Section 4: Solutions

Review of Main Concepts

¢ Random Variable (rv): A numeric function X :  — R of the outcome.

* Range/Support: The support/range of a random variable X, denoted (), is the set of all possible values that
X can take on.

* Discrete Random Variable (drv): A random variable taking on a countable (either finite or countably infinite)
number of possible values.

* Probability Mass Function (pmf) for a discrete random variable X: a function px : Qx — [0, 1] with
px (x) = P(X = x) that maps possible values of a discrete random variable to the probability of that value
happening, such that Y px(z) = 1.

* Cumulative Distribution Function (CDF) for a random variable X: a function Fx : R — R with Fx (z) =
P(X < z)

* Expectation (expected value, mean, or average): The expectation of a discrete random variable is defined
tobe E[X] =" azpx(z) =), «P(X = z). The expectation of a function of a discrete random variable g(X)

isE[g(X)] = >, 9(z)px(2).

* Linearity of Expectation: Let X and Y be random variables, and a, b, c€ R. Then, E[aX +bY +¢] = aE[X] +
bE[Y] + c. Also, for any random variables X, ..., X,,,

EX;+Xo+...+ X, =E[X1] + E[X3] + +... + E[X,,].

* Variance: Let X be arandom variable and ;s = E[X]. The variance of X is defined tobe Var(X) = E[(X —pu)?].
Notice that since this is an expectation of a non-negative random variable ((X — u)z), variance is always non-
negative. With some algebra, we can simplify this to Var(X) = E[X?] — E[X]?.

* Standard Deviation: Let X be a random variable. We define the standard deviation of X to be the square
root of the variance, and denote it 0 = y/Var(X).

* Property of Variance: Let a,b € R and let X be a random variable. Then, Var(aX + b) = a*Var(X).

* Independence: Random variables X and Y are independent iff
VaVy, Pr(X =2NnY =y)=Pr(X =2)Pr(Y =vy)

In this case, we have E[XY] = E[X]E[Y] (the converse is not necessarily true).

* i.i.d. (independent and identically distributed): Random variables X1, ..., X,, arei.i.d. (oriid) iff they are
independent and have the same probability mass function.

* Independence of functions of a r.v.: If X and Y are independent and g(-), h(-) are functions mapping real
numbers to real numbers, then ¢g(X) and h(Y) are independent. (See if you can prove this!)

* Variance of Independent Variables: If X is independent of Y, Var (X +Y) = Var(X) + Var(Y). This
depends on independence, whereas linearity of expectation always holds. Note that this combined with the
above shows that Va, b, c € R and if X is independent of Y, Var(aX +bY +c¢) = a*Var(X) + b*Var(Y).

e Review: Zoo of Discrete Random Variables

(a) Uniform: X ~ Uniform(a,b) (Unif(a,d) for short), for integers a < b, iff X has the following probability
mass function: )

rxb) =5

k=a,a+1,...,b

E[X] =« and Var(X) = W This represents each integer from [a, b] to be equally likely. For

example, a single roll of a fair die is Uniform(1,6).



(b)
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(e)
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Bernoulli (or indicator): X ~ Bernoulli(p) (Ber(p) for short) iff X has the following probability mass

function:
_ P, k=1
pX(k)_{l_]% k=0

E[X] =pand Var(X) = p(1 — p). An example of a Bernoulli r.v. is one flip of a coin with P (head) = p.

Binomial: X ~ Binomial(n,p) (Bin(n,p) for short) iff X is the sum of n iid Bernoulli(p) random vari-
ables. X has probability mass function

n ek
px (k) = <k>pk(1—p) K ok=0,1,...,n

E[X] = np and Var(X) = np(l — p). An example of a Binomial r.v. is the number of heads in n
independent flips of a coin with P (head) = p. Note that Bin(1,p) = Ber(p). Asn — oo and p —
0,with np = ), then Bin (n,p) — Poi(\). If Xi,..., X,, are independent Binomial r.v.’s, where X; ~
Bin(N;,p), then X = Xy + ...+ X,, ~Bin(N; + ...+ N,,p).

