etherpad.wikimedia.org/p/312 for (anonymous) questions/comments!

Catch-up/Review :D
CSE 312 24Su

Lecture 19



Announcements

> Fill out final conflict form if you have an unavoidable conflict during
the current final slot

> Details and resources for the final will be posted later this week/early
next week

> Typo on current HW in 3b (net return Is -15 if the design fails)



Where can | find more practice?

> Alex Tsun's textbook (linked on website) has more practice

> Practice exams - practice midterms, practice finals (coming soon)

> Section handouts
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Outline for today

> Review discrete vs. continuous random variables

> Normal distributions

> Practice with CLT

> Practice with discrete and continuous joint distributions

> Practice with Law of total Expectation

> we won't review tail bounds today, you'll get lots of practice in section
tomorrow, and we'll do another problem at the start on Friday!



Discrete RVs Continuous RVs

Support is finite/countably infinite (e.q. integers) Support is uncountably infinite (e.g., real numbers)

P(X = k) = é = 0 so we don't use PMF. instead...

Probability mass function px (k) gives Probability density function fx(k) describes relative
probability of each value in support : chances of taking values around k
?x(l\ P‘B) ( \ E fx(k) o0 \
0 0 (8) ;Z px(k) =1 : j fx(k) dk =1
‘Px(‘) keQy —00
W | o<p) <1 _ (k) =0
Gl 4 & \_ ;): ) E ; — X V.

Cumulative Distribution Function (CDF ) is tii function Fy(k) = P(X < k)

@p the probabilities of values < k J P over values < k: Fxy(k) = fkoo fx(z)dz J
ectation: E[X] = Xkeq, (k - px(k))

E[lg(X)] = Xkeq, (g (k) - px(k))

Expectatlon E[X]=J__z- fx(2) dz
: g(X) f_oog(Z) fx(z) dz
Variance is Var(X): — E[x2] — (E[X])?

Linearity of expectation and properties of expectation and variance applies in both!
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We saw three continuous RVs in the zoo...

> Uniform distribution: Unif(a, F) is a random variables that takes on a
umber uniformly at random between a and b

> Exponential distribution: Exp(A) is a random variables that tells us the
time till the first success

> Normal distribution: N(u, o4) is...
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~ ' Normal Distributions



Normal Random Variable (AKA Gaussian)

There's not a single scenario that follows a normal distribution...
But we're going to see that it shows up in a lot of real world situations!

1

A normal random variable X~N (u, 02):

* u = E[X] is the mean

/ . o
- g% = Var(X) is the variance

o = /Var(X) is standard deviation

and follows this probability density function:

S
fo) =~ e it
- (k) =

e 202

O\2TT

/‘\—’
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Normal Distributions

The CDF has no closed form, so instead, we have a table centaining
values of the CDF for a standard normal random variable @
To find the probability of a normal RV X~J\/‘§’u, o) being in some range...
> v
1. Standardize the normal random variable; Z = XT‘;_
note: when we standardize, the numbers left are called z-scores (the number of

standard deviations away from the mean (e.g., P(Z = 2) means we're finding
probability of being more than 2 standard deviations away from the mean)

—

2. Write probability expression in terms of ®(z) = P(Z < z)
—

3. Look up the value(s) in the table 7
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We have a table with precomputed values!

AKA the “z-table”, “phi-table”

