CSE 312 Spring 24
More MLE | 2502



Announcements

Final exam information posted on the webpage.
Including 23sp final for practice

/ﬂou want to request a conflict exam, fill out the form on the webpage
by this Saturday.

e



Outline

Last time: Trying to estimate an unknown parameter 8 of a distribution.
We chose the "maximum likelihood estimator”

argmaxg L(x; 0)

UsuﬁTFf: write likelihood, take log, take derivative, confirm maximum

Today: Continuous RVs What happens when you have two parameters;
MLEs that aren’t what you expect.



What about continuous random variables?

Can't use probability, since the probability is going to be 0.

Can use the density!

It's supposed to show relative chances, that's all we're trying to find
anyway.

L(X1,X2, ..., Xn; 0) = []fx(x;i;0)




Continuous Example

Suppose you get values x4, x5, ... x,, from independent draws of a
normal random variable N (u, 1) (for u unkown)

We'll also call these “realizations” of the random variable.

Lxi; 1) = llmexp(——m 1?)
(L ) = BegIn (55) = 5 (i = )’



Finding [

1 1
In(£) = £y In (75) =5 G = )2
i=1Xi —

d
d—uln(ﬁ) = u

Setting derivative = 0 and solving:

n
Zi=1*i

n — n — N —
s Xi—H=0=>2x=p-n>0= -

Check using the second derivative test:

Second derivative is negative everywhere, so log-likelihood is concave down
and average of the x; is a maximizer.



Summary

Given: an event E (usually n 1.i.d. samples from a distribution with
unknown parameter ).

1. Find likelihood L(E; )
Usually [P (x;; 8) for discrete and []f (x;; ) for continuous

2. Maximize the likelihood. Usually:
A. Take the log (if it will make the math easier)
B. Set the derivative to 0 and solve

C. Use the second derivative test to confirm you have a maximizer



Generalizing Normals

We just saw to estimate u for N'(u, 1) we get:
A —~—— _——
i=22xi/n

Now what happens it we know our data is V() but both the mean and
the variance are unknown.? ——




Log-likelihood

Let 6, and 62 be the unknown mean and variance of a normal

d|str|but|on Suppose we get independent draws xl,xz, ..., Xy, from the
distribution. p}

AY xl
L(X1, oer 2 6 o 52) =T 1\/—6Xp ; ( )
—_~— = == C{_

i (2G5 61,6,2)) = Zfey1n s ) -5

With multiple parameters, take
partial derivatives to find maxima.



Expectation

In (L(xi; 0., 902)) =), In (

e

; -
ﬁln(ﬁ) —

————
Setting equal to 0 and solving



EXpeCtatiOn Arithmetic is nearly

identical to known

variance case.

i—0,)°
In (L(xi;gw 802)) — ?:1 In (@) _i. (xg 2#)

o

i (xi—6,) — 0> 2?21(xi _0

_62 n . I 1 / .

02 7 6,2 is an estimate of a variance. It'll never be negzs
T o2 o S ’

as long as the draws aren't identical it won't be 0). So the second

derivative is negative and we really have a maximizer.




Variance

i—0,)°
ID(L(xi;H/,uHJZ)): ?:111‘1 \/ﬁ>_§.(x0 2#)

o

Take the partial derivative with respect to 6 2. It'll be easier if you apply
some log and exponent rules first.

log(x”) = - log(x).
log(c_lb_) = log(a) + log(b).

—
_ . —1/2
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Variance

1 1 (xi—BM)z
ln(L(xl, w052 )) _E. T
(xi_eu)z




Variance part 2

0 __.n 1 n o 2
00 ;2 In(£) = 20 ;2 T 2(902)2 Zi:l(xl QM)
n 1

20, +2(902)22?:1(xi_ M) =0

> —20,2 +-31, (%, — 0 ,)° = 0 (multiply by (6,2)°)

:92—5 nl(xl_e
EW

= H/gzzg ?=1(Xi—6)

—_— To get the overall max
We'll plug in 6,



Summary

If you get independent samples x4, x5, ..., x, from a N (u, 0%) where u
and g“are unknown, the maximum likelihood estimates of the normal is:

\Tl

— i:lxi el — 1 n _ 7\ 2

N

The maximum likelihood estimator of the mean is the sample mean that
s the estimate of u is the average value of all the data points.

The MLE for the variance is: the variance of the experiment “choose one
of the x; at random”



Biased

One property we might want from an estimator is for it to be unbiased.

An estimator 9 is “unbiased” if

IE[@]=9~

The expectation is taken over the randomness in the samples we drew.

The formula is fixed, the data we draw to evaluate the formula becomes the source
of the randomness.

So we're not consistently overestimating or underestimating.
If an estimator isn't unbiased then it's biased.



Are our MLEs unbiased?

n
é\ — i=1Xi
H n

= )
E[6,] = E[Zx] = ZE[x] = - A -1 = 4
—_— - J— ==
Unbiased!




Are our MLEs biased?

Our estimate for the coin- ﬂlps (if we generalized a bit) would be
num heads

total flips - C-J_(;[ P \/\ga&

\_/_;__"’J (.
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pollev.com/robbie



Are our MLEs biased?