Geometric: X ~ Geometric(p) (Geo(p) for short) iff X has the following probability mass function:

px (k) =(1-p)"'p, k=12,

E[X] = % and Var(X) = lp_zp . An example of a Geometric r.v. is the number of independent coin flips

up to and including the first head, where P (head) = p.

Poisson: X ~ Poisson(\) (Poi()) for short) iff X has the following probability mass function:
k
px (k) ZB_A%, E=0,1,...

E[X] = Aand Var(X) = \. An example of a Poisson r.v. is the number of people born during a particular
minute, where ) is the average birth rate per minute. If X1,..., X,, are independent Poisson r.v.’s, where
X; ~Poi()\;),then X = X7 +...+ X,, ~Poi(A1 + ...+ \).

Negative Binomial: X ~ NegativeBinonial(r,p) (NegBin(r,p) for short) iff X is the sum of r iid
Geometric(p) random variables. X has probability mass function

k—1
r—1

px(k)< )pr(lp)k_r, k=rr+1,...

E[X] = 7 and Var(X) = %. An example of a Negative Binomial r.v. is the number of independent
coin flips up to and including the " head, where P (head) = p. If X1, ..., X,, are independent Negative
Binomial r.v.’s, where X; ~ NegBin(r;,p), then X = X; + ...+ X,, ~ NegBin(r; + ...+ ry,,p).

Hypergeometric: X ~ HyperGeometric(N, K,n) (HypGeo(N, K, n) for short) iff X has the following
probability mass function:
K\ (N—K
px (k) = M, k =max{0,n+ K — N},...,min{K,n}

N
n

E[X] = n£. This represents the number of successes drawn, when n items are drawn from a bag with
N items (K of which are successes, and N — K failures) without replacement. If we did this with
replacement, then this scenario would be represented as Bin (n, %)



1. Identify that Range!

Identify the support/range Q2 x of the random variable X, if X is...

(a) The sum of two rolls of a six-sided die. Solution:

X takes on every integer value between the min sum 2, and the max sum 12.
Qx ={2,3,...,12}

(b) The number of lottery tickets I buy until I win it. Solution:

X takes on all positive integer values (I may never win the lottery).
QOx ={1,2,...}

(c) The number of heads in n flips of a coin with 0 < P(head) < 1. Solution:

X takes on every integer value between the min number of heads 0, and the max n.
QX = {O7 1, ,n}

(d) The number of heads in n flips of a coin with P(head) = 1. Solution:

Since P(head) = 1, we are guaranteed to get n heads in n flips.
Qx = {n}

(e) The number of whole minutes I wait at the bus stop for the next bus. Solution:

The number of whole minutes is discrete and will take on values between the minimum waiting time (0,
the bus is here), and the maximum waiting time (oo, the bus never gets here).
Qx ={0,1,...}

2. 3-sided Die

Let the random variable X be the sum of two independent rolls of a fair 3-sided die. (If you are having trouble
imagining what that looks like, you can use a 6-sided die and change the numbers on 3 of its faces.)

(a) What is the probability mass function of X? Solution:

First let us define the range of X. A three sided-die can take on values 1,2, 3. Since X is the sum of two
rolls, the range of X is Qx = {2,3,4,5,6}.

We can then define the pmf of X. To that end, we must define two random variables Ry, Ry with R;
being the roll of the first die, and R, being the roll of the second die. Then, X = R; + Rs. Note that




Qr1 = Qg2 = {1, 2,3}. With that in mind we can find the pmf of X:

px(k)=Pr(X =k)= Y Pr(Ry =i,Ry =k — i)
1€EQRL
Z Pr(Ry =) -Pr(Ry =k — 1) (By independence of the rolls)

1€QR1

1 .
Z 3 -pra2(k —1)
1€EQR1
1

= 3 (Pr2(k = 1) + pra(k = 2) + pra(k — 3))

At this point, we can evaluate the pmf of X for each value in the range of X, noting that pgo(k — i) = 0 if
k —i & Qpro, 1/3 otherwise. We get:

1/9 k=2
2/9 k=3
px(k)=143/9 k=4
2/9 k=5
1/9 k=6

One could also list out the possible values of the first two rolls and use a table to find the marginal pmf of
X by summing up the entries of each row for each k € Qx.

