
Final Reference Sheet

Counting

Sum Rule
If you are choosing one thing between n options in one
group and m in another group with no overlap, the total
number of options is: n ` m.

Product Rule
If you have a sequential process, where step 1 has n1 op-
tions, step 2 has n2 options,…,step k has nk options, and
you choose one from each step, the total number of possi-
bilities is n1 ¨ n2 ¨ ¨ ¨ nk

n Factorial
n! “ n ¨ pn ´ 1q ¨ pn ´ 2q ¨ ¨ ¨ 1
We only define n! for natural numbers n. As a convention,
we define: 0! “ 1

k-permutation
The number of k-element sequences of distinct symbols
from a universe of n symbols is:

P pn, kq “ n ¨ pn ´ 1q ¨ ¨ ¨ pn ´ k ` 1q “
n!

pn ´ kq!

Edge cases: P pn, nq “ n!, P pn, 0q “ 1, P pn, kq for k ă 0
or k ą n is undefined.

k-combination
The number of k-element subsets from a set of n symbols
is:

Cpn, kq “

ˆ

n

k

˙

“
P pn, kq

k!
“

n!

k! ¨ pn ´ kq!

Edge cases:
`

n
0

˘

“
`

n
n

˘

“ 1; P pn, kq for k ă 0 or k ą n is
undefined.

Combination Facts
Symmetry of combinations:

ˆ

n

k

˙

“

ˆ

n

n ´ k

˙

Pascal’s Rule:
ˆ

n

k

˙

“

ˆ

n ´ 1

k ´ 1

˙

`

ˆ

n ´ 1

k

˙

Binomial Theorem
Let x, y P R and n P N positive integer. Then:

px ` yqn “

n
ÿ

i“0

ˆ

n

i

˙

xiyn´1

Principle of Inclusion-Exclusion (PIE)
2 events: |A Y B| “ |A| ` |B| ´ |A X B|

3 events: |AYB YC| “ |A| ` |B| ` |C| ´ |AXB| ´ |AX

C| ´ |B X C| ` |A X B X C|

k events: singles + doubles + triples - quads + ...

Pigeonhole Principle
If there are n pigeons we want to put into k holes (where
n ą k), then at least one pigeonhole must contain at least
rnk s pigeons.

Stars and Bars
To pick n objects from k groups (where order doesn’t mat-
ter and every element of each group is indistinguishable),
use the formula:

ˆ

n ` pk ´ 1q

k ´ 1

˙
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Probability

Sample Space
The sample space is the set Ω of all possible outcomes of
an experiment.

Event
An event E Ď Ω is a subset of possible outcomes (i.e. a
subset of Ω).

Mutually Exclusive Events
Two events E, F are mutually exclusive if they cannot hap-
pen simultaneously (they are disjoin subsets of the sample
space). In notation,

E X F “ H

Probability Space
A (discrete) probability space is a pair pΩ,Pq, where Ω is
the sample space and P : Ω Ñ r0, 1s is the probability
measure such that:

- Ppxq ě 0 for all x

-
ř

ωPΩ Ppωq “ 1

- If E,F Ď Ω and E X F “ H then PpE Y F q “

PpEq ` PpF q

Probability Consequences (Corollaries)
Complementation: PpĒq “ 1 ´ PpEq

Monotonicity: If E Ď F , then PpEq ď PpF q

Inclusion-exclusion: PpE YF q “ PpEq `PpF q ´PpE XF q

Uniform Probability Space
If every outcome in your sample space is equally likely then,

PpEq “
|E|

|Ω|

Conditional Probability
For an event B, with PpBq ą 0, the “Probability of A
conditioned on B” is

PpA|Bq “
PpA X Bq

PpBq

PpA|Bq is undefined when PpBq “ 0.

Bayes’ Rule
PpA|Bq “

PpB|AqPpAq

PpBq

Partition
Non-empty events A1, . . . , An partition the sample space
Ω if:

- Exhaustive: A1 Y A2 Y ¨ ¨ ¨ Y An “ Ω (they cover the
entire sample space).

