aligned} F_X(x) &= \int _{-\infty }^x f_X(t) \,dt = \int _{-\infty }^a f_X(t) \,dt + \int _{a}^{b} f_X(t)\,dt + \int _{b}^{c} f_X(t) \,dt + \int _{c}^{x} f_X(t) \,dt\\ &= \ell (b-a) + \ell (x -c)\;. \end {aligned}\end {equation*}


$x \geq d$


\begin {equation*}\begin {aligned} F_X(x) &= \int _{-\infty }^x f_X(t) \,dt = \int _{-\infty }^a f_X(t) \,dt + \int _{a}^{b} f_X(t)\,dt + \int _{b}^{c} f_X(t) \,dt \\ & \quad \quad +\int _{c}^{d} f_X(t)\,dt + \int _{d}^{x} f_X(t)\,dt \\ &= \ell (b-a) + \ell (d-c) \;. \end {aligned}\end {equation*}


$\ell = \frac {1}{(b-a) + (d-c)}$


\begin {equation*}F_X(x) = \begin {cases} 0 &\text {if } x < a \\ \frac {x-a}{(b-a) + (d-c)} &\text {if } a \leq x < b \vspace {5px}\\ \frac {b-a}{(b-a) + (d-c)} &\text {if } b \leq x < c \vspace {5px} \\ \frac {(b-a) + (x-c)}{(b-a) + (d-c)} &\text {if } c \leq x < d \vspace {3px}\\ 1 &\text {if } x \geq d \;. \end {cases}\end {equation*}


$X$


$[0,1)$


$[1,2]$


\begin {equation*}\Pr (1\le X \le 2) = 2 \cdot \Pr (0 \le X < 1).\end {equation*}


$[0,2]$


$X$


$X$


\begin {equation*}f_X(x) = \begin {cases} c & 0 \leq x < 1 \\ d & 1 \leq x \leq 2\\ 0 & \text {otherwise} \end {cases}\end {equation*}


$0 \le x < 1$


\begin {equation*}F_X(x) = \int _0^x c \, dt = cx\end {equation*}


$1 \le x \le 2$


\begin {equation*}F_X(x) = \int _0^1 c \, dt + \int _1^x d \, dt = c + d(x-1) = dx + c - d\end {equation*}


\begin {equation*}F_X(x) = \begin {cases} 0 & x < 0\\ cx & 0 \leq x < 1 \\ dx + c - d & 1 \leq x \leq 2\\ 1 & x > 2 \end {cases}\end {equation*}


$c$


$d$


$\Pr (1\le X \le 2) = 2 \cdot \Pr (0 \le X < 1)$


\begin {equation*}F_X(2) - F_X(1) = 2 \cdot \left ( F_X(1) - F_X(0)\right )\end {equation*}


\begin {equation*}d = 2c\end {equation*}


$x=2$


\begin {equation*}F_X(2) = 2d + c - d = c + d = 1\end {equation*}


$d=2c$


$c+d=1$


$c = \frac {1}{3}$


$d = \frac {2}{3}$


\begin {equation*}f_X(x) = \begin {cases} 1/3 & 0 \leq x < 1 \\ 2/3 & 1 \leq x \leq 2\\ 0 & \text {otherwise} \end {cases}\end {equation*}


\begin {equation*}F_X(x) = \begin {cases} 0 & x < 0\\ \frac {1}{3}x & 0 \leq x < 1 \\ \frac {2}{3}x - \frac {1}{3} & 1 \leq x \leq 2\\ 1 & x > 2 \end {cases}\end {equation*}


