EVENT A 1S S0 YOURE SAYING | S0 YOURE SOUNDS LIKE YOU HAVE NO

MORE LKELY THAT EVENT A SAYING IT5 IDEA WHAT WILL HAPPEN.
THAN EVENT B. | | WILL HAPPEN. 50/50. AND YET T KNEW EXACTLY
NO, EVENT B NO, IT'S HOW THIS CONVERSATION
COULD ALSO DEFINITELY WOULD GO HERE, LISTEN:

NOT 50/50. *CLICK*

7HENYO(/LL

RIS R

https:/ /xked.com /2370 /

Discrete Probability | &2z



Announcements

HW1 due today at 11.00pm
HW?2 out today evening, due next Wednesday at 11.00pm



Today

Starting today, we get to calculate probabilities!

Mostly notation and vocabulary today.



Probability

In the real-world, many things are not certain to happen.
The classic examples:

when a coin is flipped, we are uncertain if the outcome will be H or T

when a dice is rolled, we are uncertain if the outcome will be 1, 2, 3,4, 5 or 6

Probability is a way of quantifying our uncertainty when more than one
outcome is possible.



Probability

A note: when working with these “real-world” examples, we're going to
state some assumptions:

We can flip a coin, and each face is equally likely to come up
We can roll a die, and every number is equally likely to come up
We can shuffle a deck of cards so that every ordering is equally likely.



Sample Space

Sample Space

What is Q7
Omega

A sample space Q is the set of all possible
outcomes of an experiment.

What is an outcome?

A possible result of an
Examp|eSI experiment.
-or a single coin flip, Q = 3( H, T%

or a series of two coin flips, @ = \AH |\AT, ™, TTE
~or rolling a 6-sided die: Q0 =




Sample Space

Sample Space

What is Q7
Omega

A sample space Q is the set of all possible
outcomes of an experiment.

What is an outcome?

A possible result of an
Examples:

experiment.

-or a single coin flip, Q = {H, T}

-or a series of two coin flips, Q = {HH,HT,TH, TTg or {H, T} X {H,T}
-or rolling a 6-sided die: Q = {1,2,3,4,5,6}




Events

Event

An event E C () is a subset of possible
outcomes (i.e. a subset of Q)

Examples: t %\)\H 1T TH}
Get at least one head among two coin flips: {2
Get an even number on a die-roll: S

G4 b T O



Events

Event

An event E C () is a subset of possible
outcomes (i.e. a subset of Q)

Examples:

Get at least one head among two coin flips (E = {HH,HT,TH})
Get an even number on a die-roll (E = {2,4,6}).



|-

NN
Examples
ol 2 blue 4-sided die B ----
and a red 4-sided die.

The table contains the D1=2 (2,1 (2,2) (2,3) (2,4)
sample space.

D1=3 (3,1) (3,2) (3,3) (3,4)
The event “the sum of the
dice is even” is in gold
The event "the blue die is
1" 1s In green

D1=4 (4,1) (4,2) (4,3) (4,4)




Examples

- n

and a red 4-sided die. (1.2) m (1,4)

The table contains the

> [20]
sample space.

D1=3 | NEN BRER) -
The event “the sum of the

BV (47) | (42 | “43) m

dice is even” is in gold
The event "the blue die is
1" 1s In green



Examples

| roll a blue 4-sided die
and a red 4-sided die.

The table contains the
sample space.

2,1 (2,2) (2,3)

(3,1 (3,2) (3,3) (3,4)
The event “the sum of the
dice is even” is in gold
The event “the blue die is
1" 1s In green

D1=4 (4,1) (4,2) (4,3) (4,4)



Mutually Exclusive Events @ O

Two events E, F are mutually exclusive if they cannot happen
simultaneously.

In notation, E N F = @ (i.e., they're disjoint subsets of the sample space).

For example, if Q@ = {H, T}x{ 1,2,3,4,5,6}

..k E, ="the coin came up heads”

E, ="the coin came up tails" Are E; and E, mutually exclusive?
Are E; and E3 mutually exclusive?

'% E; ="the die showed an even number”



Mutually Exclusive Events

Two events E, F are mutually exclusive if they cannot happen
simultaneously.

In notation, E N F = @ (i.e. they're disjoint subsets of the sample space).