- Pairwise Mutually Exclusive: For all i ‰ j, Ai XAj “

H (none of them overlap)

Law of Total Probability (LTP)
Let A1, A2 . . . , An partition Ω.
For any event E:

PpEq “

n
ÿ

i“1

PpE X Aiq “

n
ÿ

i“1

PpE|AiqPpAiq

Independence
Two events A, B are independent if

PpA X Bq “ PpAq ¨ PpBq

If A, B both have non-zero probabilities, then they are
independent if any of the following equivalent statements
hold:

1. PpA X Bq “ PpAq ¨ PpBq

2. PpA|Bq “ PpAq

3. PpB|Aq “ PpBq

Chain Rule
PpA1 X A2 X . . . X Anq “

PpA1q¨PpA2|A1q¨PpA3|A1XA2q ¨ ¨ ¨PpAn|A1X. . .XAn´1q

Conditional Independence
We say A and B are conditionally independent on C

PpA X B|Cq “ PpA|Cq ¨ PpB|Cq

Pairwise Independence
Events A1, A2, ..., An are pairwise independent if for all i, j

PpAi X Ajq “ PpAiq ¨ PpAjq

Mutual Independence
Events A1, A2, ..., An are mutually independent if

PpAi1 X Ai2 X ¨ ¨ ¨ X Aikq “ PpAi1q ¨ PpAi2q ¨ ¨ ¨PpAikq

For every subset ti1, i2, ..., iku of t1, 2, ..., nu.
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Random Variables (Discrete and Continuous)

Random Variable (RV)
A random variable (RV) X is a numeric function of the
outcome X : Ω Ñ R. Xpωq is the summary of the out-
come ω. The set of possible values X can take on is its
range/support, denoted ΩX .

Probability Mass Function (PMF) (Discrete)
For a discrete RV X, it assigns probabilities to values in its
range. That is pX : ΩX Ñ r0, 1s, where pXpkq “ P pX “

kq.

Expectation (Discrete)
The “expectation” (or “expected value”) of a random vari-
able X is:

ErXs “
ÿ

kPΩX

k ¨ pXpkq

LOTUS - Expectation of A Function (Discrete)
For a RV X and function g:

E rgpXqs “
ÿ

bPΩX

gpbq ¨ pXpbq

Linearity of Expectation (LoE)
For any random variables X,Y (possibly dependent):

EraX ` bY ` cs “ aErXs ` bErY s ` c

Probability Density Function (PDF) (Continuous)
The PDF of a continuous RV X is the function fX : R Ñ

R, such that

1. fXpzq ě 0 for all z P R

2.
ş8

´8
fXptq dt “ 1

Furthermore, Ppa ď X ď bq “
şb

a
fXpwq dw

Cumulative Distribution Function (CDF)
The CDF of ANY random variable (discrete or continuous)
is FXptq “ PpX ď tq.
If X is continuous, FXptq “ PpX ď tq “

şt

´8
fXpwq dw

for all t P R. Further, d
duFXpuq “ fXpuq

Expectation (Continuous)

E rXs “

ż 8

´8

x fX pxqdx

LOTUS - Expectation of A Function (Continuous)
For a RV X and function g:

E rgpXqs “

ż 8

´8

gpxqfX pxqdx

Multiplicativity of expectation
For any independent random variables X,Y :

E rXY s “ E rXs ¨ E rY s

Variance

VarpXq “ E
“

pX ´ ErXsq2
‰

“ ErX2s ´ pErXsq
2

Standard Deviation (SD)

σX “
a

Var pXq

Property of Variance

VarpaX ` bq “ a2VarpXq

Independence (Random Variables)
Random variables X and Y are independent if for all
x P ΩX and all y P ΩY :

PpX “ x, Y “ yq “ PpX “ xq ¨ PpY “ yq

Variance Adds for Independent RVs
If X,Y are independent, then

VarpX ` Y q “ VarpXq ` VarpY q
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Zoo of Random Variables

Bernoulli/Indicator Random Variable
X „ Berppq iff X has PMF:

pX pkq “

"

p, k “ 1
1 ´ p, k “ 0

E rXs “ p and Var pXq “ pp1 ´ pq.

Binomial Random Variable
X „ Binpn, pq iff X has PMF

pX pkq “

ˆ

n

k

˙

pk p1 ´ pq
n´k

, k P ΩX “ t0, 1, . . . , nu

E rXs “ np and Var pXq “ npp1 ´ pq.
X is the number of successes in n independent trials,

Uniform Random Variable (Discrete)
X „ Unifpa, bq, for integers a ď b, iff X has PMF:

pX pkq “
1

b ´ a ` 1
, k P ΩX “ ta, a ` 1, . . . , bu

E rXs “ a`b
2 and Var pXq “

pb´aqpb´a`2q

12
X is an integer between a and b uniformly at random.

Geometric Random Variable
X „ Geoppq iff X has PMF:

pX pkq “ p1 ´ pq
k´1

p, k P ΩX “ t1, 2, 3, . . .u

E rXs “ 1
p and Var pXq “

1´p
p2 and FXpkq “ 1 ´ p1 ´ pqk

X is the number of independent trails until the first success.