$h$


$\Theta $


$0$


$\pi /4$


$0$


$X$


$X = h \tan (\Theta )$


$X$


$F_X$


$X$


$\Theta $


$F_X(x) = \Prob {X \leq x}$


$X$


$\tan (x) = y$


$x= \arctan (y)$


$\Theta \sim \text {Unif}(0, \pi /4)$


$\Theta $


$F_\Theta (\theta ) = \frac {\theta }{\pi /4} = \frac {4\theta }{\pi }$


$0 \leq \theta \leq \pi /4$


$X = h \tan (\Theta )$


$X$


$[h \tan (0), h \tan (\pi /4)] = [0, h]$


$x \in [0, h]$


$X$


\begin {equation*}F_X(x) = \Prob {X \leq x} = \Prob {h \tan (\Theta ) \leq x} = \Prob {\Theta \leq \arctan (x/h)}\end {equation*}


$\Theta $


\begin {equation*}F_X(x) = \frac {4}{\pi } \arctan \left (\frac {x}{h}\right )\end {equation*}


\begin {equation*}F_X(x) = \begin {cases} 0 & x < 0 \\ \frac {4}{\pi } \arctan \left (\frac {x}{h}\right ) & 0 \leq x \leq h \\ 1 & x > h \end {cases}\end {equation*}


$f_X$


$\frac {\dif }{\dif u} \arctan (u) = \frac {1}{1+u^2}$


$f_X(x) = \frac {\dif }{\dif x} F_X(x)$


$x \in [0, h]$


\begin {equation*}f_X(x) = \frac {\dif }{\dif x} \left [ \frac {4}{\pi } \arctan \left (\frac {x}{h}\right ) \right ] = \frac {4}{\pi } \cdot \frac {1}{1 + (x/h)^2} \cdot \frac {1}{h} = \frac {4h}{\pi (h^2 + x^2)}\end {equation*}


\begin {equation*}f_X(x) = \begin {cases} \frac {4h}{\pi (h^2 + x^2)} & 0 \leq x \leq h \\ 0 & \text {otherwise} \end {cases}\end {equation*}


$\expect {X}$


$\int \frac {x}{h^2 + x^2} \dif x$


$u = h^2 + x^2$


\begin {equation*}\expect {X} = \int _{-\infty }^{\infty } x \cdot f_X(x) \dif x = \int _{0}^{h} x \cdot \frac {4h}{\pi (h^2 + x^2)} \dif x\end {equation*}


$u = h^2 + x^2$


$\dif u = 2x \dif x$


\begin {equation*}\expect {X} = \frac {2h}{\pi } \int _{h^2}^{2h^2} \frac {1}{u} \dif u = \frac {2h}{\pi } \ln (u) \Bigg \vert _{h^2}^{2h^2} = \frac {2h}{\pi } (\ln (2h^2) - \ln (h^2)) = \frac {2h \ln (2)}{\pi } \;.\end {equation*}


$\Var {(X)}$


$\expect {X^2}$


$\frac {x^2}{h^2 + x^2}$


$h^2$


$x^2 = x^2 + h^2 - h^2$


\begin {equation*}\expect {X^2} = \int _{0}^{h} x^2 \cdot \frac {4h}{\pi (h^2 + x^2)} \dif x = \frac {4h}{\pi } \int _{0}^{h} \frac {x^2 + h^2 - h^2}{x^2 + h^2} \dif x\end {equation*}


\begin {equation*}\expect {X^2} = \frac {4h}{\pi } \left ( \int _{0}^{h} 1 \dif x - \int _{0}^{h} \frac {h^2}{x^2 + h^2} \dif x \right )\end {equation*}


\begin {equation*}\expect {X^2} = \frac {4h}{\pi } \left ( h - h \arctan \left (\frac {x}{h}\right ) \Bigg \vert _{0}^{h} \right ) = \frac {4h}{\pi } \left ( h - h\left (\frac {\pi }{4}\right ) \right ) = \frac {4h^2}{\pi } - h^2 \;.\end {equation*}


\begin {equation*}\Var {(X)} = \expect {X^2} - \expect {X}^2 = \left ( \frac {4h^2}{\pi } - h^2 \right ) - \left ( \frac {2h \ln (2)}{\pi } \right )^2 = h^2 \left ( \frac {4}{\pi } - 1 - \frac {4(\ln 2)^2}{\pi ^2} \right ) \;.\end {equation*}