0.00

0.01 |

0.02

| 0.03

0.04

0.05

| 0.06

0.07

0.08

0.09

0.0

0.5

0.50399

0.50798

0.51197

0.51595

0.51994

0.52392

0.5279

0.53188

0.53586

0.1

0.53983

0.5438 |

0.54776

0.55172

0.55567

0.55962

0.56356

0.56749

0.57142

0.57535

0.2

0.57926

0.58317

0.58706

0.59095

0.59483

0.59871

0.60257

0.60642

0.61026

0.61409

0.3

0.61791

0.62172 |

0.62552

0.6293

0.63307

0.63683

0.64058

0.64431

0.64803

0.65173

0.4

0.65542

0.6591

0.66276

0.6664

0.67003

0.67364

0.67724

0.68082

0.68439

0.68793

0.5

0.69146

0.69497 |

0.69847

0.70194

0.7054

0.70884

0.71226

0.71566

0.71904

0.7224

0.6

0.72575

0.72907

0.73237

0.73565

0.73891

0.74215

0.74537

0.74857

0.75175

0.7549

0.7

0.75804

0.76115 |

0.76424

0.7673

0.77035

0.77337

0.77637

0.77935

0.7823

0.78524

0.8

0.78814

0.79103

0.79389

0.79673

0.79955

0.80234

0.80511

0.80785

0.81057

0.81327

0.9

0.81594

0.81859 |

0.82121

0.82381

0.82639

0.82894

0.83147

0.83398

0.83646

0.83891

1.0

0.84134

0.84375

0.84614

0.84849

0.85083

0.85314

0.85543

0.85769

0.85993

0.86214

il

0.86433

0.8665

0.86864

0.87076

0.87286

0.87493

0.87698

0.879

0.881

0.88298

1.2

0.88493

0.88686

0.88877

0.89065

0.89251

0.89435

0.89617

0.89796

0.89973

0.90147

1.3

0.9032

0.9049

0.90658

0.90824

0.90988

0.91149

0.91309

0.91466

0.91621

0.91774

1.4

0.91924

0.92073

0.9222

0.92364

0.92507

0.92647

0.92785

0.92922

0.93056

0.93189

1.5

0.93319

0.93448

0.93574

0.93699

0.93822

0.93943

0.94062

0.94179

0.94295

0.94408

1.6

0.9452

0.9463

0.94738

0.94845

0.9495

0.95053

0.95154

0.95254

0.95352

0.95449

it

0.95543

0.95637

0.95728

0.95818

0.95907

0.95994

0.9608

0.96164

0.96246

0.96327

1.8

0.96407

0.96485

0.96562

0.96638

0.96712

0.96784

0.96856

0.96926

0.96995

0.97062

19

0.97125

0.97193

0.97257

0.9732

0.97381

0.97441

0.975

0.97558

0.97615

0.9767

2.0

0.97778

0.97831

0.97882

0.97932

0.97982

0.9803

0.98077

0.98124

0.98169

271l

0.98214

0.98257

0.983

0.98341

0.98382

0.98422

0.98461

0.985

0.98537

0.98574

2.2

0.9861

0.98645

0.98679

0.98713

0.98745

0.98778

0.98809

0.9884

0.9887

0.98899

2.3

0.98928

0.98956

0.98983

0.9901

0.99036

0.99061

0.99086

0.99111

0.99134

0.99158

24

0.9918

0.99202

0.99224

0.99245

0.99266

0.99286

0.99305

0.99324

0.99343

0.99361

2.5

0.99379

0.99396 |

0.99413

0.9943

0.99446

0.99461

0.99477

0.99492

0.99506

0.9952

2.6

0.99534

0.99547

0.9956

0.99573

0.99585

0.99598

0.99609

0.99621

0.99632

0.99643

2.7

0.99653

0.99664 |

0.99674

0.99683

0.99693

0.99702

0.99711

0.9972

0.99728

0.99736

2.8

0.99744

0.99752

0.9976

0.99767

0.99774

0.99781

0.99788

0.99795

0.99801

0.99807

2.9

0.99813

0.99819 |

0.99825

0.99831

0.99836

0.99841

0.99846

0.99851

0.99856

0.99861

3.0

0.99865

0.99869

0.99874

0.99878

0.99882

0.99886

0.99889

0.99893

0.99896

0.999

We have a table containing values for
the CDF of the standard normal
random variable Z~N'(0,1)

> & is a function for CDF of N (0,1)

> d(z) =Fz(z) =P(Z < 2)
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Examples

Let Y~N(10,5) & Ve i .
What is IP(*&_ Yy < ﬂéb? 0o \i?_;[_? C ,
. Standordize. P( 4 2 { e (- =

962422 Q(zt’({ P\ &2 ¢2

What vag es of ¢ wi g|ve IP(Y >c) <0.27
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Examples