(b) Find E[X] directly from the definition of expectation. Solution:

6
1 2 3. _ 2 1
E[X] =) kpx(k)=2:5+3 - 5+4 545 5+6- 5 =[4]
k=2

(c) Find E[X] again, but this time using linearity of expectation. Solution:

Let R, be the roll of the first die, and R, the roll of the second. Then, X = R + Rs.
By linearity of expectation, we get:

E[X] =E[R) + Rg] = E[R1] + E[Ry]

We compute:
: . 11
E[Ry] = E i-Pr(Ry=1i) = g z~§:§(1+2—|—3):

1€QR1 1€QR1

Similarly, E[Rs] = 2, since the rolls are independent.

Plugging into our expression for the expectation of X gives us:

E[X]=2+2=[4]

(d) Whatis Var(X)? Solution:

We know from the definition of variance that

Var(X) = E[X?) - E[X]?



We can compute the E[X?] term as follows:

6
22.14+32.244%2.34+5%2.2462-1 52
E[X?] = 2 - _
X =3 #*px (@) 5 ;

Plugging this into our variance equation gives us

Var(X) =E[X? - E[X]* = % —4? =

3. Kit Kats Again

Suppose we have N candies in a jar, K of which are kit kats. Suppose we draw (without replacement) until we
have (exactly) k kit kats, k < K < N. Let X be the number of draws until the £™ kit kat. What is Qx, the range
of X? What is px (n) = Pr(X = n)? (We say X is a “negative hypergeometric” random variable). Solution:

Consider all N candies to be arranged randomly in a row, We will treat the first n candies to be the "chosen”
candies. We know that the nth candy is a kitkat (the kth kitkat) to be chosen. This nth candy divides the row
into 2 sections. On the left, are the n — 1 candies that were chosen (all candies chosen except the last kitkat).
On the right, are the candies remaining in the jar. So the first term in the numerator is choosing the k£ — 1 spots
where kitkats will be chosen from the n — 1 spots. The second term is choosing the K — k spots for the kitkats
that remain in the jar among the remaining N — n candies. The denominator is the total number of possible
ways to place the K kitkats among N candies.

Oy ={kk+1,...N— K +k}

()G
(x)

px(n)=Pr(X =n) =

4. Hungry Washing Machine

You have 10 pairs of socks (so 20 socks in total), with each pair being a different color. You put them in the washing
machine, but the washing machine eats 4 of the socks chosen at random. Every subset of 4 socks is equally probable
to be the subset that gets eaten. Let X be the number of complete pairs of socks that you have left.

(a) What is the range of X, Qx (the set of possible values it can take on)? What is the probability mass function
of X? Solution:

The washing machine eats 4 socks every time. It can either eat a single sock from 4 pairs of socks, leaving
us with 6 complete pairs, or a single sock from 2 pairs and a matching pair, leaving us with 7 complete
pairs, or 2 pairs of matching socks, leaving us with 8 complete pairs.

QX = {67 77 8}

We are dealing with a sample space with equally likely outcomes. As such, we can compute use the for-

mula P(E) = 'I—a‘ We know that || = (*) because the washing machine picks a set of 4 socks out of 20

possible socks.




To define the pmf of X, we consider each value in the range of X.

For k = 6, we first pick 4 out of 10 pairs of socks from which we will eat a single sock ((140) ways),
and for each of these 4 pairs we have two socks to pick from ((;“f)4 ways). Using the product rule, we get
X =6|= ()2

For k = 7, we first pick 1 out of 10 pairs of socks to eat in its entirety ((110) ways), and then 2 out of
the 9 remaining pairs from which we will eat a single sock ((g) ways), and for each of these 2 pairs we

have two socks to pick from ((f)2 ways). Using the product rule, we get | X = 7| = 10(3)22.