$U_1, U_2, \ldots , U_n$


$(0,1)$


\begin {equation*}\Pr (U_1 \leq x_1, \ldots , U_n \leq x_n) = \Pr (U_1 \leq x_1) \cdots \Pr (U_n \leq x_n)\end {equation*}


$x_1, \ldots , x_n$


$Z = \max (U_1, \ldots , U_n)$


$n$


$\max (a_1, \ldots , a_n)$


$x$


$x$


$a_i \leq x$


$i$


\begin {equation*}\begin {aligned} F_Z(x) = \Pr (Z \leq x) &= \Pr (\max (U_1, \ldots , U_n)\leq x)\\ &= \Pr (U_1 \leq x, \ldots , U_n \leq x)\\ &= \Pr (U_1 \leq x) \cdots \Pr (U_n \leq x) \quad &[\text {independence}]\\ & = F_{U_1}(x)\cdots F_{U_n}(x)\\ & = F_U(x)^n \quad &[\text {where } U \sim \textsf {Uniform}(0,1)] \end {aligned}\end {equation*}


$Z$


\begin {equation*}F_Z(x) = \begin {cases} 0 & x < 0 \\ x^n & 0 \leq x \leq 1 \\ 1 & x > 1 \end {cases}\end {equation*}


\begin {equation*}f_Z(x) = \begin {cases} n x^{n-1} & 0 \leq x \leq 1 \\ 0 & \text {otherwise} \end {cases}\end {equation*}


$X$


$f(x)=\frac {1}{1+x^2}$


$[0,\infty )$


$c$


$f_X(x)=\frac {c}{1+x^2}$


$\Exp [X]$


$\frac {d}{dx}(\tan ^{-1}x) = \frac {1}{1+x^2}$


$\tan \frac {\pi }{2} = \infty $


$\tan 0 = 0$


$f(x) = \frac {1}{1+x^2}$


\begin {equation*}\int _{0}^{\infty } \frac {1}{1+x^2} dx = \tan ^{-1} x \bigg |_{0}^{\infty } = \left (\frac {\pi }{2} - 0\right ) = \frac {\pi }{2} \neq 1\end {equation*}


\begin {equation*}\int _{0}^{\infty } \frac {c}{1+x^2} dx = c \tan ^{-1} x \bigg |_{0}^{\infty } = c\left (\frac {\pi }{2} - 0\right ) = 1\end {equation*}


$c$


$c = 2/\pi $


$c$


$\Exp [X]$


\begin {equation*}\Exp [X] = \int _{0}^{\infty } \frac {cx}{1+x^2} dx = \frac {2}{\pi }\int _{0}^{\infty } \frac {x}{1+x^2} dx = \frac {1}{\pi } \ln (1+x^2) \bigg |_{0}^{\infty } = \infty \end {equation*}


$r$


$S=\{(x,y):x^2+y^2\le r^2\}$


$S$


$R$


$\frac {\text {A}}{\text {Area of whole circle}}$


$r$


$X$


$X$


$\Exp [X]$


$\Var (X)$


$F_X(x)$


$x$


$x$


$r$


$\pi x^2 /\pi r^2$


\begin {equation*}F_X(x) = \begin {cases} 0 & x < 0 \\ \frac {x^2}{r^2} & 0 \leq x \leq r \\ 1 & x > r \end {cases}\end {equation*}


\begin {equation*}f_X(x) = \begin {cases} \frac {2x}{r^2} & 0 < x \leq r \\ 0 & \text {otherwise} \end {cases}\end {equation*}


\begin {equation*}\Exp [X] = \int ^\infty _{-\infty }x f_X(x) dx = \int ^r_{0}x \frac {2x}{r^2} dx = \frac {2}{3r^2} \left [x^3\right ]^r_0 = \frac {2}{3}r\end {equation*}


