Section 6: Solutions

Review of Main Concepts

* Continuous Random Variable: A continuous random variable X is one for which its cumulative distribution
function F'x (z) : R — R is continuous everywhere. A continuous random variable has an uncountably infinite
number of values.

* Cumulative Distribution Function (cdf): For any random variable (discrete or continuous) X, the cumula-
tive distribution function is defined as Fx (z) = P (X < z). Notice that this function must be monotonically
nondecreasing: if © < y then Fx(z) < Fx(y), because P(X < z) < P(X < y). Also notice that since proba-
bilities are between 0 and 1, that 0 < Fx(z) < 1 for all , with lim,_, ., Fx(z) =0 and lim,_, ., Fx(z) = 1.
Also, since P(X = k) = 0 for some constant k if X is a continuous random variable, P(X < k) = P(X < k)

* Probability Density Function (pdf or density): Let X be a continuous random variable. Then the probability
density function fx(z) : R — R of X is defined as fx(z) = L Fx (z). Turning this around, it means that

Fx(z)=P(X <) = ["_ fx (t)dt. From this, it follows that P(a < X < b) = Fx(b) — Fx(a) = f: fx(x)dx
and that | fooo fx(x)dz = 1. From the fact that Fix (x) is monotonically nondecreasing it follows that fx (z) > 0
for every real number .

If X is a continuous random variable, note that in general fx (a) # P(X = a), since P(X =a) = Fx(a) —
Fx(a) = 0 for all a. However, the probability that X is close to a is proportional to fx (a): for small J,
Pla-3<X<a+$)~dfx(a).

* i.i.d. (independent and identically distributed): Random variables X1, ..., X,, are i.i.d. (or iid) if they are
independent and have the same probability mass function or probability density function.

* Discrete to Continuous: To summarize, when going from discrete to continuous, the main differences are
usually - using an integral instead of a summation, and using the density function fx (k) instead of the PMF

P(X = k).
Discrete Continuous
PMF/PDF px () =P(X =2) fx(@) #P(X =2)=0
CDF Fx (z) =2 i<a Px (1) Fx (z) = [ fx (t)dt
Normalization | > px(z) =1 = fx (@) de =1
Expectation E[X]=3,zpx(z) EX]= [T afx (z)dx
LOTUS Eg(X)] =2, 9(@)px(2) [ E[g(X)] = [7 g(2)fx (x) dz

* Normal (Gaussian, “bell curve”): X ~ N(u, o?) iff X has the following probability density function:
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E[X] = pand Var(X) = 2. The “standard normal” random variable is typically denoted Z and has mean 0
and variance 1: if X ~ N(u, o?), then Z = % ~ N(0,1). The CDF has no closed form, but we denote the
CDF of the standard normal as ® (z) = Fz (z) = P(Z < z). Note from symmetry of the probability density
function about z = 0 that: ® (—z) =1 — ®(=2).

* Standardizing: Let X be any random variable (discrete or continuous, not necessarily normal), with E [X] = u
and Var(X) = o2 IfweletY = £=£ then E[Y] = 0and Var(Y) = 1.

led

* Closure of the Normal Distribution: Let X ~ A(u,0?). Then, aX + b ~ N(ap + b,a?c?). That is, linear
transformations of normal random variables are still normal.

* “Reproductive” Property of Normals: Let X1, ..., X, be independent normal random variables with E [X;] =
wi and Var(X;) = o2. Let ay,...,a,€ R and b€ R. Then,
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There’s nothing special about the parameters — the important result here is that the resulting random variable
is still normally distributed.

* Law of Total Probability (Continuous): This has not been covered in class yet, but will be soon. A is an
event, and X is a continuous random variable with density function fx(x).

P(A) = /OO P(A|X = z)fx(x)dx

— 00

e Zoo of Continuous Random Variables

(a) Uniform: X ~ Uniform(a, b) iff X has the following probability density function:

fX(a?):{ 7 ifz €[a,b

0 otherwise

E[X] = %t and Var(X) = % This represents each real number from [a, b] to be equally likely.