Hypergeometric Random Variable
X „ HypGeopN,K, nq iff X has PMF:

pX pkq “

`

K
k

˘`

N´K
n´k

˘

`

N
n

˘ ,

k P ΩX “ tmaxt0, n ` K ´ Nu, . . . ,min tK,nuu

E rXs “ nK
N and Var pXq “ nKpN´KqpN´nq

N2pN´1q
.

X is the number of success in a sample of size n from a
set of N elements, K of which are successes

Negative Binomial Random Variable
X „ NegBinpr, pq iff X has PMF:

pX pkq “

ˆ

k ´ 1

r ´ 1

˙

p1 ´ pqk´rpr, k P ΩX “ tr, r ` t, ...u

E rXs “ r
p and Var pXq “ n rp1´pq

p2 .
X is the number of independent trials till the r’th success.

Poisson Random Variable
X „ Poipλq iff X has PMF:

pX pkq “ e´λλ
k

k!
, k P ΩX “ t0, 1, 2, . . .u

E rXs “ λ and Var pXq “ λ
X is the number of successes seen in a time interval where
λ is the average number of successes in the time interval.

Uniform Random Variable (Continuous)
X „ Unifpa, bq iff X has PDF:

fX pxq “

"

1
b´a if x P ΩX “ ra, bs

0 otherwise

E rXs “ a`b
2 Var pXq “

pb´aq
2

12 FXpkq “ k´a
b´a if a ď k ă b

X is a real number uniformly at random between a and b

Exponential Random Variable
X „ Exppλq iff X has PDF:

fX pxq “

#

λe´λx if x P ΩX “ r0,8q

0 otherwise

E rXs “ 1
λ and Var pXq “ 1

λ2

FX pxq “ 1 ´ e´λx for x ě 0.
X is the time till the first success (λ is same as in Poisson)

Normal (Gaussian, “bell curve”) Random Variable
X „ N pµ, σ2q iff X has PDF:

fX pxq “
1

σ
?
2π

e´ 1
2

px´µq2

σ2 , x P ΩX “ R

E rXs “ µ and Var pXq “ σ2. random variable is typically
denoted Z and has mean 0 and variance 1.
Scale/shift: If X „ N pµ, σ2q, then aX ` b „

N paµ ` b, a2σ2q. E.g., standard normal: X´µ
σ „ N p0, 1q.

Addition: If X „ N pµX , σ2
Xq, Y „ N pµY , σ

2
Y q are

independent,
aX ` bY ` c „ N paµX ` bµY ` c, a2σ2

X ` b2σ2
Y q

Central Limit Theorem

The Central Limit Theorem (CLT)
Let X1, X2, . . . , Xn be i.i.d. RVs with mean µ and variance σ2. Let Yn “

X1`X2`¨¨¨`Xn´nµ
σ

?
n

. As n Ñ 8, the CDF of Yn

converges to the CDF of N p0, 1q
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Joint Distributions

Joint PMFs The joint PMF of discrete RVs X and Y is:
pX,Y pa, bq “ PpX “ a, Y “ bq

Their joint range is
ΩX,Y “ tpc, dq : pX,Y pc, dq ą 0u Ď ΩX ˆ ΩY

Note that
ř

ps,tqPΩX,Y
pX,Y ps, tq “ 1.

Joint PDFs The joint PDF of continuous RVs X and Y is:
fX,Y pa, bq ě 0

Their joint range is
ΩX,Y “ tpc, dq : fX,Y pc, dq ą 0u Ď ΩX ˆ ΩY

Note that
ş8

´8

ş8

´8
fX,Y pu, vqdudv “ 1.