$\Var (X) = \Exp [X^2] - (\Exp [X])^2$


\begin {equation*}\Exp [X^2] = \int ^\infty _{-\infty }x^2 f_X(x) dx = \int ^r_{0}x^2 \frac {2x}{r^2} dx = \frac {2}{4r^2} \left [x^4\right ]^r_0 = \frac {1}{2}r^2\end {equation*}


\begin {equation*}\Var (X) = \Exp [X^2] - (\Exp [X])^2 = \frac {1}{2}r^2 - \left (\frac {2}{3}r\right )^2 = \frac {1}{18}r^2\end {equation*}


$s \times s$


$X$


$B$


$B$


$B$


$X$


$\Exp [X]$


$\Var (X)$


$F_X(x)$


$x$


$x$


$s$


$x^2 / s^2$


\begin {equation*}F_X(x) = \left \{ \begin {array}{ll} 0, & \mbox {if } x<0 \\ x^2/s^2, & \mbox {if } 0 \leq x \leq s \\ 1, & \mbox {if } x > s \\ \end {array} \right .\end {equation*}


\begin {equation*}f_X(x) = \frac {d}{dx} F_X(x) = \left \{ \begin {array}{ll} 2x/s^2, & \mbox {if } 0 \leq x \leq s \\ 0, & \mbox {otherwise} \end {array} \right .\end {equation*}


$\Exp [X]$


$\Var (X)$


\begin {equation*}\Exp [X] = \int _{0}^{s} x f_X(x) dx = \int _{0}^{s} \frac {2x^2}{s^2} dx = \frac {2}{s^2} \int _{0}^{s} x^2 dx = \frac {2}{3s^2} \left [x^3 \right ]_{0}^{s} = \frac {2}{3} s\end {equation*}


\begin {equation*}\Exp [X^2] = \int _{0}^{s} x^2 f_X(x) dx = \int _{0}^{s} \frac {2x^3}{s^2} dx = \frac {2}{s^2} \int _{0}^{s} x^3 dx = \frac {1}{2s^2} \left [x^4 \right ]_{0}^{s} = \frac {1}{2} s^2\end {equation*}


\begin {equation*}\Var (X) = \Exp [X^2] - (\Exp [X])^2 = \frac {1}{2} s^2 - \left (\frac {2}{3}s\right )^2 = \frac {1}{18}s^2\end {equation*}


$N$


$N \sim \textsf {Exponential} (10,000^{-1})$


$N$


$\frac {1}{\lambda }$


$\lambda = \frac {1}{10,000}$


\begin {equation*}\Pr (N \ge 5000 \mid N \ge 2000) = \Pr (N \ge 3000) = 1 -\Pr (N \leq 3000) = 1 - \left (1 - e^{-\frac {3000}{10000}}\right ) \approx 0.741\end {equation*}


$X_1, X_2$


$X_i$


$\lambda _i$


$1 \le i \le 2$


$Y= \min (X_1, X_2)$


$Y$


$\lambda =\lambda _1 + \lambda _2$


$\Pr (Y > y)$


$\Pr (Y > y)$


$Y$


\begin {equation*}\Pr (Y>y)=\Pr (\min (X_1,X_2)>y)\end {equation*}


$X_1$


$X_2$


\begin {equation*}\Pr (X_1>y\cap X_2>y)=\Pr (X_1>y)\Pr (X_2>y)=e^{-\lambda _1y}e^{-\lambda _2 y} = e^{-(\lambda _1+\lambda _2)y}=e^{-\lambda y}\end {equation*}


