Section 9: Solutions

Review of Main Concepts

1.

* Realization/Sample: A realization/sample z of a random variable X is the value that is actually observed.

* Likelihood: Let x4, ...z, be iid realizations from probability mass function px (x ; 8) (if X discrete) or density

fx(x;0) (if X continuous), where 6 is a parameter (or a vector of parameters). We define the likelihood
function to be the probability of seeing the data.

If X is discrete: .
L(z1,...,zn;0) = HPX(JUM 0)
i=1

If X is continuous:

L(xy,....xn; 0) = [ [ fx (@i 0)

Maximum Likelihood Estimator (MLE): We denote the MLE of 6 as g or simply 0, the parameter (or
vector of parameters) that maximizes the likelihood function (probability of seeing the data).

[N argmgle(xl,...,a:n; 0) = argmeaxlnL(:cl, cey T 0)

Log-Likelihood: We define the log-likelihood as the natural logarithm of the likelihood function. Since the
logarithm is a strictly increasing function, the value of § that maximizes the likelihood will be exactly the same
as the value that maximizes the log-likelihood.

If X is discrete: .
InL(xy,...,2,;60) = ZIHPX(Ii ; 0)
i=1
If X is continuous:

InL(zy,...,2,;0) = Zlnfx(xig 0)
i=1

Bias: The bias of an estimator § for a true parameter 6 is defined as Bias(d, §) = E[#] — 6. An estimator 6 of ¢
is unbiased iff Bias(6, #) = 0, or equivalently E[f] = 6.

* Steps to find the maximum likelihood estimator, 6:

(a) Find the likelihood and log-likelihood of the data.
(b) Take the derivative of the log-likelihood

(c) Setitto O to find a candidate for the MLE, 0. (note: at this step, we change from the 6 to the 0 because
in this step we are solving for the maximum likelihood estimator for )

. . A . .. 2 A .
(d) Take the second derivative and show that 6 indeed is a maximizer, that 295 < 0 at 6. Also ensure that it

is the global maximizer: check points of non-differentiability and boundary values.

Content Review

(a) True or False: The Log-Likelihood gives a slightly different estimate, but because it is close enough and easier

to compute we use it for our estimate of 6.
Solution:



False: Since the logarithm is a strictly increasing function, the value of # that maximizes the likelihood
will be exactly the same as the value that maximizes the log-likelihood.

(b) True or False: § is the true parameter and 6 is our estimate. Solution:

False: It is the other way around. Remember to switch to § when you set your equation to zero!

(c) True or False: An estimator is unbiased if Bias(d,0) = E[d] — § = 0 or equivalently E[J] = 6 Solution:

True by definition of

(d) You flip a coin 10 times and observe HHHTHHTHHH (8 heads, 2 tails). What is the MLE of 4, where 0 is the
true probability of seeing tails?

Ob6=2
O 6=.25
Ob6=238
Ob6=23
Solution:

Option 1: 6=2

0. Lemonade Stand

Suppose I run a lemonade stand, which costs me $100 a day to operate. I sell a drink of lemonade for $20. Every
person who walks by my stand either buys a drink or doesn’t (no one buys more than one). If it is raining, n; people
walk by my stand, and each buys a drink independently with probability p,. If it isn’t raining, ns people walk by my
stand, and each buys a drink independently with probability p,. It rains each day with probability ps3, independently
of every other day. Let X be my profit over the next week. In terms of n, na, p1, p2 and p3, what is E [X]?

Solution:

Let R be the event it rains. Let X; be how many drinks I sell on day ¢ for « = 1,...,7. We are interested
in X = Z:Zl (20X; — 100). We have X;|R ~ Binomial(ni,p;), so E[X;|R] = nip;. Similarly, X;|R® ~
Binomial(na, p2), so E [X;|RY] = nop,. By the law of total expectation,

1 =E[X;] = E[X;|R]P(R) +E [X;|R°] P(R) = n1p1ps + nop2(1 — p3)
Hence, by linearity of expectation,
7 7
E[X]=E [Z (20X; — 100)] = QOZ]E [X;] — 700 = 140y — 700
i=1 i=1

=140 - (n1p1p3 + ’17,2]92(]. - pg)) — 700.