For example, it Q = {H,T}x{1,2,3,4,5,6}
E, ="the coin came up heads”

E, ="the coin came up tails” E; and E, are mutually exclusive.
E, and E5 are not mutually exclusive.

E; ="the die showed an even number”




Probability

Probability

A probability is a number between 0 and 1 describing
how likely a particular outcome is.

We'll define a function
P: Q) — [0,1]

..e., IP takes an element of Q as input and outputs the probability of the
outcome.

We'll also use Pr[w], P(w) as notation.

Recall: Q is the sample space or set of possible outcomes of an experiment. So [P(w) for an outcome w is the probability (a

value between O and 1) of seeing that outcome.



Example

Imagine we toss one coin.

Our sample space Q = {H, T}
2k

What do you want IP to be?



Example

Imagine we toss one coin.
Our sample space Q = {H, T}

What do you want IP to be?

It depends on what we want to model
If the coinis fair P(H) = P(T) = %

But we also might have a biased coin: P(H) = .85, P(T) = 0.15.



Probability Space

Probability Space

A (discrete) probability space is a pair (Q, P) where:
Q is the sample space
P: Q — [0, 1] is the probability measure.
[P satisfies:
ve P(x) = 0 for all x (non-negativity)
* Y.eaP(x) =1 (normalization)
« IfEEFSQand ENF = @then P(EUF) =P(E) + P(F)
(countable additivity)




Probability Space

Flip a fair coin and roll a fair (6-sided) die.

9 Q= {H, T}x{1,2,3,4,5,6) 2Xb=\2
— 1y = _L 7
d¢ P(w) = forevery w € Q / Z 1L 720

s this a valid probability space?
[P takes in elements of Q and outputs numbers between 0 and 1

Zweﬂ IP)((U) = 1.
\

\ l e ) occurs with probability 1/12!

5 =

There are 12 possible outcomes in the sample space, and each




Events (H; 1)

Event
Q= {H, TYx{1,2,3,4,5,6) !
An event E C () is a subset of possible outcomes (i.e.

P(w) = = for every w € Q

So, what's the probability of seeing a heads?

Seeing heads isn't an element of the sample space!

a subset of Q)

é&(\rh\) ) - 7&\" le}

— This is @ * ient’ notation ab tend P originall
: is is a ‘convenient’ notation abuse: we exten originally
D‘oeﬂne)lp (E) T ZwEE IP((U) defined over outcomes, to be defined over sets of

outcomes:

P(w) - P(w})




Probability Space

Probability Space

A (discrete) probability space is a pair (2, P) where:
Q is the sample space
P: Q — [0, 1] is the probability measure.
[P satisfies:
 P(x) = 0 for all x (non-negativity)
* Y.eaP(x) =1 (normalization)
q°* IfEEFCQand ENF = @then P(EUF) =P(E) + P(F)
(countable additivity)




Uniform Probability Space

The most common probability space is the uniform probability space,
which is a probability space (£, P) such that for every w € Q,

P () = —
“ )

L
For example,
fair coin: for every w € Q, P(w) =

-

—
—

NP, N

fair dice: for every w € Q, P(w) =
_ )
— A




Equally Likely Outcomes

We have a 6-sided fair die. What is the probability of rolling an even
number?

o .
Define E to be the event defined by the set of outcomes {2, 4, 6}

. —)
Our goal is to calculate IP(E).
P(E) = — \ 3
WeG S > wWEF2 Y ,b} o “
> _ Ik
1= [



Equally Likely Outcomes

We have a 6-sided fair die. What is the probability of rolling an even
number?

Define E to be the event defined by the set of outcomes {2, 4, 6}.

Our goal is to calculate IP(E).