Let Y~N(10, 4)
Whatis P(12 <Y < 14)?
1. Standardize: subtract the mean, divide by the standard deviation to get Z~N(0,1)

12-10 Y—-10 14—-10 12-10 14-10
PBE<Y<10)=P(Z <2< 0) =P (<2< 2) =PA<Z <2)

2. Writeintermsof ®: P(1<Z<2)=PZ<2)—-P(Z<1)=d(2)—D(1)
3. Plug into the z-table: P(12 < Y < 14) = 097725 — 0.84134 = 0.13591

What value of ¢ gives P(Y = ¢) = 0.7
] A}
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Examples

Let Y~N(10,4)
Whatis P(12 <Y < 14)?

1. Standardize: subtract the mean, divide b(ﬁ the standard deviation to get Z~N(0,1)

]P’(SSYS10)=IP(12_10<Y_10<14_1 =IP(12\/_410SZS14\;410)=IP(1SZS2)

Va T Va4 T a
2. Writeintermsof ®: P(1<Z<2)=P(Z<2)—-P(Z<1)=d2)—P(1)

3. Plug into the z-table: P(12 <Y < 14) = 0.97725 — 0.84134 = 0.13591

What value of ¢ gives P(Y = ¢) = 0.7

A _ c—10
1. Eandardlzg. P(Y =¢) =P(Z =) -
ta i . c—-10Y\ _ _c—10Y _ c—10
2. Write mtermsofcb.IP(Zz = ;—~IP>(ZS \/Z)_CD(\/Z ) = 0.7
c—10 o=

3. Reverse z-table lookup: ®(—
(-

> 0.7 > - > S\e > '
) > 0.7 >1 = _0.53‘>c_8.943
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Examples

Let Y~N(10, 4)

: |
What values of ¢ will give P(JY — 10| = ¢) < 0.37
e
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Examples

Let Y~N(10,4) B

What values of ¢ will give ‘IP(|Y — 10| 245) < 0.3?

get rid of that absolute value..P(|Y —10| =2 c¢) =P(Y —-10=>¢) + P(Y — 10 < —¢)
isolate theY... P(Y = c+10) + P(Y < —c + 10)

1. Standardize

PY>c+10)+PY <—c+10) =P (Y—lo > c+10—10) . (Y\—/;O < —c+$§—10)

_ c+10-10 —c+10-10 _\/Z R —c
=P(z> = )+P(z < = )—P(ZZTZ)+P(ZSﬁ)

2Writeintermsof<l>:IP>(Z2%)+IP’(ZS_T:)=2-IP>(22\/%)=2-(1—CD(\/%))S0.3

3. Reverse z-table lookup to solve for c:

2-(1—@(7"2)) <03--> CD(TCZ) >0.85-->=>14-->c>2.8
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Central Limit Theorem
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What is the Central Limit Theorem?

The central limit theorem tells us that a sum of i.i.d (independent and
identically distributed) random variables can be approximated as a

normal distribution. This approximation gets more accurate as we sum
more and more random variables togethers.

Central Limit Theorem

If X{,X,, ..., X,, are i.i.d. random variables, each with mean u and variance ¢*

Let Yn = X1 + X, ++Xn { —7
As n - o, Y, approaches a normal distribution N'(n - u,n - 6%)
(i.e., CDF of Y,, converges to the CDF of N'(n - u,n - 6%))
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Outline of CLT steps

1. Setup the problem (e.g., X = X/, X;, X; are i.i.d., and we WantcTP)(X < k))
Write event you are interested in, in terms of sum of random variables.

. Apply continuity correction here if RVs are discrete.

{ r m ~ - -
2. Apply CLT (e.g., approx X as Y~N(nu,no?) -> P(X < k) = P(Y Q{)
Approximate sum of RVs as normal with appropriate mean and variance—""—_

from here, we're working with a normal distribution, which we've worked with before!