2. Mystery Dish!

A fancy new restaurant has opened up which features only 4 dishes. The unique feature of dining here is that they
will serve you any of the four dishes randomly according to the following probability distribution: give dish A with
probability 0.5, dish B with probability 4, dish C with probability 26, and dish D with probability 0.5 — 36

Each diner is served a dish independently. Let 24 be the number of people who received dish A, x5 the number of
people who received dish B, etc, where x4 + x5 + z¢ + xp = n. Find the 0, the maximum likelihood estimator for
6.

Solution:

The data tells us, for each diner in the restaurant, what their dish was. We begin by computing the likelihood of
seeing the given data given our parameter §. Because each diner is assigned a dish independently, the likelihood
is equal to the product over diners of the chance they got the particular dish they got, which gives us:

L(z; 0) = 0.5%40% (20)% (0.5 — 30)*P
From there, we just use the MLE process to get the log-likelihood, take the first derivative, set it equal to 0, and

solve for 6.
InL(z; 0) = 24In(0.5) + 25 In(0) + x¢ In(20) + zp In(0.5 — 30)

0 Tp | TC 3zp
—InLz;0)=—+—F - ——
g L@ ) = G5 3
w5 Tc_ 3tp
9 6 05-30
Solving yields § = %.
3. ARed Poisson
Suppose that z1,...,z, are i.i.d. samples from a Poisson(f) random variable, where 6 is unknown. Find the MLE
for 6.
Solution:

Because each Poisson RV is i.i.d., the likelihood of seeing that data is just the PMF of the Poisson distribution
multiplied together for every z;. From there, take the log-likelihood, then the first derivative, set it equal to 0
and solve for 6.
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InL(zy,... 00; 0) = [—0 — In(z;!) + z; In(6)]
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L@ 2,10) = ; [_1+§]
—n—|—E?:A1$z = 0
é _ 2?21%’
2%

Notice that the — In(z;,!) term disappears since it is a constant relative to 6, of which we take the derivative.




4. Independent Shreds, You Say?

You are given 100 independent samples z1, x, ..., z100 from Bernoulli(d), where 6 is unknown. (Each sample is
either a 0 or a 1). These 100 samples sum to 30. You would like to estimate the distribution’s parameter 6. Give
all answers to 3 significant digits.

(a) What is the maximum likelihood estimator 6 of §?

Solution:
Note that ¥;c[,jz; = 30, as given in the problem spec. Therefore, there are 30 1s and 70 Os. (Note that
they come in some specific order.) Therefore, we can setup L as follows, because there is a # chance of
getting a 1, and a (1 — @) chance of getting a 0 and they are each i.i.d. From there, take the log-likelihood,
then the first derivative, set it equal to O and solve for for 6.
L(zy,...,0,;0) = (1—6)709%
InL(zq,...,2,5;6) = 70In(1—-6)+30In6
0 70 30
%lnL(xh...,xn, 9) = —m + ?
70 30
- ~ + = = 0
1-6 6
30 70
0 1-6
30300 = 700
- 30
100

(b) Is § an unbiased estimator of §?

Solution:

An estimator is unbiased if the expectation of the estimator is equal to the original parameter, i.e.: E[f] = 6.
Setting up the expectation of our estimator and plugging it in for the generic case, we get the following,
which we can then reduce with linearity of expectation:

1 100
— N x;
100

E[X;]

=1

E[f] =E

_ b
~ 100

1
= — 1000 = 4.
100 00

so it is unbiased.

5. Y Me?

Let 41, yo, ...y, be i.i.d. samples of a random variable with density function
1
fr(y; )=

Find the MLE for 6 in terms of |y;| and n.