(b) Exponential: X ~ Exponential()) iff X has the following probability density function:

—Azx
fX(z):{)\e ifz >0

0 otherwise

E[X] = + and Var(X) = 5. Fx (z) = 1 — e for z > 0. The exponential random variable is the
continuous analog of the geometric random variable: it represents the waiting time to the next event,
where A\ > 0 is the average number of events per unit time. Note that the exponential measures how
much time passes until the next event (any real number, continuous), whereas the Poisson measures how
many events occur in a unit of time (nonnegative integer, discrete). The exponential random variable X
is memoryless:

forany s,t >0, P(X >s+t| X >s)=P(X >t)

The geometric random variable also has this property.

1. Content Review

(a) Whatis P(X = 4) if X is a continuous random variable?
O1
Oo0
(O not enough information

Solution:

(b). If X is a continuous random variable, the probability it takes on a particular constant is O since the
support of X has infinite real values.

(b) The cumulative distribution function for a continuous random variable X is Fx (k) =
O f foc fx(x)dx
O f fooc fx(x)dx
ON) koo Ix(z)dz



O s fx(k)

Solution:

(a) We take the integral over the PDF over the appropriate range to get the CDF. Since the CDF is Fix (k) =
P(X < k) we take the integral from negative infinity up to k.

(c) The probability density function for a continuous random variable X is fx (k) =
O [E Ix(z)de
O %FX (k)

Solution:

(b) We take the derivative of the CDF to get the PDF.

(d) True or False. If X is a continuous random variable, E[X] = [~ zfy(z)dz Solution:

True. This is by definition of expectation for continuous random variables. Note the only different from
discrete and that we'’re using an integral instead of a summation, and we’re using density instead of prob-
ability!

(e) True or False. If X is a continuous random variable, Var(X) = E[X?] — (E[X])? Solution:

True. This definition for variance applies regardless of whether X is discrete or continuous.

(f) Which of the following follow an Exponential(\) distribution?
(O Number of minutes to the first success with \ as average number of successes per minute
(O Number of successes in the first 1 minute with )\ as average number of successes per minute
(O Time (real number) to the first success with ) as average number of successes per minute

Solution:

(c) The exponential random variable is from our zoo of continuous random variables, and represents the
time (continuous) till the first success. Note that (b) is a Poisson random variable with paramter A!

(g) True or False: For any random variable X, P(X = 5) = P(X — 5 =0). Solution:

True. We can think of X — 5 as another random variable where we take the output of X and subtract five
from it. Then the probability that X — 5 is zero is identical to the probability that X is originally five.

(h) True or False: For some continuous random variable X, P(X < 5) # P(X < 5). Solution:

False. Note that P(X < 5) = P(X = 5) + P(X < 5). But the first term is zero, so the probabilities are
exactly equal. This holds for every continous random variable.




(i) True or False: Let X ~ N(p,0?) and a,b € R. Then aX + b ~ N (ap + b, a*c?).

Solution:

True. This follows by the closure of the normal distribution.

2. Uniform2

Anna decided he wanted to create a “new” type of distribution that will be famous, but he needs some help. He knows
he wants it to be continuous and have uniform density, but he needs help working out some of the details. We'll
denote a random variable X having the “Uniform-2” distribution as X ~ Uniform2(a, b, c,d), where a < b < ¢ < d.
We want the density to be non-zero in [a, b] and [c, d], and zero everywhere else. Anywhere the density is non-zero,
it must be equal to the same constant.

(a) Find the probability density function, fx(x). Be sure to specify the values it takes on for every point in
(—00,00). (Hint: use a piecewise definition). Solution:

We want our probability density function to have a non-zero, uniform density in the intervals [a, b] and
[¢, d], and zero everywhere else. Let ¢ be that value. Then

fx(z) =

¢ fa<z<borc<z<d
0 otherwise .