3. Compute probability approximation using Phi table
> Standardize (z ="=F) -> P(Y < k) =P (Y;“ < "‘;“) —p (z < ";“)
> Write in terms of @(z) = P(Z < z)
> Look up in table
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You and Bo are at an art exhibition with 100 people. Each person’s will buy one of yours and

one of Bo's. People buy Bo's art with an average of $50 and a variance of $10. People buy your
art with an a”depending on will you are to bargain). What does
the your variance per art piece need to be for probability of the difference in total earnings

between you both being more than $50 to be less than 0.107 All art purchases are independent.

e e T
1. Setup the problem (make sure to clearly def tne random variables, and write as a sum)

2. Apply CLT.

e LC‘O‘*D?RT%
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"’ A; is how much the i'th person spends on your art, and B; be how much they spend on Bo's art.

Your total earnings is A = ;29 A; and Bo's total earnings is B = Y29 B;

The difference in earningsis D = A— B = Y;20A; — Y129 B; = }21_ )= 299D,
Our goali@P(lDl > SO)gS (T.IO — ; P(‘Y) )
2. Applf CLT, i} \D\ S SO)Q; >0)
Y~ N (ot (00 < "? - pf K

w=EJA -] = ELA {l" B8] =5050=0
3. Solve,. O-F = ’\/OWCA; “Py) - Vw CP%) +VWG.QJ> :\,W&s\\\mf

—a 0

1

You and Bo are at an art exhibition with 100 people. Each person’s will buy one of yours and one
of Bo's. People buy Bo's art with an average of $50 and a variance of $10. People buy your art
with an averag*) and variance of $a (depending on will you are to bargain). What does the
your variance per art piece need to be for probability of the difference in total earnings between
you both being more than $50 to be less than 0.107? All art purchases are independent.

1. Setup the problem (make sure to clearly define random variables, and write as a sum)
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You and Bo are at an art exhibition with 100 people. Each person’s will buy one of yours and one
of Bo's. People buy Bo's art with an average of $50 and a variance of $10. People buy your art
with an average of $50 and variance of $a (depending on will you are to bargain). What does the
your variance per art piece need to be for probability of the difference in total earnings between
you both being more than $50 to be less than 0.107? All art purchases are independent.

1. Setup the problem (make sure to clearly define random variables, and write as a sum)

A; is how much the i'th person spends on your art, and B; be how much they spend on Bo's art.
Your total earnings is A = 129 A; and Bo's total earnings is B = Y.;-29 B;
The difference in earningsisD = A—B = Y:20A4; — 3120B; = ZlOO(A — B)) = Y29 D,

Our goal is: P(|D| = 50) < 0.10

2. Apply CLT.
Summing together 100 of (4; — B;) each with mean u = E[A; — B;] = E[4;] — E[B;] = 50 — 50
and variance o = Var(4; — B;) = Var(4;) — Var(B;) = a 4 10

So, we can approximate D = Y129 D; as Y~N(100 #, 100 - 02) and P(|D| = 50) ~ IP>(|Y| > 50)
150—\00 Yy

3. Solve. <?— 100- O\
p(|z| > 50) = p(l 1{‘ 00 B SO'\O ? (/
= Vo - o= fﬁoo,o-?- Z ﬂ'\cv 2
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You and Bo are at an art exhibition with 100 people. Each person’s will buy one of yours and one
of Bo's. People buy Bo's art with an average of $50 and a variance of $10. People buy your art
with an average of $50 and variance of $a (depending on will you are to bargain). What does the
your variance per art piece need to be for probability of the difference in total earnings between
you both being more than $50 to be less than 0.107? All art purchases are independent.

1. Setup the problem (make sure to clearly define random variables, and write as a sum)

A; is how much the i'th person spends on your art, and B; be how much they spend on Bo's art.
Your total earnings is A = ;29 A; and Bo's total earnings is B = Y129 B,

The difference in earningsisD.= A — B = Y1994, — Y199 B, = ZlOO(A — B)) = Y29 D,
Our goal is: P(|D| = 50)
2. Apply CLT.

