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Continuous Zoo

𝒇𝑿 𝒌 =
𝟏

𝒃 − 𝒂
𝔼 𝑿 =

𝒂 + 𝒃
𝟐

𝐕𝐚𝐫 𝑿 =
𝒃 − 𝒂 𝟐

𝟏𝟐

𝑿~𝐔𝐧𝐢𝐟(𝒂, 𝒃)

𝒇𝑿 𝒌 = 𝝀𝒆"𝝀𝒌 for 𝒌 ≥ 𝟎

𝔼 𝑿 =
𝟏
𝝀

𝐕𝐚𝐫 𝑿 =
𝟏
𝝀𝟐

𝑿~𝐄𝐱𝐩(𝝀)

𝒇𝑿 𝒌 =
𝟏

𝝈 𝟐𝝅
𝐞𝐱𝐩 −

𝒙 − 𝝁 𝟐

𝟐𝝈𝟐

𝔼 𝑿 = 𝝁
𝐕𝐚𝐫 𝑿 = 𝝈𝟐

𝑿~𝒩(𝝁, 𝝈𝟐)

It’s a smaller zoo, but it’s just as much fun!



Continuous Uniform Distribution
𝑋~Unif(𝑎, 𝑏) (uniform real number between 𝑎 and 𝑏)

PDF: 𝑓A 𝑘 = /
B

CDE
	 if	𝑎 ≤ 𝑘 ≤ 𝑏

0	 otherwise

CDF: 𝐹A 𝑘 = ;
0	 if	𝑘 < 𝑎
FDE
CDE

	 if	𝑎 ≤ 𝑘 ≤ 𝑏
1	 if	𝑘 ≥ 𝑏

𝔼 𝑋 = EGC
H

Var 𝑋 = CDE !

BH



Exponential



Exponential Random Variable
What is the amount of time until the next event occurs?
> The next bus arrives? The next earthquake? The next geyser eruption? 



Exponential Random Variable
What is the amount of time until the next event occurs?
> The next bus arrives? The next earthquake? The next geyser eruption?

The above examples may remind you of the Poisson distribution!



Exponential Random Variable
The exponential distribution looks at the amount of time until the next 
event occurs.
Events occur via a Poisson process, i.e.,
- events occur with a constant average rate, 𝜆
- events occur independently of the timing of other events

ΩA = ℝIJ = {𝑥 ∈ ℝ|𝑥 ≥ 0}



Exponential CDF
𝑌~𝐸𝑥𝑝 𝜆
 Y is the time until the next event
 𝜆 is the average number of events per unit time

𝐹K 𝑡 = ℙ 𝑌 ≤ 𝑡
= 1 − ℙ(𝑌 > 𝑡)



Exponential CDF
𝑌~𝐸𝑥𝑝 𝜆
 Y is the time until the next event
 𝜆 is the average number of events per unit time

𝐹K 𝑡 = ℙ 𝑌 ≤ 𝑡
= 1 − ℙ 𝑌 > 𝑡

𝑌 > 𝑡 : It takes over t units of time for the next event. What does that 
tell us about the number of events over t units of time?



Exponential CDF
𝑌~𝐸𝑥𝑝 𝜆
 Y is the time until the next event
 𝜆 is the average number of events per unit time

𝐹K 𝑡 = ℙ 𝑌 ≤ 𝑡
= 1 − ℙ 𝑌 > 𝑡

𝑌 > 𝑡 : It takes over t units of time for the next event. What does that 
tell us about the number of events over t units of time?
Let 𝑋~𝑃𝑜𝑖 𝜆𝑡  be the number of events – we are looking at ℙ(𝑋 = 0) 



Exponential CDF
𝑌~𝐸𝑥𝑝 𝜆
 Y is the time until the next event
 𝜆 is the average number of events per unit time

𝐹K 𝑡 = ℙ 𝑌 ≤ 𝑡
= 1 − ℙ 𝑌 > 𝑡
= 1 − ℙ 𝑋 = 0  [𝑋~𝑃𝑜𝑖 𝜆𝑡 ]

= 1 − 𝑒DLM LM "

J!