In order for this to be a valid probability density function, we must have ffooo fx(z)dx = 1. Solving,

1=/_fo(@dx:/_;fx(w)dw+/abfx(w)div+/bcfx(a?)d%L/cdfx(w)d$+/doofx($)d$
d

b
:0+/ 6d:v+0+/ {dx+0
=lb—a)+L(d—c).

Note that taking the integral over any range that is not [a, b] and [c, d] gives a zero output since fx(z) =0
outside of those ranges. Rearranging, we get £ = m, SO

fy(e) = | Ty Hoswsboresa<d
‘r =
X 0 otherwise .

(b) Find the cumulative distribution function, F'x (x). Be sure to specify the values it takes on for every point in
(—00,00). (Hint: use a piecewise definition). Solution:

Let’s keep using ¢ from before to reduce clutter. Recall that the cumulative distribution function takes an
integral over the probability density function from negative infinity up to z, i.e.,

Eﬂ@:/ffﬂﬂﬁ.

We use ¢ as our step variable here to not overload the variable x. Let us consider possible values that x
can take on.

For z < a,

FM@:[Eh@ﬁ:U




Fora <x <b,

/ fx(t)dt = / fx(t dt+/ fx(t) Uz —a).

x a b =
x)z_/_oofx(t)dt:/_oofx(t)dt—i—/a fX(t)dt+/b Fx(t)dt =L(b—a).
Forc <z < d,

T a b c x
@:/_wa(t)dt:/_wa(t)dHL fx(t)dt+/b fx(t)dtJr/c Sx(t)dt = (b —a) + Uz — ¢ .

Finally, for = > d,

/ fx(t)dt = / Ix(t dt+/fX dt+/fx dt-l—/fx dt-l—/ Ix(t
=/(b

(b—a)+4(d—

Forb <z <eg,

Putting everything together (and now substituting ¢ = W}Hd—d’

0 ifx<a
% 1fa§x<b
b—a .

GodtE=d ife<az<d

1 ifz>d.

3. Create the distribution

Suppose X is a continuous random variable that is uniform on [0, 1) and uniform on [1, 2], but
P1<X<2)=2-PO<X<1).

Outside of [0, 2] the density is 0. What is the PDF and CDF of X?

Solution:

The fact that X is uniform on each of the intervals means that its PDF is constant on each. So,

c 0<z<1
fx(@)=qd 1<2<2
0 otherwise

Note that Fix (1) — Fx(0) = c and Fx (2) — Fx(1) = d. The area under the PDF must be 1, so
1=Fx(2) - Fx(0)=Fx(2) = Fx(1) + Fx(1) = Fx(0) =d+¢
Additionally,
d=Fx(2)—Fx(1)=P1<X<2)=2-P0< X <1)=2:(Fx(1) — Fx(0)) = 2¢c

To solve for ¢ and d in our PDF, we need only solve the system of two equations from above: d +c¢ =1, d = 2¢c.




So, d = 2 and ¢ = . Taking the integral of the PDF yields the CDF, which looks like

0 <0
1
2T 0<z<1
F ={3 -
A | MY
1 x> 2

4. Max of uniforms

Let Uy,Us,...,U, be mutually independent Uniform random variables on (0,1). Find the CDF and PDF for the
random variable Z = max(Uy, ..., U,).

Solution:

The key idea for solving this question is realizing that the max of n numbers max(ay, ..., a,,) is less than some
constant ¢, if and only if each individual number is less than that constant ¢ (i.e. a; < c for all 7). Using this
idea, we get

Fyz(z) =P(Z < z) = P(max(Uy, ..., U,) < x)
=P <uz,...,U, < x)
=PU; <x)-...-P(U, <x) [independence]
=Fy,(z)- ..  Fy,(z)
= Fy(x)" [where U ~ Unif(0, 1)]
So the CDF of 7 is
0 z<0
Fz(z)=<a" 0<z<1
1 z>1