Multi-dimensional LOTUS (Discrete) If g : R2 Ñ R is
a function, then

E rgpX,Y qs “
ÿ

xPΩX

ÿ

yPΩY

gpx, yq pX,Y px, yq

Multi-dimensional LOTUS (Continuous) If g : R2 Ñ R
is a function, then

E rgpX,Y qs “

ż 8

´8

ż 8

´8

gps, tq fX,Y ps, tq dsdt

Marginal PMFs Let X,Y be discrete random variables.
The marginal PMF of X is:

pXpaq “
ÿ

bPΩY

pX,Y pa, bq

Independence of RVs (Discrete) Discrete RVs X,Y
are independent, written X K Y , if for all x P ΩX and
y P ΩY :

pX,Y px, yq “ pXpxqpY pyq

Marginal PDFs Let X,Y be continuous random variables.
The marginal PDF of X is:

fXpxq “

ż 8

´8

fX,Y px, yqdy

Independence of RVs (Continuous) Continuous RVs
X,Y are independent, written X K Y , if for all x P ΩX

and y P ΩY ,

fX,Y px, yq “ fXpxqfY pyq

Probabilities

Ppa ď X ă b, c ď Y ď dq “

b
ÿ

x“a

d
ÿ

y“c

pX,Y px, yq

Probabilities

Ppa ď X ă b, c ď Y ď dq “

ż b

a

ż d

c

fX,Y px, yqdy dx

Conditional PMF Let X,Y be discrete random variables,
then

pX|Y px|yq “
pX,Y px, yq

pY pyq

Conditional PDF Let X,Y be continuous random vari-
ables, then

fX|Y px|yq “
fX,Y px, yq

fY pyq

Conditional Expectation Let X,Y be discrete random
variables, then we define the conditional expectation of
gpXq given (the event that) Y “ y as:

ErX|Y “ ys “
ÿ

xPΩx

x ¨ pX|Y px|yq

Conditional Expectation Let X,Y be continuous random
variables, then we define the conditional expectation of
gpXq given (the event that) Y “ y as:

ErX|Y “ ys “

ż 8

´8

x ¨ fX|Y px|yqdx

Law of Total Expectation (LTE)
Let X,Y be jointly distributed discrete random variables.

E r gpXq s “
ÿ

yPΩY

E r gpXq | Y “ y s pY pyq

Law of Total Expectation (LTE)
Let X,Y be jointly distributed continuous RVs.

E r gpXq s “

ż 8

´8

E r gpXq | Y “ y s fY pyqdy

Covariance and Variance
CovpX,Y q “ ErpX ´ ErXsqpY ´ ErY sqs

“ ErXY s ´ ErXsrY s

VarpX ` Y q “ VarpXq ` VarpY q ` 2CovpX,Y q

Covariance Patterns
1. CovpX,Xq “ VarpXq

2. CovpX,´Y q “ ´CovpX,Y q

3. if X,Y independent CovpX,Y q “ 0
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Tail Bounds

Markov’s Inequality Let X be a random variable sup-
ported (only) on non-negative numbers. For any t ą 0:

PpX ě tq ď
ErXs

t

Chebyshev’s Inequality Let X be a random variable. For
any t ą 0:

Pp|X ´ ErXs| ě tq ď
Var pXq

t2

Chernoff Bound Let X “ X1 ` X2 ` . . . ` Xn, where
X1, X2, . . . , Xn are independent Bernoulli random vari-
ables and µ “ ErXs. For any 0 ď δ ď 1:

P pX ě p1 ` δqµq ď exp

ˆ

´
δ2µ

3

˙

P pX ď p1 ´ δqµq ď exp

ˆ

´
δ2µ

2

˙

The Union Bound Let E1, E2, ..., En be a collection of
events. Then: Pp

Ťn
i“1 Eiq ď

řn
i“1 PpEiq.

Maximum Likelihood Estimation (MLE)

Likelihood (Discrete)
Let x1, ..., xn be i.i.d. samples from PMF pXpx; θq where
θ is a parameter (or vector of parameters). The likelihood
of θ given the samples is

Lpx1, ..., xn; θq “

n
ź

i“1

pXpxi; θq.

Maximum Likelihood Estimator (MLE)
Let x1, ..., xn be i.i.d. samples from probability distribution
with parameter (or vectors of parameters) θ. The maxi-
mum likelihood estimator (MLE) θ̂MLE for θ is the value
of θ that maximizes the likelihood/log-likelihood: θ̂MLE “

argmaxθ Lpx1, ..., xn; θq “ argmaxθ lnLpx1, ..., xn; θq.

Likelihood (Continuous)
Let x1, ..., xn be i.i.d. samples from PDF fXpx; θq where
θ is a parameter (or vector of parameters). The likelihood
of θ given the samples is

Lpx1, ..., xn; θq “

n
ź

i“1

fXpxi; θq.

Unbiased Estimators
An estimator θ̂ of a parameter θ is unbiased if Erθ̂s “ θ.

Consistent Estimators
An estimator θ̂ of a parameter θ is consistent if
limnÑ8 Erθ̂s “ θ. The MLE is consistent (under some
very mild assumptions).
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