= 1 − 𝑒DLM (for 𝑡 ≥ 0, 𝐹K 𝑡 = 0	for	𝑡 < 0)



Exponential PDF
We know the CDF, 𝐹K 𝑡 = ℙ 𝑌 ≤ 𝑡 = 1 − 𝑒DLM

What’s the density?
𝑓K 𝑡 =



Exponential PDF
We know the CDF, 𝐹K 𝑡 = ℙ 𝑌 ≤ 𝑡 = 1 − 𝑒DLM

What’s the density?

𝑓K 𝑡 = O
OM

1 − 𝑒DLM = 0 − O
OM

𝑒DLM = 𝜆𝑒DLM .

For t ≥ 0 it’s that expression
For 𝑡 < 0 it’s just 0.



Exponential PDF
Red: 𝜆 = 5
Blue: 𝜆 = 2
Purple: 𝜆 = 0.5



Memorylessness

ℙ 𝑋 > 𝑠 + 𝑡	 𝑋 > 𝑠) =	

A random variable X is memoryless if for all 𝒔, 𝒕 ≥ 𝟎
ℙ 𝑿 > 𝒔 + 𝒕	 𝑿 > 𝒔) = ℙ(𝑿 > 𝒕)

Memorylessness



Memorylessness

ℙ 𝑋 > 𝑠 + 𝑡	 𝑋 > 𝑠) = ℙ AVWGM∩AVW
ℙ AVW

= ℙ AVWGM
ℙ AVW

= BDY#(WGM)
BDY#(W)

= BD(BDZ$% &'(

BD(BDZ$%&)
	

A random variable X is memoryless if for all 𝒔, 𝒕 ≥ 𝟎
ℙ 𝑿 > 𝒔 + 𝒕	 𝑿 > 𝒔) = ℙ(𝑿 > 𝒕)

Memorylessness



Memorylessness

ℙ 𝑋 > 𝑠 + 𝑡	 𝑋 > 𝑠) = ℙ AVWGM∩AVW
ℙ AVW

= ℙ AVWGM
ℙ AVW

= BDY#(WGM)
BDY#(W)

= BD(BDZ$% &'(

BD(BDZ$%&)
= Z$% &'(

Z$%&
= 𝑒DLM

= 1 − (1 − 𝑒DLM) = 1 − ℙ(𝑋 ≤ 𝑡) = ℙ(𝑋 > 𝑡)

A random variable X is memoryless if for all 𝒔, 𝒕 ≥ 𝟎
ℙ 𝑿 > 𝒔 + 𝒕	 𝑿 > 𝒔) = ℙ(𝑿 > 𝒕)

Memorylessness



Memorylessness
So, an exponential random variable is memoryless: i.e., waiting doesn’t 
make the next event happen any sooner!



Expectation of an exponential
Let	𝑋~Exp(𝜆)

𝔼 𝑋 = ∫D[
[ 𝑧 ⋅ 𝑓A 𝑧 d𝑧

= ∫J
[ 𝑧 ⋅ 𝜆𝑒DL\ 𝑑𝑧



Expectation of an exponential
Let	𝑋~Exp(𝜆)

𝔼 𝑋 = ∫D[
[ 𝑧 ⋅ 𝑓A 𝑧 d𝑧

= ∫J
[ 𝑧 ⋅ 𝜆𝑒DL\ 𝑑𝑧

Let 𝑢 = 𝑧; 	𝑑𝑣 = 𝜆𝑒DL\𝑑𝑧 (𝑣 = −𝑒DL\)

Integrate by parts:−𝑧𝑒DL\ − ∫−𝑒DL\ 𝑑𝑧 = −𝑧𝑒DL\ − B
L
𝑒DL\

Definite Integral:−𝑧𝑒!"# − $
"
𝑒!"#|%&'( = ( lim

#→(
−𝑧𝑒!"# − $

"
𝑒!"#) 	− (0 − $

"
)	

By L’Hopital’s Rule ( lim
#→(

− #
*"#

− $
"*"#

) 	− (0 − $
"
) = lim

#→(
− $
"*"#

+ $
"
= $

"

Don’t worry about the derivation 
(it’s here if you’re interested; 

you’re not responsible for the 
derivation. Just the value)



Variance of an exponential

If X~Exp 𝜆 	then	Var 𝑋 = B
L!

Similar calculus tricks will get you there. 



Exponential
𝑋~Exp(𝜆) 
Parameter 𝜆 ≥ 0 is the average number of events in a unit of time. 

