CSE 312 Section 8

Tail Bounds, Joint Distributions, and the Law of
Total Expectation




Administrivia




Administrivia

e HWS5
o due Tuesday, August 15t
o Late deadline today

e HWG6
O Released on the course website
o Due next Tuesday, August 8t



Review




Review

* Multivariate: Discrete to Continuous:

Discrete Continuous
Joint PMF/PDF pxy(z,y) =P(X =z,Y =y) fxy(z,y) #P(X =z,Y =y)
Joint range/support
Qx,y {(z,y)eﬂx x Qy :px,y(x,y) >O} {(:r,y) € NQx x Ny :fx'y((v,y) >0}
Joint CDF Fxy (Z,y) = 2 1<z s<y Px.Y (%, 3) Fxy (z,y) = [7 J7 fxy (t,5)dsdt
Normalization >z Pxy(T,y) =1 I oo fxy (z,y) dedy = 1
Marginal PMF/PDF | px(z) =} px.v(z,y) fx(z) = " fxy(z,y)dy
Expectation Elg(X,Y) =3, 9z v)pxy(z,y) | E[g(X,Y)] = " J° 9(z,y)fxy(z,y)dzdy
Independence Vz,y,px,y(z,y) = px(z)py (y) Vz,y, fxv(@,y) = fx(z)fy(y)
must have Qxy =Nx X Ny Qxy = Nx x Ny




Review (cont.)

w Law of Total Probability (r.v. version): If X is a discrete random variable, then

P(A) = ) P = 0px(¥)

XEQyx

(X is discrete.)

m Law of Total Expectation (event version): Let X be a discrete random variable, and let events
A4, ..., A, partition the sample space. Then,

BIX] = ) E[X|41P(4))
i=1

m Law of Total Expectation (r.v. version): Suppose X and Y are random variables. Then,

E[X] = ) EIXIY = ylpy ()
y

(Y is discrete.)



Review (cont.)

Pxy(x.y)
py (¥)

m Conditional Distributions (discrete case): pxy (x|y) = . The continuous version is

the same, but with a pdf instead of a pmf.

m Conditional Expectation (discrete case): E[X|Y = y]| = )., xpx iy (x]|y). The continuous
version is the same, but with a pdf instead of a pmf (and integral instead of sum).

- Linearity of expectation still applies: E[X + Y|A| = E[X|A] + E[Y|A]

* Continuous Law of Total Probability:

P(A) = / o P(A|X = z)fx(z)dz

* Continuous Law of Total Expectation:

EIX]= | EIXIY =4 frw)dy



Review (cont.)

Markov’s Inequality: Let X be a nonnegative random variable and a > 0. Then
E[X]
PX=Z2a)<—
a
Chebyshev’s Inequality: Let Y be a random variable with E[Y] = u and Var(Y) = 2.
Then, forany a > 0,
o2
P(lY —ul =z a) =

(Multiplicative) Chernoff Bound: Suppose X~Bin(n,p) and u = np. Then for any 0 <
o<1,
_8%n
PX=>2A4+d6u) <e 3
5%u
PX<(A-6)u)<e 2

Extra tidbit: Other useful inequalities in probability include the union bound and
Hoeffding’s Inequality (in case you wanted to learn more). There are tons of them.



Problem 3 - Exponential Tail Bound




Problem 3

a LetX~Exp(A)and k > .

(@) Use Markov’s inequality to bound P(X = k).
(b) Use Chebyshev’s inequality to bound P(X = k).
- (c) What is the exact formula for P(X = k)?
(d) For Ak = 3, how do the bounds given in (a), (b), and (c) compare?