For k = 8, we pick 2 out of 10 pairs of socks to eat ((')) ways). We get | X = 8| = (}}).

W
px(k) _ 10((;20))22 A
CIR

(%)

(b) Find E[X] from the definition of expectation. Solution:

_ _ . ()2 10(3)2” (X9 [120
BN = 2 (9 =6 Ty Tl |

(c) Find E[X] using linearity of expectation. Solution:

For i € [10], let X; be 1 if pair ¢ survived, and 0 otherwise. Then, X = 221 X;. But E[X;] =1-Pr(X; =
18
1)4+0-Pr(X;=0)=Pr(X; =1) = () , where the numerator indicates the number of ways of choosing 4

)

out the 18 remaining socks (we spare our chosen pair 7). Hence,

10 10 18 18
Ll [
B =2ty =10t | T

0
4

10
E[X] = E[}_Xi] =

(d) Which way was easier? Doing both (a) and (b), or just (c)? Solution:

Part (c) is was probably much easier. In this problem, you may have found part (a) and (b) easier, because
there were only 3 possible values in the range of X. However, in general computing the probability mass
function of complicated random variables (ones with hundreds of elements in their range) can be very
difficult. Often it is much easier to use linearity of expectation and compute the probability mass function
of simpler random variables.

5. Hat Check

At a reception, n people give their hats to a hat-check person. When they leave, the hat-check person gives each of
them a hat chosen at random from the hats that remain. What is the expected number of people who get their own



hats back? (Notice that the hats returned to two people are not independent events: if a certain hat is returned to
one person, it cannot also be returned to the other person.)

Solution:

Let X be the number of people who get their hats back. For i € [n], let X; be 1 if person i gets their hat back, and

0 otherwise. Then, E[X;] =Pr(X; =1) = % The sample space is all possible distributions of hats among the
n people, and the event of interest F is the subset of the sample space where person i has their own hat. There
are n! ways to distribute the n hats among the n people. This is because the first person might have gotten 1
out of n possible hats; for each hat the first person got, the second person could get n — 1 possible hats; and so
on. The number of ways person i can get their hat back is (n — 1)!. This is because we are essentially removing

person ¢ and hat 7 from the pool of people/hats, and counting the permutations of the n — 1 remaining people.

Thus, Pr(X; = 1) = "= — 1 gince X = Y7 | X;, we have

n!

6. Frogger

A frog starts on a 1-dimensional number line at 0. At each second, independently, the frog takes a unit step right
with probability p;, to the left with probability p,, and doesn’t move with probability ps, where p; + ps + p3 = 1.
After 2 seconds, let X be the location of the frog.

(a) Find px (k), the probability mass function for X. Solution:

Let L be a left step, R be a right step, and N be no step.

The range of X is {—2,—1,0,1,2}. We can compute px(—2) = Pr(X = —2) = Pr(LL) = p3, px(—1) =
Pr(X = —1) = Pr(LN U NL) = 2pyps, and px(0) = Pr(X = 0) = Pr(NN U LR U RL) = p? + 2p1ps.
Similarly for px (1) and px (2).

v k=-2
2pap3 =-1
px(k) = {p3+2pp2 k=0
2p1p3 k=1
p? k=2

(b) Compute E[X] from the definition.

Solution:

E[X] = (=2)(p3) + (=1)(2p2p3) + (0)(p5 + 2p1p2) + (1)(2p1ps) + (2)(p1) = 2(p1 — p2)

(c) Compute E[X] again, but using linearity of expectation. Solution:

Let Y be the amount you moved on the first step (either —1,0, 1), and Z the amount you moved on the
second step. Then, E[Y] =E[Z] = (1)(p1) + (0)(p3) + (—1)(p2) = p1 — p2-

Then X =Y + Z and E[X] = E[Y + Z] = E[Y] + E[Z] = 2(p1 — p2)