𝑓A 𝑘 = f𝜆𝑒
DLF 	if	𝑘 ≥ 0

0	 otherwise

𝐹A 𝑘 = f1 − 𝑒
DLF 	 if	𝑘 ≥ 0

0	 otherwise

𝔼 𝑋 = B
L

Var 𝑋 = B
L!



Normal



Normal Random Variable
The most important random variable type!
AKA Gaussian RV

Has two parameters:
- mean 𝜇
- variance 𝜎H

𝑋~𝒩(𝜇, 𝜎H)



Normal PDF
𝑋~𝒩(𝜇, 𝜎H) iff X has the following PDF: 

𝑓! 𝑥 =
1

𝜎 2𝜋
𝑒"

#"$ !

%&!

Symmetric around 
mean

Variance for spread

Exponential tail

Normalization 
constant



Changing the mean

Green: 𝜎& = .7, 𝜇 = 0
Purple 𝜎& = .7, 𝜇 = −1



Changing the variance

Green: 𝜎& = .7
Red 𝜎& = 1
Blue: 𝜎& = 2



Closure of Normal under Scale and Shift
When we scale a normal (multiplying by a constant or adding a 
constant) we get a normal random variable back!
If 𝑋~𝒩 𝜇, 𝜎H

Then for 𝑌 = 𝑎𝑋 + 𝑏, 𝑌~𝒩 𝑎𝜇 + 𝑏, 𝑎H𝜎H

Normals are unique in that you get a NORMAL back.
If you multiply a binomial by 3/2 you don’t get a binomial (its support 
isn’t even integers!)



Closure of Normal under Addition
When we add two independent normal random variables, you get 
another normal random variable

If 𝑋~𝒩 𝜇A , 𝜎AH  and 𝑌~𝒩(𝜇K , 𝜎KH)
Then for Z = 𝑎𝑋 + 𝑏𝑌 + 𝑐, Z~𝒩 𝑎𝜇A + 𝑏𝜇K + 𝑐, 𝑎H𝜎AH + 𝑏H𝜎KH

Normals are unique in that you get a NORMAL back.



Ok… what about the CDF?
There is no closed form for the normal CDF.

(We still need to do calculations that use 𝐹A 𝑘 = ℙ(𝑋 ≤ 𝑘) though – so 
how?)



The CDF table for the standard 
normal RV 𝑍~𝒩(0,1).

Yes, we’re going to use a table in 
2023. Mainly for consistency in 
this class.

(In the real world, we have 
programming libraries like 
Python’s scipy:
stats.norm.cdf(x, mean, std))

We have one (1) CDF table



Standard Normal Random Variable
standard normal RV 𝑍~𝒩 0,1

The CDF of the standard normal has a special function: Φ

Φ z = ℙ 𝑍 ≤ 𝑧 = 𝐹a(𝑧) for the standard normal

Fun fact: this table was first computed in 1799 using the Taylor series 
expansion



How do we get from 𝑋~𝒩 𝜇, 𝜎!  to 
𝑍~𝒩 0,1 ?
We standardize!

Let 𝑍 = ADb
c

.

𝔼 𝑍 = 𝔼 ADb
c

= B
c
𝔼 𝑋 − 𝜇 = B

c
𝔼 𝑋 − 𝜇 = B

c
⋅ 0

𝑉𝑎𝑟 𝑍 = 𝑉𝑎𝑟 ADb
c

= B
c!
𝑉𝑎𝑟 𝑋 − 𝜇 = B

c!
𝑉𝑎𝑟 𝑋 = c!

c!
= 1

The normal is closed under scale & shift: 𝑍~𝒩(0,1).



Table of Standard Normal CDF
The way we’ll evaluate the CDF of a 
normal is to:
1. Convert to a standard normal
2. Round the “z-score” to the hundredths 
place.
3. Look up the value in the table.

[Link: Z table on course homepage]

Common names: Z-table, phi-table



How to use the table?
We’ll use the notation Φ(𝑧) to mean 𝐹A(𝑧) where 𝑋~𝒩(0,1).

Let 𝑌~𝒩(5,4) what is ℙ 𝑌 ≤ 9 ?
ℙ 𝑌 ≤ 9

= ℙ KDd
H
≤ eDd

H
 (algebra on both sides)

= ℙ(𝑍 ≤ eDd
H
) where 𝑍 is 𝒩(0,1).

