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Today

A closer look at more interesting probabilistic models!

Thus far, we've seen some basic models. A series of coin flips, car
accidents, and the like.

Most interesting probabilistic models involve more than one random
variable.



Modelling multiple RVs

Some common situations:

chl X, N X5 O )

medical history, symptoms, personal information => predict illness type

traffic, pedestrians, weather, traffic lights => response of self-driving car



But wait!

We have looked at multiple random variables! We've looked at
independence and such!

You're right.

But what happens when we're modelling multiple dependent random
variables?

We'll see this over the next few days...



Joint PMFs and Joint Range

Fo?xvo (discrete) random variables X, Y, their joint PMF is:
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Roll a blue die and a red die. Each Pxy
die is 4-sided. Let X be the blue
die's result and Y be the red die’s

result.
Each die (individually) is fair. But
not all results are equally likely

when looking at them both \’ y=3
together.
pxy(1,2) = 3/16.
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Examples

Qxy = {(c,d) : pxy(c,d) >0} € QyxQy, PxY
J J ===

Qxy = {(1,1),(1,2), (2,1),(2,3), 1/ 16 1 / 16
(2,4),(3,1),(3,4),(4,1),(4,2),(4,3)}
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Marginal Distributions

What if | just want to talk about X7

Well, use the law of total probability:
IP(X — k) — Zpartition {E;} IP)(X =knN Ei)
and let E; be possible outcomes for'Y.

For the dice example
PX=k)=Y;_,PX=knY =19
px (k) = X5, pxy(k,¥)



Marginal Distributions
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Marginal Distributions

In general, the marginal distributions of the joint PMF are defined as:

- p}!’(a) =P(X = a) = Dy pxy(‘L Y)

2 Pv(B) =P = b) = 3. pxy(%,b)
1\

is called the "marginal” distribution for X (because we
marginalized” Y) it's the same PMF we've always used; the name
emphasizes we have gotten rid of one of the variables.



Weird dice

Roll two fair dice mdependentl

Let X be the value © t e first Puy -
and Y be the value of the second

die.

Let U be the minimum of the two
rolls (i.e.,, U = min(X,Y)) and V be
the maximum (i.e., V.= max(X,Y))
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Let U be the minimum of the two

the maximum (i.e., V = max(X,Y))

N
b
What is the joint distribution of U 2z L O o
and V, py v (u,v)? [ [
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Weird dice

Let U be the minimum of the two

the maximum (i.e.,, V = max(X,Y))
1/16

What is the joint distribution of U 2/16 1/16 O 0

and V, py v (u,v)?
2/16 2/16 1/16 0

2/16 2/16 2/16 1/16



Weird dice

Let U be the minimum of the two rolls
(e, U = min(X,Y)) and
V be the maximum (i.e., V = max(X,Y))

What is the joint distribution of
UandV, pyy(u,v)?

A =
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2/16 2/16 (1/16
12/16 2/16 2/16

0
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(1/16 (w,v) € QyxQy whereu = v

pyyW,v) =12/16 (u,v) € QyxQy wherev > u

— v Lo otherwise
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Weird dice
Let U be the minimum of the two rolls -
- - U=1

(lLe., U = min(X,Y)) and
be th | e, V X,Y)) 17160 \
V be the maximum (i.e.,, V. = max(X,Y)) 2/16- 1/16] 0 0

2/16.2/16| 1/14 0

What's p; (2)? (the marginal for U) 2/16 - 2/16\ 2/1 Y 1/16
0 o HhesWwige
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Pa(® = r(V=2) = 2o 2 -2
2 /b z-3
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Weird dice

Let U be the minimum of the two rolls

(e, U = min(X,Y)) and

V be the maximum (i.e., V = max(X,Y)) 1/16
What' ? (th inal for U 216 ]/]6 ° °
| SPU((ZL)' (ifzei“irg'”a or U 2/16 2/16 1/16 0
16 B

. 2/16 2/16 2/16 1/16
P ifz=2

pU(Z)=<i if z =

L ifz=4
16

L0 otherwise




Weird dice
Let U be the minimum of the two rolls -
- - U=1

(lLe., U = min(X,Y)) and
V be th ' (.e., V X,Y)) 1/160
e the maximum (i.e., V = :
XTI max(x, ¥)) 2/16 1/16 0O 0

2/16 2/16 1/16 0

Are U and V independent? 2/16 2/16 2/16 1/16
Recall: Discrete RVs U,V are independent iff py v (u, v) = py(u) - py (v)
forallue Qy,veq, | L
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Weird dice

Are U and V independent?

Recall: Discrete RVs U,V are independent iff py v (u, v) = py(u) - py (v)
forallu € Qy,v € Qy.

| could compute the marginal PMF of V, and then iterate through every
pair of values of u and v, and check if these equations match.

But | am a bit lazy...