7. Balls in Bins

Let X be the number of bins that remain empty when m balls are distributed into n bins randomly and indepen-
dently. For each ball, each bin has an equal probability of being chosen. (Notice that two bins being empty are not
independent events: if one bin is empty, that decreases the probability that the second bin will also be empty. This
is particularly obvious when n = 2 and m > 0.) Find E[X]. Solution:

For i € [n], let X; be 1 if bin i is empty, and 0 otherwise. Then, X = Y "  X,. We first compute E[X;] =
1-Pr(X; = 1)+ 0-Pr(X; = 0) = Pr(X; = 1) = (*=1)™. Indeed, we are assuming multiple balls can go in the
same bin. As such, when computing P(X; = 1), given that bin 7 is empty, we remove it from the pool of possible
bins to pick from, leaving us with n — 1 bins out of a total of n bins in which we can place balls. Since we are
distributing m balls over the n bins, the event that bin 7 remains empty occurs with probability (%)m Hence,

by linearity of expectation:
EX]=E[_ X]=) E[X]=n- ( - )

8. Fair Game?

You flip a fair coin independently and count the number of flips until the first tail, including that tail flip in the
count. If the count is n, you receive 2" dollars. What is the expected amount you will receive? How much would
you be willing to pay at the start to play this game? Solution:

The expected amount is co. Let N be the number of flips until the first tail, so py (n) = 3~ forn € N (independent
flips of a fair coin; N is the range of N and refers to the set of natural numbers). We have E2V] = Y">  2n.L =
> | 1 = oc. In theory, you should be willing to pay any finite amount of money to play this game, but I admit

I would be nervous to pay a lot. For instance, if you pay $1000, you will lose money unless the first 9 flips are
all heads. With high probability you will lose money, and with low probability you will win a lot of money.

9. Symmetric Difference

Suppose A and B are random, independent (possibly empty) subsets of {1,2,...,n}, where each subset is equally
likely to be chosen as A or B. Consider AAB = (ANBY)U(BNAY) = (AUB)N (A UBY), i.e., the set containing
elements that are in exactly one of A and B. Let X be the random variable that is the size of AAB. What is E[X]?
Solution:

Fori=1,2,...,n, let X; be the indicator of whether i € AAB. Then E[X;] = Pr(X; = 1) =  (every subset of

1,2,..,n either contains i or it does not), and X = )" | X;, so

3 bR

10. Practice
(a) Let X be a random variable with px (k) = ¢k for k € {1,...,5} = Qx, and 0 otherwise. Find the value of ¢
that makes X follow a valid probability distribution and compute its mean and variance (E[X] and Var(X)).
(b) Let X be any random variable with mean E[X] = p and variance Var(X) = o2. Find the mean and variance

X —
of 7=2"H (When you’re done, you’ll see why we call this a “standardized” version of X!)
g



(c) Let X,Y beindependent random variables. Find the mean and variance of X —3Y —5 in terms of E[X|, E[Y], Var(X),

and Var(Y).
., X, be independent and identically distributed (iid) random variables each with mean x and vari-

(d) Let )(17 ..
ance o2. The sample mean is X = 2 > | X;. Find the mean and variance of X. If you use the independence
assumption anywhere, explicitly label at which step(s) it is necessary for your equalities to be true.

Solution:
(a) For X to follow a valid probability distribution, we must have }, ., px (k) = 1. We can solve for c so

that the equality holds. We know:
Spx(e)= Y ch=c Y k)=c-(1+2+3+4+5) =15

keQx keQx keQx

So for the normalization of the pmf of X to hold, we must choose ¢ = 1/15.
We can now use the definition of expectation:

1 2 3 4 5)
—+2-—+3-—+4-—+5-— =55/15~3.667

BlX]=1-
T T A T RS AT

And compute E[X] as follows:

5 ! > =225/15 =[15]

1 2
E[X?* =12 —+2%. = 4+3%. — +42. — 4+5%2. =
X7 R T AU TR

And the variance of X:

158 =552 350 14
2= == —~ ~|1.556

Var(X) = E[X?] — E?[X] = 15 — (55/15) E "5 o

(b) We know that E[aX] = a - E[X] for some constant a, and that E[X + b] = F[X] + b for some constant b.
As such, we can compute the expectation of the standardized version of X, knowing that E[X] = u:

(BLX ~ ) = ~(BX] - ) =[0]

1
o)

X—p
g

EZ|=F [
For the variance, we know that Var(aX +b) = a*Var(X). With that in mind, knowing that Var(X) = o2,

X — 1
- 'u) = EVCL’I’(X) :

we can write:

Var(Z) =Var <
(c) Using the linearity of expectation, we can write:
E[X —3Y —5]=E[X]—-3E[Y]-5

We also know that the variance of a sum of independent random variables A and B is the sum of their
variances, so that Var(A+ B) = Var(A) + Var(B). In our case, we have A = X, and B = —3Y. We get:

Var(X —3Y —5) =Var(X) + Var(=3Y) = Var(X) + 9Var(Y)

(d) Using linearity of expectation,




Var(X) = Var ( ZX) ZVW ing =—

In the calculation for the variance, we used the independence of the X,’s.

11. Coin Flipping

Suppose we have a coin with probability p of heads. Suppose we flip this coin until we flip a head for the first time.

Let X be the number of times we flip the coin up to and including the first head. Whatis Pr(X = k), fork = 1,2,...?
Verify that 7,7 | Pr(X = k) = 1, as it should. (You may use the fact that }°7° o/ = 1 for [a| < 1). Solution:

Pr(X = k) = (1-p)*'p

If the k™ flip is our first head, the first £ — 1 must be tails (each with probability (1 — p), and the ™ flip must
be a head with probability p.

_OO ] _ o0 4_ p B
ZPrX k—kZ klp—pjzzzo(l—py_1—(1—p)_1

k=1 =1

(We set j = k — 1 so our summation’s lower bound k = 1 turned into j = 0).

12. More Coin Flipping ...

Suppose we have a coin with probability p of heads. Suppose we flip this coin n times independently. Let X be
the number of heads that we observe. What is Pr(X = k), for k = 0,...n? Verify that >, _ Pr(X = k) =1, as it

should. Solution:

Pr(X =k) = (Z>pk(1 —p)nk

For a given sequence with exactly k heads, the probability of that sequence is p*(1 — p)"~*. However, there are
() such sequences, so the probability of exactly k heads is (})p*(1 — p)"~*.

Sorex =1 =3 () -prt = e (- =1
k=0

k=0

The middle equality uses the Binomial Theorem.

13. Pond Fishing

Suppose I am fishing in a pond with B blue fish, R red fish, and G green fish, where B + R + G = N. For each of
the following scenarios, identify the most appropriate distribution (with parameter(s)):

(a) how many of the next 10 fish I catch are blue, if I catch and release Solution:

10



Since this is the same as saying how many of my next 10 trials (fish) are a success (are blue), this is a
binomial distribution. Specifically, since we are doing catch and release, the probability of a given fish
being blue is % and each trial is independent. Thus:

. B
Bin <10, N)

(b) how many fish I had to catch until my first green fish, if I catch and release Solution:

Once again, each catch is independent, so this is asking how many trials until we see a success, hence it is
a geometric distribution:
G
Geo | —
N

(c) how many red fish I catch in the next five minutes, if I catch on average r red fish per minute Solution:

This is asking for the number of occurrences of event given an average rate, which is the definition of the
Poisson distribution. Since we’re looking for events in the next 5 minutes, that is our time unit, so we have
to adjust the average rate to match (r per minute becomes 5r per 5 minutes).

Poi(5r)

(d) whether or not my next fish is blue Solution:

This is the same as the binomial case, but it’s only one trial, so it is necessarily Bernoulli.
B
Ber (| —

(e) (optional) how many of the next 10 fish I catch are blue, if I do not release the fish back to the pond after
each catch Solution:

We have not covered the Hypergeometric RV in class, but its definition is the number of successes in n
draws (without replacement) from N items that contain K successes in total. In this case, we have 10
draws (without replacement because we do not catch and release), and out of the N fish, B are blue (a
success).