$F_Y(y)=1-\Pr (Y>y)=1-e^{-\lambda y}$


$f_Y(y)=\lambda e^{-\lambda y}$


$Y\sim \textsf {Exponential}(\lambda )$


$\lambda = \lambda _1 + \lambda _2$


$\Pr ( X_1 < X_2)$


\begin {align*}\Pr (X_1<X_2) &= \int _0^\infty \Pr (X_1<X_2 \mid X_1=x)f_{X_1}(x)dx \\ &= \int _0^\infty \Pr (X_2>x)\lambda _1 e^{-\lambda _1 x}dx \\ &= \int _0^\infty e^{-\lambda _2 x}\lambda _1 e^{-\lambda _1 x}dx \\ &= \lambda _1 \int _0^\infty e^{-(\lambda _1+\lambda _2) x}dx \\ &= \lambda _1 \left [ \frac {-1}{\lambda _1+\lambda _2} e^{-(\lambda _1+\lambda _2)x} \right ]_0^\infty \\ &= \frac {\lambda _1}{\lambda _1+\lambda _2}\end {align*}


$n$


$1, 2, \ldots , n$


$\lambda $


$T$


$\Exp [T]$


$Y_i$


$(i-1)$


$i$


$\textsf {Exponential}(\lambda )$


$Y_i \sim \textsf {Exponential}(2\lambda )$


$Y_i \sim \textsf {Exponential}(2\lambda )$


$n-2$


$n$


$n-1$


$T = Y_1 + Y_2 + \ldots + Y_{n-1}$


\begin {equation*}\Exp [T] = \sum _{i=1}^{n-1} \Exp [Y_i] = \sum _{i=1}^{n-1} \frac {1}{2\lambda } = \frac {n-1}{2\lambda }\end {equation*}


$i$


$i$


$i,j$


$1/2$


$n$


$1/2$


$n-1$


$n$


$(1/2)^2=1/4$


$i$


$(1/2)^{n-i+1}$


$i\ge 3$


$(1/2)^{n-1}$


$\mu $


$\sigma ^2$


$\mu +\sigma $


$\mu $


$\mu + \sigma $


$\mu -\sigma $


$\mu $


$\mu -2\sigma $


$\mu - \sigma $


$\mu - 2\sigma $


$\mu $


$\sigma ^2$


$X$


\begin {equation*}\Pr (A) = \Pr (X \geq \mu + \sigma ) = \Pr \left (\frac {X - \mu }{\sigma } \geq 1\right ) = 1 - \Pr \left (\frac {X - \mu }{\sigma } < 1\right )\end {equation*}


$\frac {X - \mu }{\sigma }$


$Z \sim \mathcal {N}(0,1)$


$\Phi $


\begin {equation*}\Pr (A) = 1 - \Phi (1) = 1 - 0.84134 = 0.15866\end {equation*}


\begin {equation*}\begin {aligned} \Pr (B) &= \Pr (\mu <X< \mu + \sigma ) = \Phi (1) - \Phi (0) = 0.34134\\ \Pr (C) &= \Pr (\mu - \sigma <X< \mu ) = \Phi (0) - \Phi (-1) = 0.34134\\ \Pr (D) &= \Pr (\mu - 2\sigma <X< \mu - \sigma ) = \Phi (-1) - \Phi (-2) = 0.13591\\ \Pr (F) &= \Pr (X< \mu - 2\sigma ) = \Phi (-2) = 0.02275 \end {aligned}\end {equation*}


$X$


$\mu =10$


$\sigma ^2 = 36$


$\Pr ( 4 < X < 16)$


$\frac {X-10}{6} = Z$


$Z \sim \mathcal {N}(0, 1)$


\begin {equation*}\Pr ( 4 < X < 16) = \Pr \left ( \frac {4 - 10}{6} < \frac {X-10}{6} < \frac {16 - 10}{6}\right ) = \Pr (-1 < Z < 1)\end {equation*}


\begin {equation*}= \Pr (Z < 1) - \Pr (Z < -1) = \Phi (1) - \Phi (-1) = 0.68268\end {equation*}