To find the PDF, we take the derivative of each part of the CDF, which gives us the following

nz" 1 0<zx<1
falw) = {O otherwise

5. New PDF?

Alex came up with a function that he thinks could represent a probability density function. He defined the potential
pdf for X as f(z) = ﬁ defined on [0, o). Is this a valid pdf? If not, find a constant ¢ such that the pdf fx(z) =

%= isvalid. Then find E [X]. (Hints: 4~ (tan~' z) = 75, tan § = oo, and tan0 = 0.) Solution:

The area under the PDF is 1. So,

< ¢ 1 e (T _
/; mdxzctan $|0—C<§—0)—1

Solving for ¢ gives us ¢ = 2/7. Using our value we found for ¢, and the definition of expectation we can compute




E[X] as follows:

< cx 2 [ 1
E[X] = — _dr== —— dr = —In(1 +2?) |F=
[X] /0 T 7r/O T 7rn( +2°) |§°= o0

6. Throwing a dart

Consider the closed unit circle of radius r, i.e., S = {(z,y) : 22 + y? < r?}. Suppose we throw a dart onto this circle
and are guaranteed to hit it, but the dart is equally likely to land anywhere in S. Concretely this means that the
probability that the dart lands in any particular area of size A (that is entirely inside the circle of radius R), is equal

A . . . . .
t0 terorwhoe e+ 1he density outside the circle of radius 7 is 0.

Let X be the distance the dart lands from the center. What is the CDF and pdf of X? WhatisE [X]and Var(X)?

Solution:

Since Fx(x) is the probability that the dart lands inside the circle of radius z, that probability is the area of a
circle of radius z divided by the area of the circle of radius r (i.e., 722 /7r?). Thus, our CDF looks like

0 z<0
Fx(@)={% 0<a<r
1 r>r

To find the PDF we just need to take the derivative of the CDF, which give us the following:

fX(I){fj 0O<z<r

0  otherwise

Using the definition of expectation we get

E[X] = /OO xfx(z)de = /OTxifdx = 37?2 (x3

— 00

We know that Var(X) = E [X?] - E[X]*.

E[X?] = /00 2 fx (z)dx = /07“ in—fdx _ 2 (x4

2
oo 4r

Plugging this into our variance equation gives

Var(X) =E [X?] —E[X]* = %rz _ (%)2 _ 1l

7. A square dartboard?

You throw a dart at an s x s square dartboard. The goal of this game is to get the dart to land as close to the lower
left corner of the dartboard as possible. However, your aim is such that the dart is equally likely to land at any point
on the dartboard. Let random variable X be the length of the side of the smallest square B in the lower left corner
of the dartboard that contains the point where the dart lands. That is, the lower left corner of B must be the same
point as the lower left corner of the dartboard, and the dart lands somewhere along the upper or right edge of B.
For X, find the CDF, PDF, E [X], and Var(X).

Solution:



Since F'x (z) is the probability that the dart lands inside the square of side length x, that probability is the area
of a square of length z divided by the area of the square of length radius s (i.e., 2/r2?). Thus, our CDF looks
like

0, ifz <0
Fx(z)=<¢ 2%/s? if0<z<s
1, ifx>s

To find the PDF, we just need to take the derivative of the CDF, which gives us the following:

d _f 2z/s?, f0<a<s
Fx(x) = %FX@) - { 0, otherwise

Using the definition of expectation and variance we can compute E [X] and Var(X) in the following manner:

s 5 92 9 s 9 .
B = [ afx@ie= [ Zpdo= 5 [ato= 50 = 30

0
s * 223 2 [ 1 .1
E[X?] = 2 d:/—d :—/ 3dr = — [2*]) = = &?
[X7?] /0;1: fx(x)dx o T=3 ; vdr = 55 [;1:]0 58

2
Var(X) =E [X?] — (E[X])* = %SQ — <§s> = %852

8. Will the battery last?

Suppose that the number of miles that a car can run before its battery wears out is exponentially distributed with
expectation 10,000 miles. If the owner wants to take a 5000 mile road trip, what is the probability that she will be
able to complete the trip without replacing the battery, given that the car has already been used for 2000 miles on
the road trip?