Summing together 100 of (4; — B;) each with mean u = E[A; — B;] = E[4;] — E[B;] = 50 — 50
and variance o2 = Var(4; — B;) = Var(4;) — Var(B;) = a — 10

So, we can approximate D = Y129 D; as Y~N (100 - 4,100 - ¢2), and P(|D| = 50) =~ P(|Y| = 50)

3. Solve.
50—-100- 50—-100- 50—-100-
P(|Y| > 50) = P (|Z| > W‘) (standardize) = (Z <_ W‘) + P (z > JWGZ“)

5 50-100-4\ _ o 1 50—100-4
=2 ]P(Zz m)_z (1 (m))(wrttemtermsofrb)
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You and Bo are at an art exhibition with 100 people. Each person’s will buy one of yours and one
of Bo's. People buy Bo's art with an average of $50 and a variance of $10. People buy your art
with an average of $50 and variance of $a (depending on will you are to bargain). What does the
your variance per art piece need to be for probability of the difference in total earnings between
you both being more than $50 to be less than 0.107? All art purchases are independent.

1. Setup the problem (make sure to clearly define random variables, and write as a sum)

Our goal is: P(|D| = 50) < 0.10

2. Apply CLT.
u = E[A; — B;] = a — 50 and variance ¢% = Var(4; — B;) = 10 — 5 = 5.
So, we can approximate D = Y129 D; as Y~N (100 - 4,100 - ¢2), and P(|D| = 50) =~ P(|Y| = 50)

3. Solve.
P(lY| =50) =P (|Z| > 5:’/(ﬂﬂ) (standardize)

5 50—100-1 e 50—100-u
= 2 IP(Z> m)_z (1 (m))(wrttemtermsofcb)




You and Bo are at an art exhibition with 100 people. Each person’s will buy one of yours and one
of Bo's. People buy Bo's art with an average of $50 and a variance of $10. People buy your art
with an average of $50 and variance of $a (depending on will you are to bargain). What does the
your variance per art piece need to be for probability of the difference in total earnings between
you both being more than $50 to be less than 0.107? All art purchases are independent.

1. Setup the problem (make sure to clearly define random variables, and write as a sum)
Our goal is: P(|D| = 50) < 0.10

2. Apply CLT.
u = E[A; — B;] = a — 50 and variance ¢% = Var(4; — B;) =10 — 5 = 5.
So, we can approximate D = Y129 D; as Y~N (100 - 4,100 - ¢2), and P(|D| = 50) ~ P(|Y| = 50)

3. Solve. { ‘ A

P(]Y| = 50) = P (|Z| > 53%”) (standardize)

5 50—100-u . . 50—100-u
—g IP(Z> m)_z (1 (W))(wntemtermsofcb)
<0.1

N

_ ) od : =
Solve for ®: 2 - ( 1— @ (55’%‘)) <01->® (Z"%’g“) > 0.95

Reverse z-table lookup: > \/7:_ ISS'Z]" = 200 7/163 Algebra solving for a: a > 19.2
100-0 ,/100-(a-+410)

'
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‘ Joint Distributions



We have two discrete random va
(that may or may not be independent)

rlables X and Y

Joint Support/Range - Qyy
Qxy =1{(a,b) : pxy(a,b) > 0} S Qx x Qy

Joint PMF - pyx y(a, b)

pxy(a,b) =PX <aY <b)
defined for all (a,b) € R X R

Normalization Property:
Z(a;b)EQX,Y pX,Y (aJ b) =1

Joint Expectation

Elg(X,Y)] =
Z(a,b)egxly 9(a,b) pxy(a,b)

Joint CDF - Fy y(a, b)

FX’Y(a, b) — ]P(X < Cl,Y < b)
defined for all (a,b) € R X R

Joint Independence

> pxy(a,b) = px(a) - px(b) for all (a,b) € Qyy
> QX,Y = QX X QY

Marginal PMF - py(x), py(y)

px(x) = Zyeﬂy Dxy (x,y)  Notice we're summing

_ hat the other RV
Pr(y) = Syeny Py (x,y) O/ what the other



We have two continuous random variables X and Y
(that may or may not be independent)