Our estimate for the coin-flips (if we generalized a bit) would be
num heads

total flips

What is E [

num heads| H_n .y
total flips on

Unbiased!



Unbiased?

E|6,2] =
= %E (xl u)
= 2E|xx? - 2x,8, + 0, |

Where a2 = E[(x;—E[x;])"2]

Intuition for the algebra miracle:
6, = Yx;/n. So when that gets
squared, there are terms that have
x;x; terms and x; - x; terms.

The 1/n fraction of terms that are
x;x; decrease the variance because
you can't deviate from yourself.



I Optional: Algebra

Showing MLE of Variance is biased



That Algebraic Miracle

1

n
1

n
1

E [lez — Zx,;é; + 9;2]

1

E[yx?] - E|[$2x,8, - £, |

= —nlk

n

n

|x#| — lE [2@;2xi — 25;2]
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More of That Algebraic Miracle

o[6]=5[(2) ) (I

XiX; terms.

Z_E-Ziijxi X +Zixi2]
- —E_Ziijxi 'xf] +n_12E[2ixi2]

— - n(n — DE[x; - x,] + —nE[x?)

= " E[x,]E[x,] + - E[x?]

n

This is where the

X;X; terms end up



Wrapping Up the Algebraic Miracle
E[6 |-E|8,”]

Plugging in E Hﬂ ] = "L E[x, |E[x,] + = IE[ 2| we get:

n

E[6,2]= E[x?] - (“F E[x,]E[x,] + - E[x])

n

= IE[xlz] — nT_llE[xl]Z —%IExlz]

IE[x12] — _[E[xﬂz

= T Var(xl)



Not Unbiased

E[0,2] = B Xy (v — 8,) ]

n
_n-1 >

= —0
n

Which is not what we wanted. This is a biased estimator. But it's not too
biased...

An estimator 6 is “consistent” if

lim E|0] =6

n—>0o

The MLE is consistent (under some very mild assumptions),
but it can be biased or unbiased.



Correction

The MLE slightly underestimates the true variance.
You could correct for this! Just multiply by %

This would give you a formula of:

— 2
ﬁ % i=1(xi — H,u)

1

—\ 2 — .
=— " 1(x; —8,)" where 8, is the sample mean.

Called the “sample variance” because it's the variance you estimate if
you want an (unbiased) estimate of the variance given only a sample.

If you took a statistics course, you probably learned the square root of
this as the definition of standard deviation.



What about X and Y from last Friday?

We polled n people and said, Flip a coin:
If coin is heads OR you have cheated on a partner, tell me "heads”
If coin is tails AND you have never cheated on a partner, tell me “tails”

X was the number of people polled who said “heads”
Y was the number of people polled who cheated on a partner.
We're trying to find an estimator for Y.



What about X and Y from last Friday?

We polled n people and said, Flip a coin:
If coin is heads OR you have cheated on a partner, tell me "heads”
If coin is tails AND you have never cheated on a partner, tell me “tails”

X was the number of people polled who said “heads”

Y was the number of people polled who cheated on a partner.
We're trying to find an estimator for Y.

We picked the estimator “Y = 2 (X — g)

E[Y] =2 (IE[X] — E) =2 ([ + =5 - g) = np where p is fraction of

people who cheated. l.e., Y This was an unbiased estimator!



What about X and Y from last Friday?

X was the number of people polled who said “heads”

Y was the number of people polled who cheated on a spouse.

We're trying to find an estimator for The binomial coefficient is maximized when
' it’s (mm )
/2
-Y — — -Y —
LX=k;Y)= (Z_y) k=Y, 5nk = (Z—Y)' 5nY Analysis is more compllcqted because we

k—anT_Y:k—gzgzﬂ’: (k—g)

So this is also an MLE!

This estimator is only handling the randomness in the coin flips, not the

randomness in who was selected. You get the same answer if you back
up that far.



‘ Fun Facts



What's with the n — 17

S0000000000, Why Is the MLE for variance off?

Intuition 1: when we're comparing to the real mean, x; doesn't affect the
real mean (the mean is what the mean is regardless of what you draw).

But when you compare to the sample mean, x; pulls the sample mean
toward it, decreasing the variance a tiny bit.

Intuition 2: We only have n — 1 “degrees of freedom” with the mean and
n — 1 of the data points, you know the final data point. Only n — 1 of
the data points have “information” the last is fixed by the sample mean.



Why does It matter?

When statisticians are estimating a variance from a sample, they usually
divide by n — 1 instead of n.

They also (with unknown variance) generally don't use the CLT to
estimate probabilities.

A “t-test” is used when scientists/statisticians think their data is
approximately normal, but they don’'t know the variance.

They aren't using the ®() table, they're using a different table based on
the altered variance estimates.



Why use MLEs? Are there other estimators?

It you have a prior distribution over what values of 8 are likely,
combining the idea of Bayes rule with the idea of an MLE will give you

Maximum a posteriori probability estimation (MAP)

You pick the maximum value of P(@|E) starting from a known prior over
possible values of 6.

argmaxg P(E]lpg?(a) = argmaxgP(E|0) - P(0)

P(E) is a constant, so the argmax is unchanged if you ignore it.

Note when prior is constant, you get MLE!