Solution:

Since the samples are i.i.d., the likelihood of seeing n samples of them is just their PDFs multiplied together.
From there, take the log-likelihood, then the first derivative, set it equal to 0 and solve for for 6.

1 [
Ly, yns 0) = Hzeexp<_|y€|>

lnL(ylv'-~7yn| 9) = Z _1n2_1n9_|y91|:|

9 . _ - 1yl
%ln[’(yla“wynae) - Zl:_0+ 92:|

Sl -

=1

no Xyl
it T
§ - Zicalyil
n

6. Bird Watching

You are an ornithologist studying a rare species of birds in a nature reserve. Over a period of 50 days, you record
the number of sightings of this bird (you see x1, zo, ..., x50 birds on each day). Your research has shown that the
number of sightings on this species depends on the average number of monkeys in the reserve, 0, and the average
number of eagles in the reserve, 6,. After years of studying this rare species in other environments, you've found
the number of birds observed on a particular day follows the following distribution:

1 _ _
px(k) = (05 -0 g5 )

Find the MLE for 6, and 65 (i.e., find 6, and 65).

(a) What is the likelihood function? Solution:

Once again, the likelihood of seeing the above samples is just their PDFs multiplied together.

50
1 o o
L(x;601,0,) = [ | <ﬂ(9f’e “fyie 302))

i=1 g

(b) What is the log-likelihood function? Solution:



We take the log of the above and simplify:

50
In(L(z; 01, 0)) = In([ [ (= (07" - e~01 - 655 - e=202)) %)

= Z(ln(i') +In(67) +In(e™ ) 4+ In(A37) + In(e3%2)) 2)

Ty

50
=3 (=) + @ In(6) — 5 + i In(62) + ~305) 3)

T
i=1 v

(c) We want to find values of 6; and #, that maximize the likelihood function. To do this, we will take the partial

derivative with respective to each of these parameters and solve for the values that make them both zero.
First, take the partial derivative of the likelihood function with respect to #;. Solution:

When taking the partial derivative with respect to a certain variable, we take the derivative as usual, but
treat other variables as a constant! So here, we treat f as a constant and derivate with respect to 6;.

50
0 Z;

afal(ln(L(%"% 01,62)))) = 2(9*1 - 1) @

X
= _Z(Q—l> — 50 (5)

(d) Now, take the partial derivative with respect to 6. Solution:

Now, we treat #; as a constant and derivate with respect to 6.

50

0 z;
a—QZ(L(ln(m; 01,05))) = ;(@ -3) (6)
50
=) (5°)—150 @)
L0,

(e) Set both these partial derivatives to 0, and solve for él and ég. Solution:

We end up with the equations (notice we added the hats to the thetas at this point - since we set these
derivatives to 0, we are now solving for the maximum likelihood estimator):

50 )
Y () -50=0
i=1 Y1
50
S (5 ~150 =0
i=1 02




We now solve this system of equations for 6, and 6,. The first equation gives us:

50

> () =50

i=1 01

50
(ZzzAl i ) =50
61
50
él _ (Ei:l i )
50
With similar steps, we get that:

7. A biased estimator

In class, we showed that the maximum likelihood estimate of the variance 05 of a normal distribution (when both
the true mean g and true variance o2 are unknown) is what's called the population variance. That is

o= (23w

i=1

where 6; = % Z?Zl x; is the MLE of the mean. Is § unbiased?
Solution:

Let X = 13" | X,. Then

E(6y) =E <711 zn:(Xi - X)2> =E (711 Zn:(Xf - 2X¢X+X2)>

which by linearity of expectation (and distributing the sum) is

=iiﬁuﬂ—Eﬁxfﬁﬁ+E“5
= % S B(X2) - 2B(X%) + B(XY)
=1

S B - B ()
n
i=1
We know that for any random variable Y, since Var(Y) = E(Y?) — (E(Y))? it holds that
E(Y?) =Var(Y) + (E(Y))>
Also, we have E(X;) = pu, Var(X;) = 02 Viand E(X) = u, Var(X) = %2 Combining these facts, we get

2
E(X2)=02+u2 Vi and B(X) =2 + .2
n




Substituting these equations into (**) we get

)2 w1 (2
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Thus 6, is not unbiased.