HypGeo(N, B, 10)

(f) (optional) how many fish I have to catch until I catch three red fish, if I catch and release Solution:

Negative binomial is another RV we didn’t cover in class. It models the number of trials with probability
of success p, until you get r successes. In this case, as before, our trials are caught fish (with replacement
this time) and our success is if the fish are red, which happens with probability %.

. R
NegBin (3, N)

11



14. Best Coach Ever!!

You are a hardworking boxer. Your coach tells you that the probability of your winning a boxing match is 0.2
independently of every other match.

(a) How many matches do you expect to fight until you win 10 times and what kind of random variable is this?
Solution:

The number of matches you have to fight until you win 10 times can be modeled by 2121 X; where
X; ~ Geometric(0.2) is the number of matches you have to fight to go from ¢ — 1 wins to 7 wins, including
the match that gets you your i** win, where every match has a 0.2 probability of success. Recall E[X;] =

o3 =5 B2, Xi) = 2.0 E[X) = 3, 55 = 105 = 50.

(b) You only get to play 12 matches every year. To win a spot in the Annual Boxing Championship, a boxer needs
to win at least 10 matches in a year. What is the probability that you will go to the Championship this year
and what kind of random variable is the number of matches you win out of the 12? Solution:

You can go to the championship if you win more than or equal to 10 times this year. Let Y be the number
of matches you win out of the 12 matches. Note that Y ~ Binomial(12,0.2). Since the max number you

can win is 12 (there are 12 matches), we are looking for P(10 < Y < 12). Thus, since Y is discrete, we
are interested in

12
Pr(Y = 10) + Pr(Y = 11) + Pr(Y = 12) = 5 (12.2)0.2"(1 - 0.2)17
=10

(c) Let p be your answer to part (b). How many times can you expect to go to the Championship in your 20 year
career? Solution:

The number of times you go to the championship can be modeled by Y ~ Binomial(20, p). So, E[Y] =
20 - p.

15. Variance of a Product

Let X,Y, Z be independent random variables with means . x, uy, uz and variances 0%, 0%, 0%, respectively. Find
Var(XY — Z). Solution:

First notice that Var(X) = E[X?] — E[X]? = E[X?] = Var(X) + E[X]? = 0% + p%, and same for Y.
Var(XY) = E[X?Y?] — E[XY]?(by theorem in class)
= E[X?|E[Y?] — (E[X]E[Y])?(by independence)
= E[X?|E[Y?] — E[X]’E[Y]?
= (0% + 1%y +13) — picny
By independence,
Var(XY - Z) =Var(XY)+ Var(=Z) =Var(XY) + Var(Z)

= (0% + %) (03 + p3) — uiuy + oy
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16. True or False?

Identify the following statements as true or false (true means always true). Justify your answer.

(a) For any random variable X, we have E[X?] > E[X]2. Solution:

True, since 0 < Var(X) = E[(X — E[X])?], since the squaring necessitates the result is non-negative.

(b) Let X,Y be random variables. Then, X and Y are independent if and only if E[XY] = E[X]E[Y]. Solution:

False. The forward implication is true, but the reverse is not. For example, if X ~ Uniform(—1, 1) (equally
likely to be in {—1,0,1}), and Y = X2, we have E[X] = 0, so E[X]E[Y] = 0. However, since X = X3
(why?), E[XY] = E[XX?] = E[X?] = E[X] = 0, we have that E[X]E[Y] = 0 = E[XY]. However, X and
Y are not independent; indeed, Pr(Y = 0|X =0) =1 # £+ =Pr(Y =0).

(¢) Let X ~ Binomial(n,p) and Y ~ Binomial(m,p) be independent. Then, X + Y ~ Binomial(n + m,p).
Solution:

True. X is the sum of n independent Bernoulli trials, and Y is the sum of m. So X +Y is the sum of n+m
independent Bernoulli trials, so X + Y ~ Binomial(n + m, p).

