CSE 312 : Spring 2024 Final Exam: Form A Solutions

Name: NetID: @uw.edu

Instructions

* You have 110 minutes to complete this exam.

* You are permitted one piece of 8.5x11 inch paper with handwritten notes (notes on both sides allowed).
* You are also provided a reference sheet with the exam.

* You may not use a calculator or any other electronic devices during the exam.

* We will be scanning your exams before grading them. Please write legibly, and avoid writing up to the edge
of the paper. If you run out of room, you may also use the last page for extra space, but tell us where to find
your answer if it’s not right below the problem.

* Please put final answers in provided boxes on longer problems.

* In general, show us the work you used to get to an answer; explanations will help us award partial credit, but
we do not expect explanations at the level we usually require on homeworks.

Simplification Expectations

* Since you don’t have a calculator for this exam, you do not have to do simplifications that could be done easily
with a calculator. For example, the expression below is simplified enough to be a final answer.
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* However, answers which are much more complicated than the expected answer may receive deductions. For
example: Y1 (%), or (7)+ () +(5)+---+ (1) are not simplified sufficiently. Generally summation notation

i 0 1
or are not sufficiently simple, but a few plus signs are fine.

«w

Advice

* Writing a few words about where an expression came from is often very helpful for awarding partial credit.

* Remember to take deep breaths.

Question Max points
Multiple Choice 30
Small Problems 10
Gamblers’ Fallacy (Random Variables) 15
Puzzles! (Conditional Expectations) 16
Time to Cook (Concentration) 14
Mario’s Mushrooms (MLE) 15
Morale 1
Total 101




1. [Multiple Choice] 0.25! ~ 0.000001 [30 points]

For the questions below,
* Questions with O Circles have exactly one best answer. Fully fill in the circle for the one best answer.

* Questions with ] squares are “mark all that apply” questions. Fully fill in the square for all correct options.

(a) Let A, B be events with non-zero probability. Which of the following must be true for independent events
(mark all that apply)?

(1 p(A|B) = P(B|A)
N

(] p(A N B) = P(A)P(B)
P(A[B) =P(A)
Solution:

P(AN B) =P(A)P(B) and P(A|B) = P(A). This follows from the definition of independent events.

(b) Suppose you play a game with a friend where you flip a coin. If the coin is heads, your friend pays you a
dollar. If the coin is tails, you pay your friend a dollar. Let X be your profit and Y be your friend’s profit.
What can you say about the covariance of X and Y?

O cov(x,y)>0
O cov(x,y)<0
Q Cov (X,Y") could be positive, negative, or O depending on the probability that the coin comes up heads.

Solution:

Cov (X,Y) < 0. By definition, X = —Y. Then

Cov(X,Y) = E[XY] - E[X|E[Y] = E[-X?] - E[X|E[-X] = —(E[X?] - E[X]?) = —Var(X) <0

(c) Suppose we want to distribute all 15 candies in a bag to 15 children. Let p; be the probability that the ith
child gets assigned at least 1 candy. If all such p; are equal, then the number of children who get at least 1
candy must be a Binomial random variable with parameters n = 15 and p = p;.

O True
O False

Solution:

False. The events of each child getting at least 1 candy might not be independent. For a concrete example,
consider giving all 15 candies to the same child uniformly at random.

(d) Which random variable best models the number of car accidents that happen in Seattle in a day?
Q A Poisson random variable, with parameter equal to the average number of car accidents in a day.
O A Poisson random variable, with parameter equal the the number of drivers on the road in a day.
O An Exponential random variable, with parameter equal to the average number of car accidents in a day.
An Exponential random variable, with parameter equal the the number of drivers on the road in a day.

Solution:



A Poisson random variable, with parameter equal to the average number of car accidents in a day. The
Poisson RV models the number of events that occur in one unit of time independently, and its parameter
is the rate of that event per unit of time.

(e) n+1 friends enter a casino. The first friend is very rich and wants to see if she can make more profit than the
sum of the other n friends. Each friend plays at separate tables. The first friend makes large bets at her table
and gets a profit with mean n and variance n. The other friends make small bets and get profits with mean 1
and variance 1 (each). Which of the following must be true? Mark all that apply.

(] The mean of the profit of the first friend is the same as the mean of the sum of the other friends’ profits.

[ The variance of the profit of the first friend is the same as the variance of the sum of the other friends’
profits.