Solution:

Let N be a r.v. denoting the number of miles until the battery wears out. Then N ~ exp(10,000~ 1), because N
measures the “time” (in this case miles) before an occurrence (the battery wears out) with expectation 10,000.
Since this is an exponential distribution, and the expectation of an exponential distribution is , A = m.
Therefore, via the property of memorylessness of the exponential distribution:

P(N > 5000|N > 2000) = P(N > 3000) = 1 — P(N < 3000) = 1 — (1 - e—%) ~ 0.741

9. Batteries and exponential distributions
Let X1, X> be independent exponential random variables, where X; has parameter \;, for 1 < i < 2. Let Y =
IIliIl(Xl s Xg)

(a) Show that Y is an exponential random variable with parameter A = \; + A;. Hint: Start by computing
P(Y > y). Two random variables with the same CDF have the same pdf. Why?

Solution:

We start with computing P(Y" > y), by substituting in the definition of Y.

P(Y > y) = P(min{X;, X2} > v)



The probability that the minimum of two values is above a value is the chance that both of them are above
that value. From there, we can separate them further because X; and X, are independent.

P(X; >yN Xy >y) =P(X; >y)P(Xy >y) =e MYer2Y
— e~ (MitA)y _ —Ay

So Fy(y) =1-PY >y)=1—-e*and fy(y) = Ae ¥ so Y ~ Exp()), since this is the same CDF and
PDF as an exponential distribution with parameter A = A; + \s.

(b) What is Pr(X; < X2)? (Use the law of total probability.) The law of total probability hasn’t been covered in
class yet, but will be soon at which point it would be good to revisit this problem!

Solution:

By the law of total probability,

oo o0
P(X; < X5) = / P(X; < Xo|X; = ) fx, (v)dx = / P(Xy > 2)\e M%dr =
0 0

& A
7)\2‘% 7)\126 1

e Are dr =
/o ! A1+ A2

(c) You have a digital camera that requires two batteries to operate. You purchase n batteries, labelled 1,2,...,n,
each of which has a lifetime that is exponentially distributed with parameter ), independently of all other
batteries. Initially, you install batteries 1 and 2. Each time a battery fails, you replace it with the lowest-
numbered unused battery. At the end of this process, you will be left with just one working battery. What is
the expected total time until the end of the process? Justify your answer.

Solution:

Let T be the time until the end of the process. We are trying to find E[T]. T =Y; + ... + Y,,_; where Y;
is the time until we have to replace a battery from the ith pair. The reason it there are only n — 1 RVs in
the sum is because there are n — 1 times where we have two batteries and wait for one to fail. By part (a),
the time for one to fail is the min of exponentials, so Y; ~ Exp(2)). Hence the expected time for the first

battery to fail is 5. By linearity and memorylessness, E [T] = Y7 B[v;] = %51,

(d) In the scenario of the previous part, what is the probability that battery i is the last remaining battery as a
function of i? (You might want to use the memoryless property of the exponential distribution that has been
discussed.)

Solution:

If there are two batteries i, j in the flashlight, by part (b), the probability each outlasts each other is 1/2.
Hence, the last battery n has probability 1/2 of being the last one remaining. The second to last battery n—1
has to beat out the previous battery and the n*", so the probability it lasts the longest is (1/2)? = 1/4. Work
down inductively to get that the probability the i*" is the last remaining is (1/2)"~**! fori > 3. Finally the
first two batteries share the remaining probability as they start at the same time, with probability (1/2)"~!
each.

10. Normal questions

(a) Let X be a normal random with parameters ;4 = 10 and o2 = 36. Compute P(4 < X < 16).



(b)

@]

11.