(d) Let Xji,..., X,,4+1 be independent Bernoulli(p) random variables. Then, E[>"" , X;X; 1] = np?>. Solution:

True. Notice that X; X, is also Bernoulli (only takes on 0 and 1), but is 1 iff both are 1, so X; X;,1 ~
Bernoulli(p?). The statement holds by linearity, since E[X; X;,1] = p?.

(e) Let X1, ..., X;,+1 be independent Bernoulli(p) random variables. Then, Y = > | X; X, ~ Binomial(n, p?).
Solution:

False. They are all Bernoulli p? as determined in the previous part, but they are not independent. Indeed,
Pr(X1X2 = 1|X2X3 = 1) = Pr(X1 = 1) =D 7ép2 = Pr(X1X2 = 1)

() If X ~ Bernoulli(p), then nX ~ Binomial(n,p). Solution:

False. The range of X is {0, 1}, so the range of nX is {0,n}. nX cannot be Bin(n, p), otherwise its range
would be {0,1,...,n}.

(g) If X ~ Binomial(n,p), then £ ~ Bernoulli(p). Solution:

False. Again, the range of X is {0, 1, ...,n}, so the range of % is {0, %, %, ..., 1}. Hence it cannot be Ber(p),
otherwise its range would be {0, 1}.

(h) For any two independent random variables X, Y, we have Var(X —Y) = Var(X) — Var(Y). Solution:
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False. Var(X —Y) =Var(X + (-=Y)) = Var(X) + (-1)*Var(Y) = Var(X) + Var(Y).

17. Fun with Poissons

Let X ~ Poisson(A;) and Y ~ Poisson(Az), and X and Y are independent.

(a) Show that X +Y ~ Poisson(\; + Az) [This was done in class.] Solution:

To show that a random variable is distributed according to a particular distribution, we must show that
they have the same PMF. Thus, we are trying to show that P(X + Y = n) = e~(\1#d2) Qatde)?

P(X—i—Y:n):zn:P(X:kﬁY:n—k‘)

= Z P(X=kK)PY =n—k) [X and Y are independent]

A o X2 Ap*
M k)

I
pj:

LISV /\n—k
— o~ (A1+A2) 1 2
¢ kz kK (n— k)l

=0

- 1
— o~ (A1tA2) - )\k)\n—k
¢ 1;0 Kl(n — k)l “172

—(A1tA2) 2 |
e n! kxm—k
N n! Z kEl(n —k)! ATz
k=0
—(M+A2) ™
_ € n kyn—k
=2 ()
e—(>\1+>\2)

k=0
= (A1 + X)) [Binomial Theorem]

(b) Show that P(X =k | X +Y =n) = P(W = k) where W ~ Bin(n, /\1{}73\2) Solution:
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P(X=kNX+Y =n)

PR = =y =)
P(X+Y =n)
B X Y t
P(X +Y =n) [X and Y are independent]
k n—k
_,\12',6—,\2%

e—(A1+A2) 7(/\1""?‘2)“
n.

AbAnk
kT (k)
T (M)
n!
n! A p—k
kl(n — k)! (M + X)”
n DUV
k )\1 + )\2 A\ + )\Q)n k
(”)( )k( =
k AL+ g AL+ Ae
" , Where M
8 )7 L VW

18. Memorylessness

We say that a random variable X is memoryless if Pr(X > k+i¢ | X > k)

= Pr(X > i) for all non-negative integers

k and i. The idea is that X does not remember its history. Let X ~ Geo(p). Show that X is memoryless.

Solution:
Let’s note that if X ~ Geo(p), then Pr(X > k) = Pr(no successes in the first k trials) = (1 — p)*.
) O Pr(X > k| X >k+i) Pr(X >k +1)
Pr(X >k+i| X >k)= Pr(X > ) [Bayes Theorem]

_ Pr(X > k+1) N
(1 _ p)k-i-’i k

— Pr(X >k)=(1—
e Pr(X > k) = (1-p)")

={1-p)

=Pr(X > 1)
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