[ ] The profit of the first friend and the sum of the profits of the other friends are identically distributed.
The probability that the first friend makes more profit than the sum of the other friends is 0.5

Solution:

The first option is true by LoE

The second option is incorrect, because you cannot assume the random variables are independent (we
clarified this during the exam on the screen).

The third option is untrue since the first friend’s distribution could be defined in such a way that the
support is not the same as that of the sum of the other friends.

The fourth option is not always true, based on the distributions of the profits.

(f) Using maximum likelihood estimation, you find an estimator # of an unknown parameter 6, based on n inde-

pendent data points. You discover E[f] = ¢. How do you de-bias the estimator (make it unbiased)?

Q Draw another n points, since the first batch of data points was low.
O Use 20 as your estimator.

Use 62 as your estimator.
O You cannot de-bias a biased estimator.

Solution:

Use 26 as your estimator. E[20] = 2E[f] = 2 - g=9.

(g) Let X = )" | X;, where X, are all independent Bernoulli random variables. You want to compute the exact
value of P(X > E[X]). You should

Q Use Markov’s Inequality

O Use Chernoff’s Inequality

O Use the Central Limit Theorem
Q All of the above work.

Q None of the above work.

Solution:

None of the above work. All of the above apply bounds or approximate the probability.




(h) Robbie is collecting Pokemon, which can only be normal, shiny, or super shiny. One of the TAs says that
there is some hidden parameter § < 0.25 in the game, and there is probability 0.4 that Robbie gets a normal
Pokemon, probability 26 for a shiny, and probability # for a super shiny. Could this be a valid probability
distribution?

True, there are multiple values of § < 0.25 that can make this a valid probability distribution.

Q True, there exists exactly one 6 < 0.25 that can make this a valid probability distribution.
Q False, this is not possible.

Solution:

True, there exists exactly one 6 < 0.25 that can make this a valid probability distribution. § = 0.2.

(i) Select all the true statements about finding an MLE:
Maximizing the log-likelihood function gets us the same estimator as maximizing the likelihood function
because log is a monotonically increasing function.
Minimizing the log-likelihood function gets us the same estimator as maximizing the likelihood function
because log is a monotonically increasing function.
Computing the log-likelihood allows us to take the derivative on products rather than sums of terms.
Computing the log-likelihood allows us to take the derivative on sums rather than products of terms.

Solution:

Maximizing the log-likelihood function gets us the same estimator as maximizing the likelihood function
because log is a monotonically increasing function and Computing the log-likelihood allows us to take the
derivative on sums rather than products of terms.

() Let X ~ N(0,1). What is the smallest value of & for which we can say P(|X — E[X]| > k) < 0.05?

O 1.64
(O 1.96
O 2.00

This k& cannot be computed exactly; it can only be bounded by concentration inequalities. Solution:

1.96 Since X has mean 0, the E[X] term is irrelevant. We then find this by observing that (since the normal
is symmetric) the mass will be split evenly between “big X” and “small X” events. We thus look for the %
such that P(X < k) < .975 (i.e. 2.5% of the mass is above k), Since X is a standard normal we look for
the input & such that ®(k) = .975, which is 1.96.




2.
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Small Problems

The weight of an adult capybara is normally distributed with mean 100 pounds and variance 25 pounds. A
researcher is only able to lift capybaras of 90 pounds or less. You give the researcher a random adult capybara,
what is the probability they cannot lift it? Be sure to use the ®-table provided with your reference sheet. [3
points]

Solution:

X ~ N(100,5%). We compute P(X > 90) = P(X=100 > 20-100) — 1 — §(-2) = &(2) by symmetry.
Looking this up in the Z table, we get ~ 0.97725.

Consider some joint PDF fx y (z,y) of random variables X and Y. Suppose the only area in the PDF with
non-zero density is shaded below. In notation, the regionis 1 <z <2and 0 <y < 3.

0 1 9 7

Suppose we wanted to compute P(Y > 2X). What would be the correct setup of the integral? Your answer

must not integrate over any region with 0 density. Fill in each box. [4 points]

N
/D fxy(z,y)dld

Solution:

P J27 fxov (@oy)dady or 72 [ fxy (@, y)dyde.
Note that the region is a triangle bounded by y = 2z, y = 3, and = = 1.

