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Goal for Today

In the real world, we often try to predict
the outcomes of elections.

You may often see statements like:
“Candidate A had 80% of the votes,
with a margin of error of 5%, 19 times
out of 20",

We want to know where these numbers
are coming from and what people are
really trying to convince of us.

FLORIDA
CHOICE FOR PRESIDENT IF VOTING NOW

JOE BIDEN 46%

DONALD TRUMP 43%

APRIL 18-21, 2020
ORIDA REGISTERED VOTERS + 3% PTS.



Our Poll

We want to conduct a poll of CSE students, current and former, to
determine whether they prefer cats or dogs.

It's not feasible for us to ask all those people. The population of interest
s quite large.

It is feasible for us to poll a random sample (subset of the population).

Our question is: how many people should we poll to get an accurate
idea of the population’s preferences?



Sampling

There are N people in our population of CSE students, past and current.

We want a sample of size n to poll. This sample is uniformly randomly
drawn.

The proportion of the population that prefers cats is p.

We don’t know p — but we want to estimate its value, using our sample.



Polling Procedure

For each person i in our sample (1, ..., n)
Pick a uniformly random person to call (probability % of being chosen)
Ask them how they will vote.

Y. — 1 if personiprefers cats
S 0 otherwise

The proportion of people in our sample who love cats is our estimate for p.
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Margin of Error

How many people n do we sample so that X (our estimate of p) is
within 5% of true p at least 98% of the time?

5% is our desired margin of error. Notice that X is a random variable!
That means it has a probability distribution. It is not always going to be
the same value. It has some variance.

The margin of error is an intuitive measurement of a poll's variance.
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How many people n do we sample so that X (our estimate of p) is
within 5% of true p at least 98% of the time?
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Margin of Error

How many people n do we sample so that X (our estimate of p) is
within 5% of true p at least 98% of the time?

\ |

0 p-0.05 P p+0.05

What is the ‘desirable event’ in this question?

P(p —0.05< X <p+0.05) >0.98
For what values of n does the above equation hold?



Using the CLT

Can we approximate X as a normal distribution?



Distribution of Sample Mean

n
X

=1

:Ir—\

Let X4, X5, ..., X;, be i.i.d with mean u and variance a%. As n — oo:

Y =Y X; ~N(nu,no?) [CLT, as n — o]

X~N (,u, 0—2) [Scaling a normal]



Using the CLT

Can we approximate X as a normal distribution?

_ 2
X~N (u, %) where u is the expected value of each Bernoulli, and ¢ is

the variance of each.



Using the CLT

Can we approximate X as a normal distribution?

_ 2
X~N (,u, %) where u is the expected value of each Bernoulli, and ¢ is

the variance of each.

X;~Ber(p) : E[X] =p,Var(X) =p(1 —p)

TN (P, p(l—p))

n



Distribution of X

TN (P, p(l—p))

n




Using the CLT

P(p —0.05< X <p+0.05)
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Using the CLT

IP(p—005<)?Sp+0.05)

p—0.05— p X-p < (p+0.05—p)
( /p(l ) /p(l—p) o /p(l—p) )
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—0.05 <Z< 0.05




Using the CLT

IP’(p—005<)?<p+005)
p—0.05— P (p+0.05— p))

P —0.05 0.05
(Jm = Jm)

<P ~0.05 <7< 0.05 )(CLT)
p(l p) r(1-p)
=IP( 005\/11 005\/71)
Jp(1- p) _\/p(l D)



Apply the CLT

P(p — 0.05 <X <p+0.05) =0.98

s well approximated by IP (_0'05\/" <7< 0-05Vn ) > 0.98 for Z~N'(0,1)

Jr(1-p) — T {p(1-p)

So as n changes, the probability changes. So, choose the smallest n for
which the probability is at least 0.98. Easy!



Apply the CLT

P(p — 0.05 <X <p+0.05) =0.98

s well approximated by IP (_0'05\/" <7< 0-05Vn ) > 0.98 for Z~N'(0,1)

Jr(1-p) — T {p(1-p)

So as n changes, the probability changes. So, choose the smallest n for
which the probability is at least 0.98. Easy!

WAIT, what's \/p(1 — p)? We don't know p. That's why we're doing the
poll in the first place.



Handling \/p(1 — p)

If we make a mistake, we want it to be making n bigger. (since we're
trying to say “take n at least this big, and you'll be safe”).

The bigger the standard deviation, the bigger n will need to be to
control it. So, assume the biggest possible standard deviation.



Worst value of p

Calculus time! r—
4 2 = '
Set = \/p p
1
1—2p) =
— (1 —2p)

1-2p=0-p=1/2
Second derivlative test will
confirm p = 5 IS @ maximizer

Or just plot it.

F(-9) =i




Handling \/p(1 — p)
~0.05vVn 0.05Vn )

We want to minimize the interval in IP( <7<
Jp(1-p) Jp(1-p)




Using the CLT

IP)(—0.05x/n<ZS 0.05vVn
\/P(l p) \/p(l—p)

) (from previous slides)

(—o .05vVn <7< 005\/11 )
> P(— 0.1\/_SZ < 0.1\/_)

= ®(0.1y/n) — ®(—0.1y/n)

= ®(0.1y/n) — (1 — ®(0.1y/n))
= 2®(0.14n) — 1




Finishing it off!

28(0.1y7) — 1 > 0.98

®(0.1y7m) = 0.99
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Finishing it off!