Problem 3 Solution

a (a) Markov’s inequality is direct: P(X = k) < ﬁ



Problem 3 Solution

a (a) Markov’s inequality is direct: P(X = k) < %

m (b) Chebyshev’s requires some manipulation:

PX2k)=P(X—-32k 1)<P(X 1‘>k 1)< 1 1
(X 2 k) = (_Z— 1) = Al=" ) N2 Ak —1)2
22 (k- 7)



Problem 3 Solution

a (a) Markov’s inequality is direct: P(X = k) < %

m (b) Chebyshev’s requires some manipulation:

P(X>k)—P(X 1>k 1)<P(X 1‘>k 1)< 1 — 1
S 275 AT PV 2 (k—1)2
22 (k - 7)

m (c) Take the complement of the CDF: P(X > k) = e ™%k



Problem 3 Solution

(@) Markov’s inequality is direct: P(X = k) < ——

(b) Chebyshev’s requires some manlpulatlon

P(X =2 k)

A

1

—P(X Lok 1><P(‘X ‘ k 1) L
B 1= I_ 1 I_ 12_

22 (k - 7)

(c) Take the complement of the CDF: P(X > k) = e~k

(d) e <

1

(Ak—1)2

<

2 SO Markov’s inequality gives the worst bound.

Ak — 1)2



Problem 7 - Continuous joint density




Problem 7

The joint density of X and Y is given by

ze~ @Y £ >0,y >0

fX,Y(:Uay) — {

0 otherwise.

and the joint density of W and V is given by

2 O<w<v,0<rv<l1
0 otherwise.

fVV,V(wa v) — {

Are X and Y independent? Are W and V independent?



Problem 7 Solution

w Fortwo random variables X, Y to be independent, we need fy y(x,y) = fx(x)fy (¥)
for all x € Q. First, we marginalize:

f xe~X*tY)dy = —xe~(X+Y) U= ey
0 0

Same for Y:

(00)

fr») =j xe”WV)dyx = 7Y
0

(I believe you use u = —x — y as a substitution to solve this integral.)

Sincee *x-e™V =xe ¥V = xe~**¥) forall x,y > 0, X and Y are independent.



Problem 7 Solution

® W andV are clearly not independent: Q, = (0,1) and Qy, = (0, 1), but Qy, , is not
equal to their Cartesian product (it'd be a rectangle if it were).

/

—0:5

0.5 1 1.5




Problem 9 - Lemonade Stand




Problem 9

® Suppose | run a lemonade stand that costs me $100 a day to operate. | sell a single
lemonade for $20. Every person who walks by my stand either buys a drink or
doesn’t (no one buys more than one). If it is raining, n, people walk by my stand,
and each buys a drink independently with probability p;. If it isn’t raining, n, people
walk by my stand, and each buys a drink independent with probability p,. It rains
each day with probability p,-4in independently of every other day. Let X be my profit
over the next week. In terms of nq, ny, p1, P2, Prain, What is E[X]?



Problem g Solution

w Let R bethe eventitrains. Let X; be how many drinks | sellondayifori=1,...,7.
We are interested in X = Y7_,(20X; — 100).



Problem g Solution

® Let R bethe eventitrains. Let X; be how many drinks | sellondayifori =1,...,7.
We are interested in X = Y7_,(20X; — 100).

- We also know that X;|R ~ Bin(nq,p;) = E|[X;|R] = nyp, from the problem
statement.

- Similarly, X;|R¢ ~ Bin(n,, p,) = E[X;|R€] = n,p,



Problem g Solution

® Let R bethe eventitrains. Let X; be how many drinks | sellondayifori=1,...,7.
We are interested in X = Y7_,(20X; — 100).
- We also know that X;|R ~ Bin(nq,p;) = E|[X;|R] = nyp, from the problem
statement.
- Similarly, X;|R¢ ~ Bin(n,,p,) = E[X;|R¢] = n,p,
We then apply the Law of Total Expectation:
Ux; = E[X;] = E[X;|RIP(R) + E[X;|R“]P(R®) = nyp1 * Prain + N202 - (1 — Prain)



Problem g Solution

® Let R bethe eventitrains. Let X; be how many drinks | sellondayifori=1,...,7.
We are interested in X = Y7_,(20X; — 100).
- We also know that X;|R ~ Bin(nq,p1) = E|[X;|R] = nyp, from the problem
statement.
- Similarly, X;|R¢ ~ Bin(n,,p,) = E[X;|R¢] = n,p,
We then apply the Law of Total Expectation:
Ux; = E[X;] = E[X;|IR]P(R) + E[XilRC]P(RC) = NP1 * Prain + N2P2 * (1 — Prain)