8. It Means Nothing

Suppose z1, %3, ...,x, are samples from a normal distribution whose mean is known to be ;. but the variance
is unknown. How does the maximum likelihood estimator for the variance differ from the maximum likelihood
estimator when both mean and variance are unknown? Which if any is unbiased? Solution:

Begin with the same derivation as before, however we now use p instead of the mean of 0, which gets us:
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Then, we do the same but with two parameters, 61, 65, the former being the mean, and the latter being the




variance. We can take the derivative with respect to 5, and do effectively the same as before.

n 1 —(iL’i — 91)2
L(xzy,...,xpn; 01,0 = e
(z1 z 1,02) Z];[ 305 Xp 20,
S (zi — 61)*
InL(zy,...,2,;601,602) = Z—ln\/2ﬂ'02—7
i—1 20,
" (.ﬁ 91)2
= ; In 2765 — 2
B LB | 1 (x; — 91)2
n n 0 (z —61)?
= ——In2r— =1 St T
5 nzm B) Heg 292
8 n En, (xl — 91)2
71 L PN 5 = _—— Zi=1\"r 7)) —
802 n (.’171, y T s 91762) 202 + 20% 0
SPa(xi =61 n
203 20,

b, = ,Z i — 1)

Now, we just need to find if both estimators are biased or unbiased. We do this by seeing if their expected value
is equal to the original parameter or not. Let’s start with the former. We move the expectation in with linearity
of expectation, and then can identify that the remaining expectation is just the definition of variance (expected
deviation from the mean squared) and see that it is unbiased.

n

S ES S I IR

i=1

We do the same with the other estimator, and find that is biased, since it does not reduce down to the true
parameter 6s:

n

Blfs) = Bl Y (@i = 67 = 3 Bl — 61)? 292 Lo, = 6,
=1

n
=1

VS.
n

% > (zi—61)°

i=1

(The former turns out to be unbiased, the latter biased.)

9. Covariance Connection

Let X be the network connection status, where X = 0 represents a stable connection and X = 1 represents an
unstable connection. Let Y be the number of successes in data transmission, taking values in the set {0,1,2}. If
X =0, Y follows a Binomial distribution Bin(2,0.8), and if X = 1, Y follows a Binomial distribution Bin(2, 0.3).
The probabilities for X are given by P(X = 0) = 0.8 and P(X = 1) = 0.2. Find Cov(X,Y). (note that we don’t
know that X and Y are independent here!)

Solution:



To calculate the covariance Cov(X,Y"), we need to determine E[X], E[Y], and E[XY]. The covariance is then
given by the formula:

Cov(X,Y) = E[XY] — E[X|E]Y]
First, we calculate E[X]: E[X]=0-P(X=0)+1-P(X=1)=0-08+1-02=0.2

Next, we calculate E[Y]. First, we calculate E[Y | X = 0] and E[Y | X = 1]. Based on what’s given in the
problem and using the formula for expectation for a binomial: E[Y | X =0]=2-08=1.6and E]Y | X =1] =
2-0.3 = 0.6. Using the law of total expectation:

E[Y|=E[Y |X=0P(X=0)+E[Y | X=1]P(X =1) =1.6-08+0.6-02=1.4

To compute E[XY], we first construct the joint PMF for XY and then use the definition of expectation. The
possible values for XY are 0, 1, and 2. Let’s compute the probabilities for each value:

P(XY =0)=P(X =0UY =0)=P(X=0)+P(Y =0) - P(X =0NY =0)
—P(X=0)+P(Y =0)—P(X=0P(Y =0|X=0)=08+0.13—0.8-0.22 = 0.898
PXY=1)=P(X=1nY=1)=P(X=1)P(Y =1|X=1)=02-(2-0.3-0.7) = 0.084
P(XY =2 =P(X=1nY=2)=P(X=1)P(Y =2| X =1)=02-(0.3%) = 0.018

In the above calculations, we use that P(Y =0) = P(Y =0 X =0)P(X =0)+ PY =0 X =1)P(X =1) =
0.22.0.8 +0.7% - 0.2 = 0.13 Now, using the definition of expectation, we have:

E[XY]=0-0.898+1-0.084 +2-0.018 =0.12
Therefore, E[XY] = 0.12. Finally, we calculate the covariance Cov(X,Y):
Cov(X,Y) = FE[XY] - E[X]E]Y]=0.12—-02-14=—-0.16
Therefore, the covariance Cov(X,Y') is —0.16. The negative covariance of -0.16 between the network connection
status X and the number of successes in data transmission Y indicates an inverse relationship, suggesting that

as the network connection status becomes less stable (i.e., as X = 1), the likelihood of successess in data
transmission decreases, and vice versa, as expected!

10




10. Trinomial Distribution

A generalization of the Binomial model is when there is a sequence of n independent trials, but with three outcomes,
where P(outcome i) = p; for i = 1,2,3 and of course p; + p2 + p3 = 1. Let X; be the number of times outcome 4
occurred for i = 1,2, 3, where X; + X, + X3 = n. Find the joint PMF px, x, x,(%1, 22, 23) and specify its value for
all x1,z2,r3 € R. Solution:

n

We use a similar argument as for the binomial PMF. (xMMS) is the number of ways to select which of the n
outcomes result in each of the 3 outcomes. Then, we multiply the probabilities of each trial being the corre-
sponding outcome (e.g., p7* is the probability that all z; trials end up being outcome 1). This gives use the
following PMF:

11. Do You “Urn” to Learn More About Probability?

Suppose that 3 balls are chosen without replacement from an urn consisting of 5 white and 8 red balls. Let X; =1
if the i-th ball selected is white and let it be equal to O otherwise. Give the joint probability mass function of

(a) X1,Xs Solution:

Here is one way of defining the joint pmf of X, X5

5 4 20
PX,=1,Xo=1)=P(X; = )P(Xo=1|X; =1) = — - — = —
(1’2)(1)(2|1)1312156

5 8 40
P(Xl—l,XQ—O)_P(Xl_1)]P’(X2—()|X1—1)—E~E_—156

8 7 56
P(X,=0,Xy=0)=P(X; =0)P(Xy =0 X; =0) = — - — =
(X1=0,X0=0)=P(X; =0)P(Xo=0] X; =0) 3 12 156

(b) X1, X5, X3 Solution:

Instead of listing out all the individual probabilities, we could write a more compact formula for the pmf.
In this problem, the denominator is always P(13, k), where k is the number of random variables in the joint
pmf. And the numerator is P(5,) times P(8, j) where ¢ and j are the number of 1s and Os, respectively.

If we wish to compute px, x, x, (%1, 2, z3), then the number of 1s (i.e., white balls) is z; + z2 + 3, and
the number of Os (i.e., red balls) is (1 — 1) + (1 — x2) + (1 — z3). Then, we can write the pmf as follows:

( )= L@ 5! 8!
DX, X2, X5 (01, 42, 83) = 79 (5—21 —x2—x3)! (b+z1 + 22+ 23)!

12. Successes

Consider a sequence of independent Bernoulli trials, each of which is a success with probability p. Let X; be the
number of failures preceding the first success, and let X5 be the number of failures between the first 2 successes.
Find the joint pmf of X; and X,. Write an expression for F[\/X; X5|. You can leave your answer in the form of a
sum. Solution:

X1 and X, take on two particular values x; and x5, when there are z; failures followed by one success, and
then z- failures followed by one success. Since the Bernoulli trials are independent the joint pmf is

Pxy (21, 22) = (L= p)™p- (1 —p)**p = (1 — p)"Ho2p?