28(0.1/7) — 1 = 0.98
®(0.1v7) = 0.99
0.1y7 = 2.33

2
2.33
nz\—-
0.1

n = 542.89 =>we should
poll 543 people!
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‘ So, | Lied to You...

(A few times)



Sampling Details

How are you sampling?

Method 1: Get a uniformly random subset of size n.

Method 2: Independently draw n people with replacement.

Which do we use?



Sampling Details

Method 1 is what's accurate to what is actually done...
...but we used the math from Method 2.

Why?
Hypergeometric variable formulas are rough, and for increasing
population size they're very close to binomial.

And we're going to approximate with the CLT anyway, so...the added
Inaccuracy isn't a dealbreaker.

It we need other calculations, independence will make any of them
easler.



Hey! Where's the continuity correction?

What is X?
It's the average of a bunch of indicators.
So the support is:

n—1

n
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Hey! Where's the continuity correction?

What is X?
It's the average of a bunch of indicators.

So the support is:
0123 n-1n

) ) ) ) B )

nnnn n 'n

Instead of P(p — 0.05 < X < p + 0.05), we would look at P(p 0.05 ——<
X<p+0.05+-)

Which makes the algebra much worse.

And for real polling applications, n is going to be quite big anyway where in
Is not going to make a substantial difference.



Hey! You didn't tell us how many students
were In CSE!

The accuracy of a poll is dependent on the number of people you
sample, not the size of the population.*

Weird right?

This isn't a trick of the fact that we used the CLT. The same is true if we
calculated exactly with a binomial.

*at least for this idealized scenario, where the answer is a simple “yes” or

“‘no” and you can get a uniformly random person. Those things become
less likely as populations get bigger.



CLT Wrap-up

It's not ideal that we had an approximation symbol in the middle (that
">"1sn't really a guarantee at this point, it's an approximation)
Observation 1: with our current tools, we wouldn't get an answer in a
reasonable amount of time.

But using a binomial would be even harder.

As n changes, the distribution of a binomial changes. Wolfram alpha isn't
even enough here (unless you have 2+ hours to spare to guess and
check values). You need a computer program to get the exact value.

You're computer scientists! You can write that program. But it takes time.

Observation 2: if you need an absolute guarantee, you won't get one.
The tool you want is a “concentration inequality/tail bound.” We'll see
those next week(?).



CLT Wrap-up

Use the CLT when:

1. The random variable you're interested in is the sum of independent
random variables.

2. The random variable you're interested in does not have an easily
accessible or easy to use PMF/PDF (or the question you're asking
doesn't lend itself to easily using the PMF/PDF)

3. You only need an approximate answer, and the sum is of at least a
moderate number of random variables.



I~ Real-World Polling



Inferential Statistics

Inferential statistics is a field where we derive statistics based on
samples in order to draw conclusions about a population.

Consider these two statements:

1. 56% of those surveyed love cats.
2. 56% of CSE 312 alumni love cats.

The second is an inference we make about our population, based on
our sample.



The CLT

We can make that inferential leap because of the CLT: if | keep taking

random samples from a population, the sample mean will conform to a
normal distribution.

And the mean from a random sample falls near the mean of a
population.

We even know the 68-95-99.7 rule.



What, really, is the margin of error?

The standard error describes how accurate our estimate based on the
sample is.

2
This is calculated using the formula: \/%

Ideally, we want to minimize this error.
- Minimize standard deviation (noise).
- Get larger samples.




We Gave Four Good Pollsters the Same Raw
Data. They Had Four Different Results.

By NATE COHN SEPT. 20, 2016

How four pollsters, and The Upshot, interpreted 867 poll responses:

Clinton Clinton Clinton
+3 +1 +4

Margie Omero, Robert Green, Adam
Charles Franklin Patrick Ruffini Rosenblatt

Frump Clinton
+1 +1

Sam Corbett-Davies, Andrew Gelman
and David Rothschild NYT Upshot/Siena College

https://www.nytimes.com/interactive/2016/09/20/upshot/the-error-the-polling-world-rarely-talks-about.html?mtrref=bookdown.org&gwh=COA5B2E02F2251AFB77C74B0943DFET1A&gwt



What is a representative sample?

If I'm interested In trying to predict the outcome of a U.S. presidential
election, who should make up my sample?

U.S. citizens?



What is a representative sample?

If I'm interested In trying to predict the outcome of a U.S. presidential
election, who should make up my sample?

U.S. citizens?
Registered voters?

How do we ensure the demographics of registered voters in the
population are reflected in a sample’s responses? (race, age, education,
region...)




What is a representative sample?

If I'm interested In trying to predict the outcome of a U.S. presidential
election, who should make up my sample?

U.S. citizens?
Registered voters?

Are registered voters the same as likely voters?



What is a representative sample?

If I'm interested In trying to predict the outcome of a U.S. presidential
election, who should make up my sample?

More recent changes: Weighting surveys based on whom respondents
recall voting for in a previous election (for partisan imbalances)



+ Snapshots vs predictions

WE REALIZED
ALL OUR DATA
1S FLAVED,

\

==

Garbage in, garbage out

—| GOOD BAD
.50 WERE NOT | | ...50 WE DID LOTS
SURE. ABOUT OUR | | OF MATH AND THEN
CONCLUSIONS. DECIDED OUR DATA

)

WAS ACTUg.LY FINE.

A

- VERY BAD

...50 VE TRAINED
AN Al To GENERATE
BETTER DATA.
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https: //xkcd.com /2494 /