@

(b)

Solution:

Let X:10 = 7. By the scale and shift properties of normal random variables Z ~ N(0,1).

X—10<16—10
6 6

P(4< X <16) =P (4 _610 < ) =P(-1<Z<1)=®(1) — &(—1) = 0.68268

Let X be a normal random variable with mean 5. If P(X > 9) = 0.2, approximately what is Var(X)?

Solution:

Let 02 = Var(X). Then,

[P’(X>9):IP<X0_5>9_5):1—(1)(i):0.2

g

So, @ (4) = 0.8. Looking up the phi values in reverse lets us undo the ® function, and gives us 2 = 0.845.
Solving for o we get o & 4.73, which means that the variance is about 22.4.

Let X be a normal random variable with mean 12 and variance 4. Find the value of ¢ such that P(X > ¢) =
0.10. Solution:

IP’(X>c):IP’<X;12 >C_212> :1—@(6_212> =0.1

So, ® (512) = 0.9. Looking up the phi values in reverse lets us undo the ® function, and gives us

2
=12 = 1.29. Solving for ¢ we get ¢ ~ 14.58.

Do it in Reverse

Let X be a normal random variable with parameters ;= 8 and 02 = 9. Find « such that P(X < ) = 0.6.

Solution:

Let % = Z. By the scale and shift properties of normal random variables, Z ~ A/(0,1). Thus, we must
find z such that P(Z < z) = 0.6.

B(z)=P(Z<2) =06

O H(D(2)) = 21(0.6)
Thus, z ~ 0.25 by looking up the phi values in reverse to undo the & function. Then ’”T_S =z~ 0.25, so
T =~ 8.75.

Lots of statistics (like standardized test scores or heights) use percentiles to give context to where outcomes
fall in a distribution. The nth percentile marks the outcome at which n% of the data points are less than the
outcome. Let Y be a normal random variable with parameters ;1 = 15 and 0? = 4. What value y marks the
85th percentile? What value b marks the 15th percentile?

Solution:

We first find y, which marks the 85th percentile, so P(Y < y) = 0.85. Let ¥513 = Z. By the scale and shift
properties of normal random variables, Z ~ N(0,1). Thus, we must find z such that P(Z < z) = 0.85.

®(z) =P(Z<z) =085

O HD(2)) = &1(0.85)

10



Thus, z ~ 1.04 by looking up the phi values in reverse to undo the ® function. Then ygﬁ =z = 1.04, so
y ~ 17.08.

Recall that normal distributions are symmetric around the mean, where P(Y < p) = 0.5. Since
IP(Y < pi) —P(Y <y)| =1[0.5—0.85| = 0.35 = [P(Y < 1) — P(Y <b)],

b=p—1b—p|=15—|17.08 — 15| = 12.92,
so b~ 12.92.

12. Another continuous r.v.

The density function of X is given by

a+bx? when0<z<1
flz) = .
0 otherwise.

IfE[X] =2, find a and b.

Solution:

To find the value of two variables, we need two equations to solve as a system. We know that E [X] = £, so we
know, by the definition of expected value, that

apx) = [ s =

— 0o

Since f(x) is defined to be 0 outside of the given range, we can integrate within only that range, plugging in

f(x):

E[X]:/OO xf(x)/o a:f(:r)+/01xf(z)+/looxf(x)/le(aer;C?)/Olax+bx3G;QJFIT

—0o0 —0o0

1

2 4

0

We also know that a valid density function integrates to 1 over all possible values. Thus, we can perform the
same process to get a second equation:

311

/O:of(x):/Oooxf(x)+/ola:f(x)+/looxf(m):/Ol(a+bx2):m+b§

. . . _ 3 _ 6
Solving this system of equations we get that a = £,b = ¢

b
= 7:1
a+3

0

13. Point on a line

A point is chosen at random on a line segment of length L. Interpret this statement and find the probability that
the ratio of the shorter to the longer segment is less than i.