A check for independence

/ PY\]D('}P?O
The check:\QXxQY |must equal Qx y for independence.
Suppose that there is some (a, b) € QyXQy, but Nnot in Qy .
PP (a,b) Sx Xy L XY
Then: (o P) € Ny X R
pyv(a,b) =0 @ Q Q‘QX ’Zs P\LLO‘) >0
But:

py(a) > 0and py(b) >0
| e I




A check for independence

Suppose that there is some (a, b) € QxXQy, but not in Qy . 3
| \ N

Then: pyy(a,b) = 0 But: py(a) > 0 and py(b) > 0

¥

%Biscreteé{Vs U,V are independent iff py v (u,v) = py(w) - py(v) for all u €
, UV E :
e =0 # >0 >0

But the supposed event violates independence.

Therefore, a necessary but not sufficient condition for independence:
QxXQy = Qxy. doet nor old — X ND*\&P \f

- ) x¢ hold —> check
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Weird dice

Let U be the minimum of the two rolls
(lLe., U = min(X,Y)) and
V be the maximum (i.e., V = max(X,Y))

Are U and V independent?

—

A necessary but not sufficient condition for independence: QyxQy =

Oy y.

=

A
U and V are not independent.




Joint PDFs...?

Yup.
¥ VY

A joint PDF for two continuous RVs X and Y is a functlon fxy(x V)
defined on RxR such that...

fr(x,y) =0 forallx,y e R NowWnegahve -
Lo lofiyy)dedy=1 |

l J \

PO <
J Joint range: Qyy = {(c,d) : fyy(c,d) > 0} € QxxQy
—

e —



Joint continuous probablw
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Darts

Suppose X and Y are jointly and uniformly distributed on a circle of
radius R centered at the origin.



Darts

Suppose X and Y are jointly and uniformly distributed on a circle of
radius R centered at the origin. b——=% —

Let's find and sketch the joint range Qyx y.

Y
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Darts

Suppose X and Y are jointly and uniformly distributed on a circle of
radius R centered at the origin.

Let's find and sketch the joint range Qyx y. \
« Qxy ={(xy) €R*:x*+y* <R*}
>
5
= L _— K




Darts

Suppose X and Y are jointly and uiplformly distributed on a circle of
radius R centered at the origin. ]

Oy SHENERE B3yt k?)
What is the joint PDFR ‘ J2 Volume =\
* " N = )

- X %Ezﬂfm(x'ﬂ):’

4y (‘l@ < Qz



Darts

Suppose X and Y are jointly and uniformly distributed on a circle of
radius R centered at the origin.

Qyy = {(x,y) € R? : x* + y* < R*}
What is the joint PDF?

PDF 1i1s a uniform

(1 surface
_J)J— x,y€l .
fxy(x,y) = {nR2 Y ¥ The (=
. 0  otherwise RPN 000
the PDF -
is this ' - R

height



Darts

Suppose X and Y are jointly and uniformly distributed on a circle of radius R

centered at the origin.
QX;Y — {(X, }7) S RZ . xz + yz S RZ}

§
1
fay(x,y) =37rz *7 € Qyy Q. [-R Qj

. 0  otherwise
What about Qx and fx(x)?
R
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Darts

Suppose X and Y are jointly and uniformly distributed on a circle of radius R
centered at the origin.
( Qxy = {(x,y) € R* : x* + y* < R?}
1
fry(e,y) ={7rz 7 €

. 0  otherwise
What about Qy and fx(x)?

'Q'X = [—R, R]

+VR2—x2
= | fey) dy;]



Darts Sy Xy
E"ale E’Q |R

Suppose X and Y are jointly and uniformly distribted on a circle of radius R

centered at the origin.

( Qxy = {(x,y) € R? : x% + y? 2
1

fry(e,y) ={7rz 7 €

. 0  otherwise
Are X and Y independent?




Darts

Suppose X and Y are jointly and uniformly distributed on a circle of radius R
centered at the origin.
( Qxy = {(x,y) € R* : x* + y* < R?}
1
fry(e,y) ={7rz 7 €

. 0  otherwise
Are X and Y independent? No, Qy y # QxXQy.




Continuous Servers

The time until server 1 crashes is X~Exp(A) and the time until server 2
crashes (independent of server 1) is Y~Exp(u).

What is the probability server 1 crashes before server 27
P(X <Y)



Continuous Servers

The time until server 1 crashes is X~Exp(A) and the time until server 2
crashes (independent of server 1) is Y~Exp(u).

What is the probability server 1 crashes before server 27
P(X <Y)

= [ [ fr(x,y) dy dx
FOO

— Jy eroo fx(x) - fy(y) dy dx




Law of Total Probability (Continuous)

Let A be an event and Y a continuous random variable, then

P(4) = j P(A|Y = y)fy(y) dy




Joint Expectation P(Xx=NM=y)

Expectations of joint functions

For a function g(X,Y), the expectation can be written in ternis of
the joint pmtf.