The image below is 200 points drawn independently from a multidimensional Gaussian random variable with
covariance matrix ¥ and mean [0, 0]. The first entry of each vector is on the z-axis, and the second entry of
each vector is on the y-axis. The figure goes from -10 to 10 in each dimension.

Which of the following options is ¥? [3 points]



.0 T T T T T T T
-100 -75 -5.0 =2.5 0.0 25 5.0 7.5 10.0
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Solution:

1 0 . . . .
[O 3] . There is no correlation between the random variables and the covariances are 0.




3. [Random Variables] Gambler’s Fallacy

You are working on a new game for a casino that combines dice and cards.
Here’s the game:
1) A player first rolls a fair 3-sided die with faces {1, 2,3}. Let X be the result of the die roll.
2) Then, the player gets to draw the first X cards from a shuffled standard 52-card deck (13 ranks of 4 suits).
* If they draw at least one face card (Jack, Queen, or King of any suit), then they win $m.
e If they draw at least one Ace (any suit), they win $2m.
* If they draw both at least one Ace AND at least one face card, they win $3m.
* If none of these happen, they win $0

Let R be the player’s winning in dollars. Answer the following questions based on this setup.

(a) What is the probability of winning $3m if X = 1? [2 points]
Solution:

P(R = 3m|X = 1) = 0 since they draw only one card, but they need at least 2 to win $3m.

(b) What is the probability of winning $3m if X = 2? [2 points]
Solution:

()

P(R=3m|X =2) = 45

since they need exactly one ace and exactly one face card.

(c) What is the probability of winning $3m if X = 3? [2 points]
Solution:

PR = sl = 3) = QDDQ)

aces, 1 face card; 1 ace, 2 face cards.

. Their options are: 1 ace, 1 face card, and 1 neither; 2

(d) Let a,b, c be the correct answers to the previous three parts respectively. Give an expression in terms of a, b, ¢
that represents the probability of winning $3m. You do not have to simplify your expression. [2 points]

Solution:



By LTP, P(R=3m) = . (P(R=3m|X =i)- P(X =i)) =+ 3?_ P(R = 3m|X = i)
So we get 3(a+ b+ c).

(e) Suppose you keep playing the game (reshuffling the deck before each round, and rerolling the die each round)
until you win $3m in each of two games. What is the expected number of games needed? Give an expression in

terms of d, the correct answer to part (d). [3 points]

Solution:

Let W1, W5 be the number of rounds till we get our first and second win of 3m respectively.

Then, W; ~ Geo(d), so E[W; + W,] = 2E[W;] =2 .

2

Thus, expected number of rounds to win twice is %.

(f) Let S be the event: “you rolled a 2, and the first card is the Ace of Hearts.” What is the expected winnings
given S? That is, what is E[R|S]? [4 points]

Solution:

E[R|S] =m - P(R=m|S) 4+ 2m - P(R =2m|S) + 3m - P(R = 3m|S)

=m-0+2 39+3 12
-m M T
_ 114m  38m
51 17

P(R = m|S) = 0 since we already got an Ace, so the worst case payout is 2m. The payout can only
increase given S.

P(R = 2m|S) = 22 since we need any card EXCEPT a face card from the remaining 51 cards to get 2m.

P(R = 3m|S) = £ since we need a face card from the remaining 51 cards to win $3m.




4.

[Conditional PRobbie-bility] Puzzles!

The puzzle game Connections shows the user 16 words, which should be grouped into 4 groups of 4. There is exactly
one correct answer (i.e., each of the 16 words belongs in exactly one group of 4). The user selects 4 items they think
form a group. If a correct group of 4 is selected, that entire group is removed from the puzzle; if it is not exactly a
group of 4, then all items remain in the puzzle.

You get two groups immediately, so 8 items (2 groups of 4) remain. You wish to know the expected number of
incorrect guesses required until you guess all the groups correctly.

@

(b)

(@]

If you do the puzzle while focused, you will identify 5 words, of which 4 form a group. You will guess a new
set of 4 among the 5 words until you find the group (with each not-yet-guessed set equally likely). What is
the expected number of incorrect guesses until you get the group of 4, assuming you are focused? [4 points]
(Hint: our answer doesn’t need combinations)

Solution:

There are 5 groups of 4, exactly one of which is correct. We can think of this problem as ordering the 5
groups. There is a 1/5 chance the correct answer is in the first guess, 1/5 in the second, etc.