Solution:

Define RV X to be the distance of your random point from the leftmost side of the stick. Since we’re choosing a
point at random, this RV has an equal likelihood of any distance from 0 to L, making it a continuous uniform RV
with parameters a = 0,b = L. For the ratio to be less than 1, the shorter segment has to be less than é in length.

This can happen when X < £ or X > “L. Thus, using the CDF of a continuous uniform distribution, the

.1 . . 1 .
probability that the ratio is less than 7 is

11
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4L L 4L L_o iL _ o 1 4. 2
P(X§3)+P(X> ?):Fx(g)-l-(l—Fx(f)): 5 5 _

14. Bitcoin users

There is a population of n people. The number of Bitcoin users among these n people is 7 with probability p;, where,
of course, » ,.,., pi = 1. We take a random sample of £ people from the population (without replacement). Use
Bayes Theorem to derive an expression for the probability that there are i Bitcoin users in the population conditioned
on the fact that there are j Bitcoin users in the sample. Let B; be the event that there are 4 Bitcoin users in the
population and let S; be the event that there are j Bitcoin users in the sample. Your answer should be written in
terms of the p,’s, i, 7,n and k.

Solution:

Pr(B;|S;) = by Bayes Theorem

P’I“(Sj)
OGzH GG iy (n—i
_ @) *Di _ (3] " Pi _ () (k—j) " Pi -
Limo PrSiBOPr(B) e (OGS, S (G5 e

Above, we used the fact that Pr(By) = p, and the fact that Pr(S;|B) is the probability of choosing a subset of
size k, where j of the selected people are from the subset of ¢ Bitcoin users and k& — j are from the remaining
n — ¢ non-Bitcoin users.

15. Min and max of i.i.d. random variables

Let Xy, Xo,...,X,, beii.d. random variables each with CDF F'x (z) and pdf fx(z). Let Y = min(X4,...,X,,) and
let Z = max(X;,...,X,). Show how to write the CDF and pdf of Y and Z in terms of the functions F'x(-) and
fx(-). Solution:

First we compute the CDFs of Z and Y as follows:

Fy(2)=P(Z < z)
=P(X;<z..,X,<2) [Definition of max]
=P(X1<2) .- P(X, <2) [Independence]
= (Fx(2)"

Fy(y) = P(Y <vy)

=1-PY >y
=1-PX1>y,..Xn>y) [Definition of min]
=1-P(X1>y) .- P(X,, >y) [Independence]

=1-(1—-Fx(y)"

Using the fact that fx(z) = L Fx(z) and the CDFs that we found we can compute the pdfs of Z and Y as
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follows:

(o) = o Fr (o)
_ % (1—(1— Fx(y)")
— n (1= Fx(y)™ diy(l — Fx(y))

=n-(1—Fx(y)" " fx(v)

16. Continuous Law of Total Probability?

This has not been covered in class yet, but will be soon.

In this exercise, we will extend the law of total probability to the continuous case.

(a) Suppose we flip a coin with probability U of heads, where U is equally likely to be one of Oy = {0, 1,2, .../ 1}

(notice this set has size n + 1). Let H be the event that the coin comes up heads. What is P(H)? Solution:

We can use the law of total probability, conditioning on U = % fork=0,...,n.

S K :E:nﬁ. 11 " _ 1 nn+l) 1
P(H)_];)P(H‘U_n)m[] n) kzzon n+1 n(n—i—l)];)k nin+1) 2 2

(b) Now suppose U ~ Uniform(0,1) has the continuous uniform distribution over the interval [0, 1]. Extend the law
of total probability to work for this continuous case. (Hint: you may have an integral in your answer instead
of a sum). Solution:

We can perform basically the same process as above, just using an integral instead of a sum. The values
that U can take on are anywhere in the continuous interval [0, 1], so we integrate over that with respect
to u. Another change is that we have to use the PDF of U, which in this case is 1 everywhere within our
range (since it’s uniformly distributed). Plugging that in we can get the same answer of 3 as before.