Joint Support/Range - Qyy

Qyy ={(a,b) : fxy(a,b) >0} € Qy X Qy

Joint PDF - fy y(a, b) Joint CDF - Fy y(a, b)

fx v(a,b) defined for all (a,b) e RxR Fyy(a,b) =PX <a,V <b)
defined for all (a,b) € R X R

Normalization Property: Joint Independence

o2 fey (o y)dx dy = 1 > fyy(a,b) = fx(a) - fx(b) for all (a,b) € Qyy
> Qyy = Oy XDy

Joint Expectation Marginal PDF - fy(x), fy ()

Elg(X,Y)] = fr(x) = fjooo fX,Y(x» y) dy  Notice we're integrating

(summing) over what the

f—oo f—oo g(x,y) fxy(x,y)dx dy fry) = ffooo fxy(,y) dx  other RV can be



At a coffee shop, beans are stocked in a storage container each week.

Discrete Continuous 7
X is the number of coffee beans that is X is the proportion of the container’s volume
stocked at the beginning of the week. filled with coffee at the week's start
Y is the number of coffee beans used to Y is the proportion of the container's volume
make coffee in the sa$e week. used to make coffee in the week.

¢ cyxyENO<x<y<1 'f()<d’<w<1
Joint PMF: pes ) = ——iheratse Joint PDF: fiy (x,y) = {gy PRSYEY =

Normalization Property
probabilities must sum to 1 / the density function must integrate to 1
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At a coffee shop, beans are stocked in a storage container each week.

Discrete Continuous
X is the number of coffee beans that is X is the proportion of the container’s volume
stocked at the beginning of the week. filled with coffee at the week's start
Y is the number of coffee beans used to Y is the proportion of the container’s volume
make coffee in the same week. used to make coffee in the week.

cy x, yENO<x<y<1 'f0<ﬁ< <‘ﬂ1
Joint PMF: pay(x) =/ otherwise JOint PDF: fiy (x,y) = {gy e

Normalization Property
probabilities must sum to 1/ the density function must integrate to 1

v 1
2100 Y cy=1 fofoycydxdyzlor
do[ng a bunch of algebra..lc = — fol” fxl cydydx =1

343400

evaluating the [ntegral.@
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At a coffee shop, beans are stocked in a storage container each week.

Discrete Continuous
X is the number of coffee beans that is X is the proportion of the container’s volume
stocked at the beginning of the week. filled with coffee at the week's start
Y is the number of coffee beans used to Y is the proportion of the container’s volume
make coffee in the same week. used to make coffee in the week.
M

. . _Jeyx,yeNO0<x<y<100 | 3 fo<x<vyv<l1

Joint PF: ey = {§ otherwise JOint PDF: fyy (x,y) = {Oy e

Finding probabilities (e.g., CDF)
sum/integrate over all the pairs of x and y in the desired region

What is Fyx(60,50) = ?0({,60. \{450) What is Fx(0.5,0.6) = ?
< —\
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At a coffee shop, beans are stocked in a storage container each week.

Discrete Continuous

X is the number of coffee beans that is X is the proportion of the container’s volume

stocked at the beginning of the week. filled with coffee at the week's start

Y is the number of coffee beans used to Y is the proportion of the container’s volume

make coffee in the same week. used to make coffee in the week.
_Joyxy€ENO=x=sy=<1 3y if0<x<y<1

Joint PMF: pxy (x,7) {O otherw1se -/Olnt PDF: fx y(x,y) = {Oy : ;Ctheijwise

Finding probabilities (e.g., CDF)
sum/integrate over all the pairs of x and y in the desired region

What is Fy, y(60, 50) = P(X =60 N Y < 50)? What is Fy,(0.5,0.6) = P(X < 0.5n ¥ < 0.6)
0.6 ~0.5
%I 0 X220 CY( L7 [ 3y dddy = 0.27
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At a coffee shop, beans are stocked in a storage container each week.

Discrete Continuous
X is the number of coffee beans that is X is the proportion of the container’s volume
stocked at the beginning of the week. filled with coffee at the week’s start
Y is the number of coffee beans used to Y is the proportion of the container’s volume
make coffee in the same week. used to make coffee in the week.