The expected valueis 1/5-0+1/5-1+---1/5-4 =2

If you do the puzzle while distracted, you will choose a set of 4 uniformly at random from among the 8
remaining. Since you are distracted, each guess is independent (and therefore you might repeat a previous
guess). What is the expected number of incorrect guesses, assuming you are distracted? [4 points]

Solution:

The number of guesses (including the correct one) is a geometric rv with parameter % (there are two

4
sets of 4 which are correct groups among the (%)). This RV has expectation (})/2. That is the number of

total guesses, the number of incorrect guesses is one less. By linearity of expectation, we simply subtract
1toget: (3)/2—1.

Note: Because the previous part (and the introductory text) focus on one correct group, we also accepted

answers that treated the geometric variable as having parameter ﬁ, as that is the number of guesses

4
required to find a particular group (in an actual connections game the previous answer is correct as getting

either group leaves only 4 answers remaining and thus only a correct guess is possible).

Let a be your answer from (a) and b be your answer from (b), and let p be the probability you are focused
(all other times you are distracted). Give a formula for the average number of incorrect guesses in terms of
a,b,p. [2 points]




Solution:

E[incorrect] = Elincorrect | focused] Pr{focused] + E[incorrect | distracted] Pr[distracted]
=a-p+b-(1-p)

(d) Next you play the Wordle (a word-guessing game), with starting word ADIEU.
When the correct answer is vowel-heavy, you do well: half the time you get a score of 4 or better; the other
half the time you get a score of 5 or worse.
When the correct answer is not vowel-heavy, you don’t do as well: 1/10 of the time you get a score of 4 or
better; the other 9/10 of the time you get a score of 5 or worse.
You know that 1/3 of words are vowel-heavy.

* Let V be the event “the correct answer is vowel-heavy.”
* Let V be the event “the correct answer is not vowel-heavy.”
* Let F be the event you got a score of 4 or better.

(i) You wish to find the probability that the correct answer is vowel heavy, assuming that you got a score of
4 or better. Fill in the blank below for the expression you’re seeking, using the notation above. [2 points]

P( )

Solution:

[IP’(VE)

(ii) Compute the expression from the last part (i.e., find the probability the correct answer is vowel-heavy,
assuming you got a score of 4 or better). [4 points]

Solution:

P(E | V)P(V)

P(E)
_ P(E | V)P(V)
CP(E|V)P(V)+P(E | V)E(V)
B 1/2-1/3
C1/2-1/3+1/10- (1 —1/3)
5

PV | E) =

7

10



5. [Concentration] Time to Cook

Having finally defeated the Red Baron, Snoopy has set aside his role as a pilot in pursuit of his passions as a world
famous chef. He decides to start by cooking many batches of his fanciest dish, french onion soup.

In the kitchen, Snoopy has 5 bags of infinite onions: each bag has only one type from red onions, yellow onions,
white onions, sweet onions, and shallots. Snoopy cooks a batch of french onion soup by selecting a bag uniformly
at random and taking an onion out. He repeats this process for each of the 45 onions required (independently each
time). Let a batch of soup look reddish if there are between 2 and 16 (inclusive) red onions in the batch.

Answer the questions below. Be sure to use the bounds as stated on the provided reference sheet. Additionally, for
each bound, write both the direction of the inequality (i.e., <,>, <, >) and the bound (i.e., the number).

(a) Consider Snoopy’s first batch of french onion soup. Of the 45 onions required in the batch, compute the
expected number of red onions. [3 points]

Solution:

=2 =0

Let X ~ Bin(45, 1) be the number of red onions in the batch. Then E[X] = p =

(b) Now use Chernoff’s bound to bound the probability that Snoopy’s first batch of french onion soup looks

reddish. [5 points]

P (reddish)

(@]

inequality
bound
Solution:
P2<X<17)=1-P(X<1)-P(X >17)
S1-P(XS(1-0) 9~ P(X 2 (1+5)9)

(§2.9 8)2.9

Zl—exp(—("g)—exp<—(9)3 >
=1—ex g ex %
- PL7 P\ 727

Suppose Snoopy makes n batches of french onion soup. He will be confident that he is a good cook if all r. of his
batches are reddish. Let b be the bound you got from part (b). Use the Union bound to bound the probability

P (good cook)

that Snoopy thinks he is a good cook. [3 points]

inequality Solution:

bound

11



Let E; be the event that the ith batch is reddish. Then P(E;) > b from part (b) and thus P(ElC ) <1-0b.
Using union bound,

n n n

P(E)=1-P(JE) >1-Y P(ES)>1-n(1-b)

i=1 i=1 =1

(d) Now Snoopy wants feedback from his eccentric little bird friend, Woodstock, who rates dishes using an integer
in (—oo, +00). More negative numbers represent stronger dislike and more positive numbers the opposite.
Suppose that, independent of the soup quality, Woodstock gives a rating with expectation 0.5 and variance
0.2. Let a favorable rating be one that is greater than or equal to 1.