P(H):/o IP>(H‘UZU)JCU(U)du:/0 u-lduz%[uQ]é:%

(c) Let’s generalize the previous result we just used. Suppose F is an event, and X is a continuous random variable
with density function fx (x). Write an expression for P(F), conditioning on X. Solution:

Set up the same problem as before, only this time we’re not actually solving for anything. Note that we
have to integrate from negative infinity to infinity. We’re technically doing this before as well, however
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outside of the bounds of [0, 1], the density is equal to 0 so the whole expression is equal to 0. In the general
case thought, we don’t know the range, so we have to integrate everywhere.

P(E) = /00 P(E|X =2)fx(z)dzx

— 00

17. Transformations

This has not been covered in class yet and probably won’t be. But if you’re interested, please read Section
4.4 from the textbook.

Suppose X ~ Uniform(0,1) has the continuous uniform distribution on (0,1). Let Y = —1log X for some \ >
0.

(a) Whatis Qy? Solution:

Qy = (0, 00) because log(x) € (—o0,0) for x € (0,1). Thus, that range times a necessarily negative number
— 1, will result in a range from 0 to positive infinity.

(b) First write down Fx (x) for « € (0,1). Then, find Fy (y) on Qy. Solution:

Fx(z) =z for « € (0,1) because that is the CDF of the continuous uniform distribution. We find the CDF
of Y by plugging in the given definition of Y and getting into a form where we can use the CDF of X. Let

Yy e Qy.
Fy(y) =P(Y <y) = P(fi logX <y)=Plog X > -\y) =P(X > e M) =1-P(X <e )

Then, because e=*¥ € (0,1)
=1-Fy(eM)=1-¢e

(c) Now find fy (y) on Qy (by differentiating Fy (y) with respect to y. What distribution does Y have? Solution:

fr(y) = Fy(y) = Ae

Hence, Y ~ Exponential()).

18. Convolutions

This has not been covered in class. We’re not yet sure if we will have time for it, but if you’re interested,
please read Section 5.5 from the textbook.

Suppose Z = X +Y, where X LY. (L is the symbol for independence. In other words, X and Y are independent.)
Z is called the convolution of two random variables. If X,Y, Z are discrete,

pz(z):]P’(X—l—Y:z)=Z]P’(X:xﬂY=z—x)zz;nx(x)py(z—x)

If X,Y, Z are continuous,

oo

P(Yﬁz—X|X:m)fX(x)dx:/ Fy(z —2)fx(z)dzx

— 00

oo

Fz<z>=P<X+YSZ):/

— 00
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Suppose X1 ~ N (p1,07) and Xo ~ N (p2,03).

(a) Find an expression for P(X; < 2X5) using a similar idea to convolution, in terms of Fx,, Fx,, fx,, fxs. (Your
answer will be in the form of a single integral, and requires no calculations — do not evaluate it). Solution:

We use the continuous version of the “Law of Total Probability” to integrate over all possible values of X5.
Take the probability that X; < 2X5 given that value of X5, times the density of X at that value.

o0 o0

P(Xl < 2X2) = / ]P(Xl < 2X2|X2 = $2)fx2 (I'Q)dl'g = / F‘X1 (21’2) fX2 (xg) dxo

— 00 — 00

(b) Find s, where @ (s) = P(X; < 2X3) using the fact that linear combinations of independent normal random
variables are still normal. Solution:

Let X3 = X; — 2X3, so that X3 ~ N(u1 — 2us,0? + 402) (by the reproductive property of normal
distributions)

X3 — (1 —2p2) 00— (p1 — 2M2))

Vo2 + 402 Vo2 + 402

Qts — Qts — 2ty —
—P(Z < 2T H “1)—<I><’“L2 Ml)%s—w i

«/0%4—403 \/0%4—405 \/0%4—40%

P(X; < 2X5) = P(X; — 2X5 < 0) = P(X3 < 0) = P(
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