11



for (z1,22) € Qx, x, = {0,1,2,...} x {0,1,2,...}. By the definition of expectation

E[\/M] = Z Vrizs - (1 —p)””1+7”2p2,

(z1,22)€Qx4, X,

13. Continuous joint density

The joint density of X and Y is given by

Fev(y) = re~ @Y 1 >0,y >0
A 1) otherwise.
and the joint density of W and V is given by
2 O<w<v,0<v<l1
fwy(w,v) = )
0 otherwise.

Are X and Y independent? Are W and V independent?

Solution:

For two random variables X, Y to be independent, we must have fx y(z,y) = fx(z)fy(y) forallz € Qx, y €
Qy. Let’s start with X and Y by finding their marginal PDFs. By definition, and using the fact that the joint PDF
is 0 outside of y > 0, we get:

o0
fX(x) — / xe_(-'ﬂ‘f'y)dy — e—J;:L,
0

We do the same to get the PDF of Y, again over the range z > 0:
fr(y) = / ze” TV dy = eV
0
Since e ¥z - e~ ¥ = ze ¥ = ze~(**¥) for all z,y > 0, X and Y are independent.

We can see that W and V' are not independent simply by observing that Qy = (0, 1) and 0y = (0, 1), but Qv
is not equal to their Cartesian product. Specifically, looking at their range of fy, (w,v). Graphing it with w as
the "x-axis” and v as the "y-axis”, we see that :

sectipn8_plot.png

The shaded area is where the joint pdf is strictly positive. Looking at it, we can see that it is not rectangular,
and therefore it is not the case that Qv = Qu x Q. Remember, the joint range being the Cartesian product
of the marginal ranges is not sufficient for independence, but it is necessary. Therefore, this is enough to show
that they are not independent.

12



14. Trapped Miner

A miner is trapped in a mine containing 3 doors.
* Djp: The 1%t door leads to a tunnel that will take him to safety after 3 hours.
e D,: The 2"? door leads to a tunnel that returns him to the mine after 5 hours.

e Ds: The 3" door leads to a tunnel that returns him to the mine after a number of hours that is Binomial with
parameters (12, 3).

At all times, he is equally likely to choose any one of the doors. What is the expected number of hours for this miner
to reach safety?

Solution:

Let T = number of hours for the miner to reach safety. (T is a random variable)
Let D; be the event the i*" door is chosen. i € {1,2,3}. Finally, let T3 be the time it takes to return to the mine

in the third case only (a random variable). Note that the expectation of T3 is 12 * % because it is binomially
distributed with parametersn = 12,p = % By Law of Total Expectation, linearity of expectation, and by applying

the conditional expectations given by the problem statement:

E[T] = E[T|D:]P(D1) + E[T|Ds] P(Ds) + E[T| D3] P(Ds)

=3 s+ (GHE[T) 3 +EM+T) 5
=3 2+ (GHET]) 5+ B[] +ET) -
=3 S+ (GHET]) 5+ (U+ET])

Solving this equation for E [T], we get

E[T] = 12

Therefore, the expected number of hours for this miner to reach safety is 12.

15. 3 points on a line

Three points X, X5, X3 are selected at random on a line L (continuous independent uniform distributions). What
is the probability that X lies between X; and X3? Solution:

13



Let Xl,Xg,Xg ~ Umf(O, 1)
P(Xl <X2<X3):/ P(Xl < X9 < X3 |X2=:II) fxz(f)ﬁ) dx

_ / P(X; < 2, X3 > @) fx,(z) dz

1
:/x(l—x)ldm
0
22 2B 1
2 3|, 6

Continuous LoTP
Independence of X, X5, X3

Independence of X, X3
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