Elg(X,Y)] = z 2 gx,y) pxy(x,y)

xEQx YEQy

This definition hopefully isn’t surprising at this point (it's thé value of g
times the probability g takes on that value), but it's goog/o have down

SRR jzmy Y Ry




Conditional Distributions

A set of more formulae.

But really, explicitly just shifting our knowledge of conditional
probabilities of events to random variables... to build up to an
elegant result ©



Conditional PMF: l?O‘:Q 0 \,:b) A
1
pxy(a|b) =P(X =a|Y =b) = pX'YEZSb) — brxb @) px(a)
| . I ' Py ‘ Py (b)
T - |
Conditional PDF: — LUV\QPNO\ BO\M@
b fyix(bla)fx(a)
g fpy(a| b) = L0 = I

7
COVOl . —

Conditional PMFs/PDFs 7 (V=b \X=0)

Px=)



Conditional Expectation

Waaaaaay back when, we said conditioning on an event creates a new
probability space, with all the laws holding.

So, we can define things like “conditional expectations” which is the
expectation of a random variabIS in that new probability space.




Conditional Expectations

All your favorite theorems are still true.
For example, linearity of expectation still holds

E[(aX + bY + ¢) |A] = aE|X|A] + bE|Y|A] + ¢




Law of Total Expectation

Let Ay, A4,, ..., A}, be a partition of the sample space, then

k
EX] = ) EIXIAIP(A)

—_— !

(—~—

[
: Z p(e\&) PG e
c c, | =

Similar in form to law of total probability, and the proof goes that way
as well.



Law of Total Expectation

Let A4, A4,, ..., A}, be a partition of the sample space, then

k
EX] = ) EIXIAIP@A)

Let X, Y be discrete random variables, then
E[X]= ) EIXIY = y[P(Y = )
yEQy

Similar in form to law of total probability, and the proof goes that way
as well.
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You will flip 2 (independent, fair coins). Call the number of heads X.
Then (independently of the coin flips) draw a geometric random
variable Y from the distribution Geo(X + 1).

What is E[Y]?

2 Q
E(NI= = IELY ] =11 ®Px=1) OE
=0
Tl = -0 g = ¥y X:‘\ *\‘\?EE\’ \*:2
- \\J&U\x 3)1ch o) + G0 x=J L= \?Lx:g)
T N .
w22 T3



LTE

You will flip 2 (independent, fair coins). Call the number of heads X.
Then (independently of the coin flips) draw a geometric random
variable Y from the distribution Geo(X + 1).

What is E[Y]?

E[Y]
= E[Y|X = 0]P(X = 0) + E[Y|X = 1]P(X = 1) + E[Y|X = 2]P(X = 2)
= E[Y|X =0] s+ E[Y|X =1] - >+ E[Y|X =2] -~

1 1,1 1 1 1 _ 7

0+1 4 141 2 241 4 12°



Elevator Rides

X people enter an elevator on the ground floor, where X~Poi(10).

There are N floors above the ground floor, and each person is equally
likely to get off at any one of the N floors (independent of where others
get off).

What is the expected number of stops the elevator makes before all
passengers get oft?



Elevator Rides

X people enter an elevator on the ground floor, where X~Poi(10). There are N
floors above the ground floor, and each person is equally likely to get off at any one
of the N floors (independent of where others get off). What is the expected number
of stops the elevator makes before all passengers get off?



Elevator Rides

X people enter an elevator on the ground floor, where X~Poi(10). There are N
floors above the ground floor, and each person is equally likely to get off at any one
of the N floors (independent of where others get off). What is the expected number
of stops the elevator makes before all passengers get off?



Analogues for continuous

Everything we saw today has a continuous version.

There are “no surprises’— replace pmf with pdf and sums with integrals.

Discrete Continuous
Joint PMF/PDF pxy(x,y) =PX =x,Y =y) fxy(x,y) # PX =xY =y)
- X [y
Joint CDF Fyy(x,y) = ZZPX'Y(t' s) Fyy(x,y) = f f fxy(t, s)dsdt
tsx s<y =5 ="
Normalization > Y pryy) =1 | | ftydnty =1
x y - 00 v —00
Marginal _ *
PMFg/PDF pX(x) - pr,)’(xry) fX(X) = j_oofX'Y(x'y)dy
Expectation Elg(X,Y)] = Zzg(x' oxy(x,y) | E[g(X,Y)] = f j 90, ¥) fyy(x, y)dxdy
x y -0 /-
Conditional bt Cx 1Y) = Pxy(X,y) foly) = fxy(x,y)
PME/PDF o Dy (¥) X fr ()
Conditional E[ X | Y = — ®
=yl =) xpy (1) - =f
S Z - EXIY =31= | xfoivCel)ds
Independence Vx,y,pxy(X,¥) = px(X)py (¥) vx,y, fxy(x,y) = fx(X)fy ()