$X$


$\Pr (X > 9) = 0.2$


$\Var (X)$


$\sigma ^2 = \Var (X)$


\begin {equation*}\Pr (X > 9) = \Pr \left (\frac {X - 5}{\sigma } > \frac {9-5}{\sigma }\right ) = 1 - \Pr \left (\frac {X - 5}{\sigma } < \frac {9-5}{\sigma }\right ) = 1 - \Phi \left (\frac {4}{\sigma }\right ) = 0.2\end {equation*}


$\Phi \left (\frac {4}{\sigma }\right ) = 0.8$


$\Phi $


$\frac {4}{\sigma } \approx 0.845$


$\sigma $


$\sigma \approx 4.73$


$22.4$


$X$


$c$


\begin {equation*}\Pr (X > c) = 0.10.\end {equation*}


\begin {equation*}\Pr (X > c) = \Pr \left (\frac {X - 12}{2} > \frac {c-12}{2}\right ) = 1 - \Pr \left (\frac {X - 12}{2} < \frac {c-12}{2}\right ) = 1 - \Phi \left (\frac {c-12}{2}\right ) = 0.1\end {equation*}


$\Phi \left (\frac {c-12}{2}\right ) = 0.9$


$\Phi $


$\frac {c-12}{2} \approx 1.28$


$c$


$c \approx 14.56$


$X$


$\mu = 8$


$\sigma ^2 = 9$


$x$


$\Pr (X \leq x) = 0.6$


$\frac {X-8}{3} = Z$


$Z \sim \mathcal {N}(0,1)$


$z$


$P(Z \leq z) = 0.6$


\begin {equation*}\Phi (z) = P(Z \leq z) = 0.6\end {equation*}


\begin {equation*}\Phi ^{-1}(\Phi (z)) = \Phi ^{-1}(0.6)\end {equation*}


$z \approx 0.25$


$\Phi $


$\frac {x-8}{3} = z \approx 0.25$


$x \approx 8.75$


$n$


$n\%$


$Y$


$\mu = 15$


$\sigma ^2 = 4$


$y$


$85$


$b$


$15$


$y$


$85$


$\Pr (Y \leq y) = 0.85$


$\frac {Y-15}{2} = Z$


$Z \sim \mathcal {N}(0,1)$


$z$


$P(Z \leq z) = 0.85$


\begin {equation*}\Phi (z) = P(Z \leq z) = 0.85\end {equation*}


\begin {equation*}\Phi ^{-1}(\Phi (z)) = \Phi ^{-1}(0.85)\end {equation*}


$z \approx 1.04$


$\Phi $


$\frac {y-15}{2} = z \approx 1.04$


$y \approx 17.08$


$\Pr (Y \leq \mu ) = 0.5$


\begin {equation*}|\Pr (Y \leq \mu ) - \Pr (Y \leq y)| = |0.5-0.85| = 0.35 = |\Pr (Y \leq \mu ) - \Pr (Y \leq b)|,\end {equation*}


\begin {equation*}b = \mu - |y - \mu | = 15 - |17.08-15| = 12.92,\end {equation*}


$b \approx 12.92.$


$100$


$X$


$100$


$X$


$\Exp [X]$


$\Var (X)$


$\Pr (X\ge 87)$


$X$


$X$


$n=100$


$p=0.9$


$X\sim \textsf {Binomial}(100,0.9)$


$\Exp [X]=np=90$


$\Var (X)=np(1-p)=9$


\begin {equation*}\Pr (X\ge 87)=\sum _{k=87}^{100}{\binom {100}{k}(0.9)^k(1-0.9)^{100-k}}\end {equation*}


\begin {equation*}\Pr \left (a \le \sum _{i=1}^n X_i \le b\right )\end {equation*}


$a \le b$


$X_i$


\begin {equation*}\Pr ( a-0.5 \le Y \le b+ 0.5)\end {equation*}


$Y$


$\sum _{i=1}^n X_i$


$W$


\begin {equation*}f_W(x) := p_W (i) \quad \text { when }i-0.5 \le x < i + 0.5 \text { and $i$ integer}\end {equation*}


