CSE 312: Foundations of Computing Il Winter 2023

Problem Set 4

Due: Wednesday, February 1 by 11:59pm

Instructions

Solutions format and late policy. See PSet 1 for further details. The same requirements and policies still apply.
Also follow the typesetting instructions from the prior PSets.

Collaboration policy. The written problems on this pset may be done with a single partner. In this case, only
one person will submit the written part on Gradescope and add their partner as a collaborator.

Individuals and pairs are still encouraged to discuss problem-solving strategies with other classmates as well as
the course staff, but each pair must write up their own solutions and, as stated above, submit a single joint
homework. However, you should make sure you are both involved in coming up with and writing up all the
solutions.

Solutions submission. You must submit your solution via Gradescope. In particular, submit under “PSet 4
[Written]” a single PDF file containing the solution to all tasks in the homework (for you and your partner). Each
numbered task should be solved on its own page (or pages). Follow the prompt on Gradescope to link tasks to
your pages. Do not write your names on the individual pages — Gradescope will handle that.

There is no programming on this problem set and you will not be turning in your solution to Task 8 should
you choose to do it.

Task 1 — More Heads than Tails? [10 pts]

Let X represent the difference between the number of heads and the number of tails obtained when a coin with
probability 0.6 of coming up Heads is tossed independently 200 times.

- (5 points) What are the possible values of X?
- (5 points) What is the probability that X = 47

(Note: X = H—T, not X =|H —T)|, where H is the number of head and T is the number of tails. That is, if
you have more tails than heads, then the difference is negative, not positive.)

Task 2 — Busy 312 Students [10 pts]

CSE 312 students sometimes delay laundry for a few days (to the chagrin of their roommates).

Suppose a busy 312 student must complete 3 problem sets before doing laundry. Each problem set requires 1
day with probability 2/3 and 2 days with probability 1/3. (The time it takes to complete different problem sets is
independent.) Let B be the number of days a busy student delays laundry. What is the probability mass function
for B?

Task 3 — CDF to PMF [10 pts]

Suppose that X is a discrete random variable that takes integer values from 1 to 100 (both inclusive), and has
cumulative distribution function (CDF)

lz]lz + 1]

Fx(x) =Pr(X <z)= 10100

1 <2 <100



and
Fx(z)=0 forz<1 and Fx(z)=1 forz> 100

(Thus, for example, F(1) = 1-2/10100 and F(2) = 2-3/10100 and so on. Also note that the |z] (floor of x) is
the largest integer less than or equal to z.)

Find the probability mass function (pmf) for X. In other words, provide a formula for px () that is correct for
any integer z in {1,2,...,100}.

Task 4 — Investment Strategies [18 pts]

Consider three different investment strategies.

1. (6 points) You buy one share in each of n different stocks. Each share of a different stock “pays off”
independently with probability p.

2. (6 points) You buy n shares of the same stock. A share of that stock pays off with probability p. Since all
the shares are of the same stock, either all of them pay off (probability p) or none of them pay off.

3. (6 points) You buy n/2 shares of stock A and n/2 shares of stock B. A share of stock A and a share
of stock B each independently pays off with probability p. All shares of the same stock either all pay off
(probability p) or none of them pay off (probability 1 — p).

Let X; be the number of shares that pay off in strategy i, for i = 1,2,3. Write down the probability mass
function, the expectation of X; and the variance of X; for each of i = 1,2, 3.

Task 5 — Triple fun [12 pts]

A complete graph on n vertices has a set V' of vertices with |V| = n and a set E of (g) edges, one edge for each

pair of elements of V. The graph is denoted by K. Suppose that we independently flip fair coins, one per edge
of K, and color each edge red if its coin is heads and blue if the coin is tails. What is the expected number of
triangles (unordered triples of vertices) that have their edges colored the same (all blue or all red)?

Task 6 — Lefties and righties [15 pts]

Suppose that there are 250 students taking CSE 312 and they are partitioned into pairs at random to work together
on the problem set, with each partition being equally likely. If the class has 200 people that are right-handed
and 50 people that are left-handed, what is the expected number of pairs that are different-handed, that is pairs
where one person in the pair is right-handed and the other person in the pair is left-handed?

Task 7 — Runs in a Sequence of Coin Flips [15 pts]

A coin with probability p of coming up heads is tossed independently n times. What is the expected number
of maximal "runs”, where a maximal "run” is a maximal sequence of consecutive flips that are the same?
For example, the sequence HHHTTHTHHH has 5 maximal runs: HHH, TT, H, T, and HHH. Use linearity of
expectation, carefully define indicator rvs, and justify your work.



Task 8 — For Fun Problem - only if you’re interested

This is a not-too-difficult challenge problem for those of you that would enjoy proving a cool probabilistic
fact. You will not be turning anything in for this. It’s just for fun.

You are shown two envelopes and told the following facts:
- Each envelope has some number of dollars in it, but you don’'t know how many.
- The amount in the first envelope is different from the amount in the second.

- Although you don’t know exactly how much money is in each envelope, you are told that it is an integer
number of dollars that is at least 1 and at most 100.

- You are told that you can pick an envelope, look inside, and then you will be given a one-time option to
switch envelopes (without looking inside the new envelope). You will then be allowed to keep the money in
envelope you end up with.

Your strategy is the following:

1. You pick an envelope uniformly at random.

2. You open it and count the amount of money inside. Say the result is x.

3. You then select an integer y between 1 and 100 uniformly at random.

4. If y > x, you switch envelopes, otherwise you stay with the envelope you picked in step (a)

Show that you have a better than 50-50 chance of taking home the envelope with the larger amount of money in
it. More specifically, suppose the two envelopes have ¢ and j dollars in them respectively, where 7 < j. Calculate
the probability that you take home the envelope with the larger amount of money.