; : _Jeyx,yeENO<x<y<100 | 3y if0<x<y<1
Jotnt PMF. py (6,7) = {0 otherwise Joint PDF: fX,Y(x: y) = {Oy othei‘lwise

- U L
Finding the marginal PMF’s of X and Y
use law of total probability, partitioning on the valties of the other random variable

What is px(;) and py(y)? What is fx(x) and fy (y)?
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At a coffee shop, beans are stocked in a storage container each week.

Discrete Continuous
X is the number of coffee beans that is X is the proportion of the container’s volume
stocked at the beginning of the week. filled with coffee at the week's start
Y is the number of coffee beans used to Y is the proportion of the container’s volume
make coffee in the same week. used to make coffee in the week.
~ -~ T

; : _Jeyx,yeENO<x<y<100 | 3y if0<x<y<1

Jownt PMEF. Pxy(®y) = {O otherwise JOINt PDF: fX,Y(x; Y) = {Oy othei‘lwise

Finding the marginal PMF's of X and Y
use law of total probability, partitioning on the values of the other random variable

What is px(x) and py (y)? What is fx(x) and fy(y)?

_ <100 3T ard
Px(0) = %Cy ]2(_(_9_{)=f;3y dy == —=
py(Y) = 2y=oCY

= 5 fr) = [ 3y dx ={3y?
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At a coffee shop, beans are stocked in a storage container each week.

Discrete Continuous
X is the number of coffee beans that is X is the proportion of the container’s volume
stocked at the beginning of the week. filled with coffee at the week's start
Y is the number of coffee beans used to Y is the proportion of the container’s volume
make coffee in the same week. used to make coffee in the week.

; : _Jeyx,yeENO<x<y<100 | 3y if0<x<y<1
Jotnt PMF. py (6,7) = {0 otherwise Joint PDF: fX,Y(x: y) = {Oy othei‘lwise

Finding the joint expectation E[XY?]
go through ALL pairs (x,y) in the joint support, and sum/integrate over the joint pmf * the function

E[XY?] = E[XY?2] =
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At a coffee shop, beans are stocked in a storage container each week.

Discrete Continuous

X is the number of coffee beans that is X is the proportion of the container’s volume

stocked at the beginning of the week. filled with coffee at the week's start

Y is the number of coffee beans used to Y is the proportion of the container’s volume

make coffee in the same week. used to make coffee in the week.
_Joyxy€ENO=x=sy=<1 3y if0<x<y<1

Joint PMF: pxy (x,7) {O otherw1se Jomt PDF: fx y(x,y) = {Oy : ;Ctheijwise

Finding the joint expectation E[XY?]
go through ALL pairs (x,y) in the joint support, and sum/integrate over the joint pmf * the function

E[XY?] = X320 Xroo(xy? - C)’) =1 E[XY?] = f f .cy Cy'dx dy
- = f—f*xy - cy dy dx
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At a coffee shop, beans are stocked in a storage container each week.

Discrete Continuous
X is the number of coffee beans that is X is the proportion of the container’s volume
stocked at the beginning of the week. filled with coffee at the week’s start
Y is the number of coffee beans used to Y is the proportion of the container’s volume
make coffee in the same week. used to make coffee in the week.

; : _JeyxyeNO=x<y<100 3y if0<x<y<l1
Joint PMF: pxy (. y) = {O otherwise JOINt PDF: fX,Y(x; Y) — {Oy othei‘lwise

Are X and Y independent?
go through ALL pairs (x,y) in the joint support, and sum/integrate over the joint pmf * the function

Two requirements: Two requirements:

[/
A

> pxy(x,y) = px(x) - py (¥) > fxy(6,y) = fx(x) - fr(y)

>QX,Y=QXX.QY >.Q.X,Y=.Q.Xxﬂy
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At a coffee shop, beans are stocked in a storage container each week.

Discrete Continuous
X is the number of coffee beans that is X is the proportion of the container’s volume
stocked at the beginning of the week. filled with coffee at the week's start
Y is the number of coffee beans used to Y is the proportion of the container’s volume
make coffee in the same week. used to make coffee in the week.