What is the best bound to apply on the probability that Woodstock gives Snoopy’s first batch of soup a favor-
able rating? [3 points]

Q Markov’s Inequality

O Chebyshev’s Inequality

Q Chernoff Bound

Q Union Bound

Solution:

Chebyshev’s. We have some random variable with finite variance, and we can upper bound our probability
by the probability the rating is some distance away from the mean.

Markov’s requires the random variable representing scores to be non-negative. Chernoff’s requires some
sum of independent trials, but we are only looking at one trial. Union bound requires the probabilities of
individual events, which we do not have (i.e. the probability of getting a specific rating).

12



6. [MLE] Mario’s Mushrooms

Mario has forgotten the four-digit PIN (personal identification number) to unlock one of his lunchboxes of red
and green mushrooms. Mario asks Luigi to help him guess his PIN. Luigi proposes the following model of PIN
generation:

* For each PIN, Mario chooses the first digit uniformly at random (all 10 digits in 0-9 are allowed).
* Then for every digit afterwards:
— with probability m, Mario repeats the previous digit.

— otherwise, Mario picks a digit from 0-9 excluding the previous digit uniformly at random (so each of the
9 other digits is equally likely).

* Each decision is independent of the others.

(a) Luigi finds that Mario locked up a lunchbox using the PIN 1234.
Under Luigi’s model, what is the likelihood of Mario’s PIN number in terms of m? [4 points]

L(Mario’s PIN; m) = ——
1Kel1noo

Solution:

1 (1-m\®
L(Mario’s PIN; m) = 0 ()

(b) Luigi does some more snooping and finds that Mario has 12 locked lunchboxes.
* Mario has 10 PINs that are 0000.
* Mario has 2 PINs that are 1981.

Under Luigi’s model, what is the likelihood of these 12 PIN numbers in terms of m? [4 points]

L(Mario’s PINs; m) =

likelihood

Solution:

1 10 1 1—m\® ’
L(Mario’s PINs; m) = (10 ~m3) 11 (9)

(c) Suppose that m is close to 1, i.e., 0.99 < m < 1. Of these four PINs below, which is the most likely? [2 points]
() 1234
(O 1991
() 2228
() 3333 Solution:

When m is large, more digits are likely to be copied.

Answer: 3333

13



Explanation:

1 (1-m\’
£(12345m) = L(1919m) = 7 - <9m>

£(2228;m) = 75
. _ 1 3
£(3333:m) = 1

(d) Suppose that m is close to 0, i.e., 0 < m < 0.01. Of these four PINs below, which is the most likely? [2 points]
O 6062

(O 4999

() 5574
O 0883 Solution:

When m is small, more digits are likely to be selected uniform at random.

Answer: 6062

Explanation:
3
1 1-m
L(6062; =— | —
(6062:m) = ( s )
1 1-m
4999:m) = — . — .
L£(4999; m) 10 g mm

1— 2
L(5574;m) = L(0883m) = = -m - <m)

(e) Let i, be the MLE estimate of m you would get from the data in part (a). Let /i, be the MLE estimate of m
you would get from the data in part (b). Which of these estimates is higher?[3 points]
Hint: You don’t need to do a computation; use intuition from parts (c) and (d).

O >
My, = My
Mg < g

Solution:

Mg < My
From the observations, the scenario in (a) only has samples with no repeats. Then m is estimated to be

close to 0. On the other hand, the scenario in (b) has much more samples with only repeats than samples
with no repeats, suggesting that m is close to 1.

We can also directly solve for the estimates and get that m, = 0 and m; > 0.

14



7. Morale

Draw a picture, write a poem (or anything you want!) that incorporates your favorite story from one of the questions

on this final.
You will get the point for this problem as long as this page is not blank.

15



Use this page for extra space if needed. Be sure to tell us to look here on the original problem.

16
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