CSE 312 Summer 25
More MLE | <2



Biased

One property we might want from an estimator is for it to be unbiased.

An estimator 8 is “unbiased” if

E[6] =6

The expectation is taken over the randomness in the samples we drew.

The formula is fixed, the data we draw to evaluate the formula becomes the source
of the randomness.

So we're not consistently overestimating or underestimating.
If an estimator isn't unbiased then it's biased.



Are our MLEs unbiased?

é; _ izri Xi
E[6,] =~ E[ZX;]
Unbiased!

=-YE[X]=-n-p=pu
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Here, think of the X; not as data points, but as random variables.
Made them capital letters so we see the randomness again.



Are our MLEs biased?

Our estimate for the coin-flips (if we generalized a bit) would be

num heads

total flips

Is this biased or unbiased?



Are our MLEs biased?

Our estimate for the coin-flips (if we generalized a bit) would be

num heads

total flips

What is F [num heads]?

total flips

=—=0

n

’num heads] 0 -n
total flips

Unbiased!



Summary

f you get independent samples x4, x,, ..., x,, from a N (u, 0%) where u
and g#are unknown, the maximum likelihood estimates of the normal is:

By = H=5 and 6,2 = 237 (x; — 6,)°

The maximum likelihood estimator of the mean is the sample mean
that is the estimate of u is the average value of all the data points.

The MLE for the variance is: the variance of the experiment “choose one
of the x; at random”



Unbiased?

]E[HO'Z: — IE[% ?=1(xl' o /;)2]
i — 2

= %E _Z(xi —0,) ]

— %[E Z.X'lz — leé,: + é;zl

Intuition for the algebra miracle:
6, = Yx;/n. So when that gets

Then an algebraic miracle occurs... squared, there are terms that have
x;x; terms and x; - x; terms.

The 1/n fraction of terms that are
n—1

_ o2 2 - TNA x;x; decrease the variance because
- ° where 0% = E[(x;—E[x;])"2] you can't deviate from yourself.



I~ Optional: Algebra

Showing MLE of Variance is biased



That Algebraic Miracle

=_F [lez — iné; + 5;2]

n
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= —E[inz] — —E [Zle@; — Z@;z]
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= —nE[x#] —=E IZHMin - Y0, ]
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= E[x#] —=E :Zné;z — né;zl

é; = Xx;/n



More of That Algebraic Miracle

o[ =2 [(2) (2] (I

XiX; terms.

= %]E:Ziijxi X+ X xf

= %]E:Ziijxi - x| +%3E[Zixi2]
== n(n — DE[x, - x;] + 5 nE[x}]
= "L E[x,]E[x,] + = E[x]]

This is where the
X;x; terms end up




Wrapping Up the Algebraic Miracle

E[0,2] = E[x}] - E |6,

o

Plugging in E [@;2] = n—_llE[xl]]E[xl] + %IE[xlz] we get:

n

E[0,2]= E[x}] — (== Elx,]E[x,] + - E[x}])

n n

= E[x#] —n—_llEl[xl]2 — —E[x{]

n—1
= TVar(xl)



I~ Non-optional Takeaways



Not Unbiased

\é\./hicg| Is not what we wanted. This is a biased estimator. But it's not too
lased...

An estimator 8 is “consistent” if

lim ]E[é] =0

n—00

The MLE is consistent (under some very mild assumptions),
but it can be biased or unbiased.



Correction

The MLE slightly underestimates the true variance.
You could correct for this! Just multiply by ﬁ

This would give you a formula of:

ﬂ; = (xl— u)
1

= —¥ia (2 - 9,)° where 8, is the sample mean,

Called the 'sample variance” because it's the variance you estimate if
you want an (unbiased) estimate of the variance given only a sample.

If you took a statistics course, you probably learned the square root of
this as the definition of standard deviation:



~ | Are our MLE's accurate?



Confidence for MLEs

We said our MLE for “probability of heads on a flip" is f = Simieads

num flips

And E[p]| = p. (where p is the true probability of heads).

But how close is it to the true value? What if on-average it's correct, but
it's often very far away.

If only we had a tool...one that would describe the probability of being
far from your expectation...