; : _Jeyx,yeENO<x<y<100 | 3y if0<x<y<1
Jotnt PMF. py (6,7) = {0 otherwise Joint PDF: fX,Y(x: y) = {Oy othei‘lwise

Are X and Y independent?
go through ALL pairs (x,y) in the joint support, and sum/integrate over the joint pmf * the function

Two requirements: Two requirements:
>QX,Y=QXX.QYX >QX,Y=QXXQYX
> pxy(x,y) = px(x) - py(y) > fxy(x,y) = fx(x) - fy(y)

=
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I~ Law of Total Expectation



Law of Total Expectation (LTE)

Let A4, A5, ..., A} be a partition of the sample space, then

BIX1 =) BIXIAIP(A)

Let X, Y be discrete RVs, then, X, Y are continuous RVs, then,
E[X] :z . EX|Y =y][P(Y =y)  E[X] =f E[X|Y = ylfy (¥)
yEily —00

Similar in form/idea to law of total probability, and the proof goes that
way as well.



Reminder: conditional expectation

Everything looks the same, we're just adding on that event we're
conditioning on:

Recall... E[X] =
E[X|A] = ) k- P(X = k|4) S 3 P = )
)
or if continuous,
E[X|Y = y]| = Dkea, k- PX = k|Y = y) E[X]
or E[X|Y = y] = ffooo k- fxiy(k,y) dk if continuous =f k - fx (k) dx

E[(aX + bY + ¢) |A] = aE|X|A] + bE[Y|A] + ¢



Example: Elevator Rides [

The number of people who enter an elevator on the ground floor is X~Poi(10). There are N
floors above the ground floor, and each person is equally likely to get off at any of the N

floors, independently of others. What is the expected number of stops the elevator will
make before discharging all the passengers?

Y is the number of stops the elevator makes. What is E[Y]?

Y depends on what the value of X is. So, use LTE, partitioning on X.



Example: Elevator Rides

The number of people who enter an elevator on the ground floor is X~Poi(10). There are N
floors above the ground floor, and each person is equally likely to get off at any of the N

floors, independently of others. What is the expected number of stops the elevator will
make before discharging all the passengers?

Y is the number of stops the elevator makes. What is E[Y]?
Y depends on what the value of X is. So, use LTE, partitioning on X.

E[Y] = $2 0 E[Y|X = k] P(X = k) = ¥ E[Y|X = k] e 10 %

i!

Fill out the poll everywhere:
pollev.com/cse312



Example: Elevator Rides [

The number of people who enter an elevator on the ground floor is X~Poi(10). There are N
floors above the ground floor, and each person is equally likely to get off at any of the N

floors, independently of others. What is the expected number of stops the elevator will
make before discharging all the passengers?

Y is the number of stops the elevator makes. What is E[Y]?
Y depends on what the value of X is. So, use LTE, partitioning on X.
E[Y] = S E[Y|X = k] P(X = k) = Y2 E[Y|X = k] e 102

i!



Example: Elevator Rides [

The number of people who enter an elevator on the ground floor is X~Poi(10). There are N
floors above the ground floor, and each person is equally likely to get off at any of the N floors,
independently of others. What is the expected number of stops the elevator will make before
discharging all the passengers?

Y is the number of stops the elevator makes. What is E[Y]?

Y depends on what the value of X is. So, use LTE, partitioning on X.
E[Y] = S0 E[YIX = k] P(X = k) = N, E[Y]X = k] e 102
To find E[Y|X = k], we will use linearity of expectation

-

1 ifstopsoni'thfloor y =yNy,

Decompose: Let Y; = 1
P ' 0 otherwise

\

Apply LOE: E[Y|X = k] = E[XN Y |X = k| =XV E[V;|X = k] = XN P(Y; = 1|1X = k)

N-1 N-1

k k
Conquer.:P(Y; =11 X=k)=1-P;=0X=k)=1— (T) > E[Y|X=k]=N(1 - (T)
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