Then Linearity of Expectation:

7 7
(20X; — 100)‘ =20 ( E[Xl-]) — 700
2 2

= 140(n1p1 * Prain + N2p2 - (1 — prain)) — 700

E[X]=E




Problem 8 - Trapped Miner




Problem 8

® A mineris trapped in a mine containing 3 doors:
- D4: The 15t door leads to a tunnel that will take them to safety after 3 hours.
- D,: The 2" door leads to a tunnel that will return them to the mine after 5 hours.

- D3:The 3" door leads to a tunnel that returns them to the mine after a number of
hours that is binomially distributed with parameters (12, %).

m At all times, they are equally likely to choose any one of the doors. What is the expected
number of hours for this miner to reach safety?



Problem 8 Solution

® LetT bethe number of hours for the miner to reach safety. Let D; be the event the
ith door is chosen. Finally let T3 be the time it takes to return to the mine in the third
case only (since it is a binomial r.v.).

- E[T3]=12- % = 4 because we know the expectation of a binomial r.v.



Problem 8 Solution

w LetT be the number of hours for the miner to reach safety. Let D; be the event the
ith door is chosen. Finally let T3 be the time it takes to return to the mine in the third
case only (since it is a binomial r.v.).

- E[T3]=12- % = 4 because we know the expectation of a binomial r.v.

- By Law of Total Expectation, and applying the
conditional expectations given by the problem statement,

E[T] = E[TIDl]f(DQ + E[TIDZ]lP(DZ) + E[T|Ds] 11)(1)3)
E[T] =33+ G+E[TD 3+ ET:+T]) -3



Problem 8 Solution

w LetT be the number of hours for the miner to reach safety. Let D; be the event the
ith door is chosen. Finally let T3 be the time it takes to return to the mine in the third
case only (since it is a binomial r.v.).

- E[T3]=12- % = 4 because we know the expectation of a binomial r.v.

- By Law of Total Expectation, linearity of expectation, and applying the
conditional expectations given by the problem statement,

E[T] = E[TIDl]f(DQ + E[TIDZ]lP(DZ) + E[T|Ds] 11)(1)3)
E[T] =33+ G+E[TD 3+ ET:+T]) -3

Wl =

E[T]=3-%+(5+E[T])-%+(E[T3]+E[T])-



Problem 8 Solution

w LetT be the number of hours for the miner to reach safety. Let D; be the event the
ith door is chosen. Finally let T3 be the time it takes to return to the mine in the third
case only (since it is a binomial r.v.).

- E[T3]=12- % = 4 because we know the expectation of a binomial r.v.

- By Law of Total Expectation, linearity of expectation, and applying the
conditional expectations given by the problem statement,

E[T] = E[TIDl]f(DQ + E[TIDZ]lP(DZ) + E[T|Ds] 11)(,)3)
E[T] =33+ G+E[TD 3+ ET:+T]) -3

Wl =

E[T]=3-%+(5+E[T])-%+(E[T3]+E[T])-

E|T] =3-%+(5+E[T])+(4+E[T]).§



Problem 8 Solution

w LetT be the number of hours for the miner to reach safety. Let D; be the event the
ith door is chosen. Finally let T3 be the time it takes to return to the mine in the third
case only (since it is a binomial r.v.).

- E[T3]=12- % = 4 because we know the expectation of a binomial r.v.

- By Law of Total Expectation, linearity of expectation, and applying the
conditional expectations given by the problem statement,

E[T] = E[TIDl]f(DQ + E[TIDZ]lP(DZ) + E[T|Ds] 11)(,)3)
E[T] =33+ G+E[TD 3+ ET:+T]) -3

1 1 1
E[T]=3-3+ G +E[TD 3+ ET]1+E[TD -3
E[T] =3-%+(5+EjT])+(4+E[T]).§

Solve for E[T] and we get |E[T]| = 12