$\Exp [X]=90$


$\Var (X)=9$


\begin {equation*}\begin {aligned} \Pr (X \geq 87)&=\Pr (86.5 < X < 100.5) = \Pr \left (\frac {86.5-90}{3} < \frac {X-90}{3} < \frac {100.5-90}{3}\right ) \\ & \approx \Pr (-1.17 < Z < 3.5) \approx \Phi (3.5) - \Phi (-1.17) \\ &= \Phi (3.5) - (1 - \Phi (1.17)) \\ &= \Phi (3.5) + \Phi (1.17) - 1 \\ &\approx 0.9998+0.8790-1=0.8788 \end {aligned}\end {equation*}


$86.5 < X$


$86.5 < X < 100.5$


$\Phi (3.5)$


$X$


\begin {equation*}f(x) = \begin {cases}a+bx^2 &\text { when } 0\le x \le 1\\ 0 & \text { otherwise.} \end {cases}\end {equation*}


$\expect {X}=\frac {3}{5}$


$a$


$b$


$\expect {X} = \frac {3}{5}$


\begin {equation*}\expect {X} = \int _{-\infty }^{\infty }x f(x) dx = \frac {3}{5}\end {equation*}


$f(x)$


$f(x)$


\begin {equation*}\expect {X} = \int _{-\infty }^{\infty }x f(x)dx = \int _{-\infty }^{0}x f(x)dx + \int _{0}^{1}x f(x)dx + \int _{1}^{\infty }x f(x)dx = \int _{0}^{1}x (a + bx^2)dx\end {equation*}


\begin {equation*}= \int _{0}^{1} (ax + bx^3)dx = \left (\frac {ax^2}{2} + \frac {bx^4}{4}\right ) \bigg |_0^1 = \frac {a}{2} + \frac {b}{4} = \frac {3}{5}\end {equation*}


\begin {equation*}\int _{-\infty }^{\infty }f(x) dx= \int _{-\infty }^{0} f(x)dx + \int _{0}^{1} f(x) dx+ \int _{1}^{\infty } f(x)dx\end {equation*}


\begin {equation*}= \int _{0}^{1}(a + bx^2)dx = \left (ax + \frac {bx^3}{3}\right ) \bigg |_0^1 = a + \frac {b}{3} = 1\end {equation*}


$a = \frac {3}{5}, b = \frac {6}{5}$


$L$


$\frac {1}{4}$


$X$


$L$


$a = 0, b = L$


$\frac {1}{4}$


$\frac {L}{5}$


$X < \frac {L}{5}$


$X > \frac {4L}{5}$


$\Pr (X = k) = 0$


$k$


$X$


$\frac {1}{4}$


\begin {equation*}\Pr (X \le \frac {L}{5}) + \Pr (X > \frac {4L}{5}) = F_X(\frac {L}{5}) + (1 - F_X(\frac {4L}{5})) = \frac {\frac {L}{5} - 0}{L - 0} + (1 - \frac {\frac {4L}{5} - 0}{L - 0}) = \frac {1}{5} + (1 - \frac {4}{5}) = \frac {2}{5}\end {equation*}