= ℙ 𝑍 ≤ eDd
H

= Φ 2.00 = 0.97725.





Another use…

Let 𝑌~𝒩(5,4) what is ℙ 𝑌 > 9 ?
ℙ 𝑌 > 9

= ℙ KDd
H
> eDd

H
 

= ℙ(𝑍 > eDd
H
) where 𝑍 is 𝒩(0,1).

= 1 − ℙ 𝑍 ≤ eDd
H

= 1 −Φ 2.00 = 1 − 0.97725 = .02275.



Another trick
How do we find ℙ(𝑎 ≤ 𝑋 ≤ 𝑏) using this table?

Can we express it in terms of the CDF?

= ℙ 𝑋 ≤ 𝑏 − ℙ 𝑋 ≤ 𝑎
= 𝐹A 𝑏 − 𝐹A(𝑎)

a b



Symmetry
How do we find ℙ(𝑋 ≤ −1.3)? Our table only has CDFs for positive 
values! 😱

Recall: the normal distribution is symmetric.
ℙ 𝑋 ≤ −1.3 = ℙ 𝑋 ≥ 1.3 	symmetry
= 1 − ℙ 𝑋 ≤ 1.3
= 1 − 𝐹A(1.3)

-1.3 1.3



Normal (aka Guassian)
𝑋~𝒩(𝜇, 𝜎H) 
Parameter 𝜇 is the expectation; 𝜎H is the variance. 

𝑓A 𝑥 = B
c Hf

𝑒D
)$* !

!+!

𝐹A 𝑘  has no closed form. Use the table.
𝔼 𝑋 = 𝜇
Var 𝑋 = 𝜎H



Key Normal Calculations
𝑍~𝒩 0,1

ℙ 𝑍 ≤ 𝑧
ℙ(𝑍 < 𝑧)
ℙ(𝑍 ≥ 𝑧)
ℙ(𝑍 ≤ −𝑧)
ℙ(𝑍 ≥ −𝑧)
ℙ(𝑦 < 𝑍 < 𝑧)
ℙ( 𝑍 > 𝑧) Your turn!



Key Normal Calculations
𝑍~𝒩 0,1

ℙ 𝑍 ≤ 𝑧
ℙ(𝑍 < 𝑧)
ℙ(𝑍 ≥ 𝑧)
ℙ(𝑍 ≤ −𝑧)
ℙ(𝑍 ≥ −𝑧)
ℙ(𝑦 < 𝑍 < 𝑧)
ℙ( 𝑍 > 𝑧) Your turn!



‘Within one standard deviation’ 
What is the probability that 𝑋~𝒩(𝜇, 𝜎H) has a value within one 
standard deviation of its mean?



‘Within one standard deviation’ 
What is the probability that 𝑋~𝒩(𝜇, 𝜎H) has a value within one 
standard deviation of its mean?
ℙ 𝜇 − 𝜎 ≤ 𝑋 ≤ 𝜇 + 𝜎
= ℙ 𝑋 ≤ 𝜇 + 𝜎 − ℙ 𝑋 ≤ 𝜇 − 𝜎

= ℙ 𝑍 ≤ bGcDb
c

− ℙ 𝑍 ≤ bDcDb
c

= Φ 1 −Φ −1

= Φ 1 − 1 −Φ 1
= 2Φ 1 − 1 = 2 ⋅ 0.84134 − 1 = 0.68268



In real life
You’ll sometimes hear statisticians refer to the “68-95-99.7 rule” which is 
the probability of being within 1, 2, or 3 standard deviations of the 
mean.



Extra



You said the normal RV was most important? And conveniently didn’t 
mention that ever again? What happened to defending your argument?



Patience, grasshoppers
We have spent 7 (!) lectures looking at random variables.

Why?
We want to model real-life situations with probability distributions.

Fancy version: A Guassian maximizes entropy when we only know the 
mean and variance of a dataset.

TLDR; it is the probability distribution that best represents our 
knowledge of mean and variance



But also… that doesn’t mean it’s always the most accurate.

Easy to use, though.

You should always be critical of the models we make.



You may have often heard it said that many things are normally 
distributed.

Next class, we’ll look at why J