$p_Y(y) = \sum _{x \mid g(x) = y} p_X(x)$


$f_Y(y) = \int _{x \mid g(x) = y} f_X(x) \dif x$


$X \sim \text {Unif}(-1, 1)$


$Y = X^2$


$Y$


$y = 0.25$


$f_Y(0.25) = \int _{x \mid x^2 = 0.25} f_X(x) \dif x$


$f_X(-0.5) + f_X(0.5) = 1$


$0$


$0.5$


$0.25$


$x^2 = 0.25$


$\{-0.5, 0.5\}$


$0$


$X \sim \text {Unif}(0, 1)$


$Y = 3X$


$Y$


$(0, 3)$


$f_Y(y) = 1/3$


$y \in (0,3)$


$X$


$Y$


$f_Y(y) = f_X(x)$


$3x = y$


$Y$


$f_Y(y) = 1$


$y \in (0, 3)$


$f_Y(y) = 3$


$y \in (0, 3)$


$f_Y(y) = 1/3$


$y \in (0, 1)$


$f_Y(y) = 0$


$y \in (0, 3)$


$y \in (0, 3)$


$x$


$y/3$


$y/3$


$0$


$1$


$X$


$f_X(y/3) = 1$


$f_Y(y) = 1$


$(0, 3)$


$\int _0^3 1 \dif y = 3$


$Y=3X$


$1/3$


$F_Y(y) = \Prob {Y \le y}$


$F_Y(y) = \Prob {Y \le y}$


$X$


$X \sim \text {Unif}(-2, 2)$


$Y = X^2$


$Y$


$Y$


$Y$


$X$


$-2$


$2$


$X$


$0$


$4$


$Y$


$[0, 4]$


$y \in [0, 4]$


\begin {equation*}F_Y(y) = \Pr (Y \le y) = \Pr (X^2 \le y)\end {equation*}


\begin {equation*}F_Y(y) = \Pr (-\sqrt {y} \le X \le \sqrt {y})\end {equation*}


$X$


\begin {equation*}F_Y(y) = F_X(\sqrt {y}) - F_X(-\sqrt {y})\end {equation*}


$X \sim \text {Unif}(-2, 2)$


$F_X(x) = \frac {x - (-2)}{2 - (-2)} = \frac {x + 2}{4}$


\begin {equation*}F_Y(y) = \left ( \frac {\sqrt {y} + 2}{4} \right ) - \left ( \frac {-\sqrt {y} + 2}{4} \right ) = \frac {2\sqrt {y}}{4} = \frac {\sqrt {y}}{2}\end {equation*}


\begin {equation*}F_Y(y) = \begin {cases} 0 & y < 0 \\ \frac {\sqrt {y}}{2} & 0 \le y \le 4 \\ 1 & y > 4 \end {cases}\end {equation*}


$Y$


$y$


$(0, 4]$


\begin {equation*}f_Y(y) = \frac {d}{dy} F_Y(y) = \frac {d}{dy} \left ( \frac {1}{2} y^{1/2} \right )\end {equation*}


\begin {equation*}f_Y(y) = \frac {1}{2} \cdot \frac {1}{2} y^{-1/2} = \frac {1}{4\sqrt {y}}.\end {equation*}


\begin {equation*}f_Y(y) = \begin {cases} \frac {1}{4\sqrt {y}} & 0 < y \le 4 \\ 0 & \text {otherwise} \end {cases}\end {equation*}


$y$


$0$


$y=x^2$


$X\sim \textsf {Uniform}(0,1)$


$(0,1)$


$Y=-\frac {1}{\lambda }\ln {X}$


$\lambda >0$


$\Omega _Y$


$\Omega _Y=(0,\infty )$


$\ln (x)\in (-\infty ,0)$


$x\in (0,1)$


$-\frac {1}{\lambda }$


$F_X(x)$


$x\in (0,1)$


$F_Y(y)$


$\Omega _Y$


$F_X(x)=x$


$x\in (0,1)$


$Y$


$Y$


$X$


$y\in \Omega _Y$


\begin {equation*}F_Y(y)=\Pr (Y\le y)=\Pr \left (-\frac {1}{\lambda }\ln {X}\le y\right )=\Pr (\ln {X}\ge -\lambda y)=\Pr (X\ge e^{-\lambda y})=1-\Pr (X<e^{-\lambda y})\end {equation*}


$e^{-\lambda y}\in (0,1)$


\begin {equation*}=1-F_X(e^{-\lambda y})=1-e^{-\lambda y}\end {equation*}


$f_Y(y)$


$\Omega _Y$


$F_Y(y)$


$y$


$Y$


\begin {equation*}f_Y(y)=F'_Y(y)=\lambda e^{-\lambda y}\end {equation*}


$Y\sim \textsf {Exponential}(\lambda )$