1 3 |E|
P(E) = Xpee P(w) = Zwe{2,4,6} P(w) = Z:(1)6{2,4,6}5 ~ 6 |q

Equally likely outcomes

In a uniform probability space, for any event E C (),

P(E) = o)
Q]




Example

Let your sample space b yossible oytcomes of a sequence of 100
coin tosses. Assign the(uiform measurg to this sample space. What is

the probability of the event “there are ejactly 50 heads?
A. 100 /2100
(gg.) Fill out the poll everywhere so Shreya

B.1/101 : ( g l_ can adjust her explanation

3} Go to pollev.com/312 and login with
C.1/2 ' -Q') your UW identity
D. 1/25°

E. There is not enough information i this problem.

\E\ = ( \%2>



Axioms and Consequences

We wrote down 3 requirements (axioms) on probability measures
P(x) = 0 for all x (non-negativity)
Yireq P(x) =1 (normalization)

It E and F are mutually exclusive then P(E U F) = P(E) + P(F)
(countable additivity)

Themly to these three corollaries ? =8L-C

%M =1- P§ ) (complementation) FLE): ) — WC@>

X If E € F, then P(E) < IP(F) (monotonicity)
P(EUF)=P(E)+P(F)—PENF) (inclusion-exclusion)

— T




More Examples!

Suppose you roll two dice. Each die is fair and they don't affect each
other. What is the probability of both dice being even? bxlo

NS

hat is your sample space? € %,(,2,21\\ |S/b§ Y%f!z/ﬂ,u,g 5}
nat Fs your probabili:y’measure P? f?(w) — ‘/ for ol

hat is your event? & © Lo Q[)\QQ Qo b W el
nat is the probability? cven

%2,“ @%3(32 ;\
~ ©) , l ] 1"’(6?‘




More Examples!

Suppose you roll two dice. Each die is fair and they don't affect each
other. What is the probability of both dice being even?

nat is your sample space? {1,2,3,4,5,6}%{1,2,3,4,5,6}

nat is your probability measure P? P(w) = 1/36 for all w € Q
nat is your event? {2,4,6}%{2,4,6}

nat is the probability? 34/64

——

= 2 ==



More Examples!

Suppose you roll two dice. Each die is falr and they don't affect each other. What is

the probability of both dice being evgp

Wlhat?l we can't tell the dice apart and always put the dice in increasing order by
value

What is your sample space?

{( 1§1= (1,2),(1,3),(1,4),(1,5),(1,6),(2,2),(2,3),(2,4),(2,5),(2,6) j

(3,3), Qé(3 5),(3,6),(4,4), (4,5), (4,6), (5,5), (5,6),(6,6)}
What is your probability measure P?

IP((x y)) =2/36 fx +y, P(x,x)=1/36
& syow @)@ ). 20 wenJe

What is the probability? 3 - — —+3. === | ~Q/‘

??L“é




Takeaways

There is often more than one sample space possible! But one is
probably easier than the others.

Finding a sample space that will make the uniform measure correct will
usually make finding the probabilities easier to calculate.



Another Example

Suppose you shuffle a deck of cards so any arrangement is equally
likely. What is the probability that the top two cards have the same
value?

52 _ | q Sel G‘~ “"B’PMD
Sample Space ! (2, =14 coxds -

Probability Measure (P(m> — \/ (%> we N

Event
Probability
SIGIE T




Another Example

Suppose you shuffle a deck of cards so any arrangement is equally
likely. What is the probability that the top two cards have the same

value? / Q// 57— Y 5/

Sample Space: {(x,y): x and y are different cards }

1

Probability Measure uniform measure P(w) = —

Event: all pairs with equal values
13-P(4,2)

Probability ——— |€‘ - \3 tS\D (“ ‘2,>




Another Example

Suppose you shuffle a deck of cards so any arrangement is equally
likely. What is the probability that the top two cards have the same
value?

Sample Space: Set of all orderings of all 52 cards =3

Probability Measure uniform measure P(w) = % 3

Event: all lists that start with two cards of the same value
Probability 13'P(;2’,?),@ —>

S-S




Another Example

Suppose you shuffle a deck of cards so any arrangement is equally
likely. What is the probability that the top two cards have the same
value?

Sample Space
Probability Measure
Event

Probability



Takeaway

There's often information you “don’t need” in your sample space.
It won't give you the wrong answer.

But it sometimes makes for extra work/a harder counting problem,

Good indication: you cancelled A LOT of stuff that was common in the
numerator and denominator.



Some Quick Observations

-or discrete probability spaces (the kind we've seen so far)
ﬁP(E) = 0 if and only if an event cant happen.

P(E) = 1 if and only if an event is guaranteed (every outcome outside
___E has probability 0).




Same birthday

How many people do we need in this room to have at least a 50%
chance of two people sharing a birthday?

A. 366
B. 365
C. 183
D. 23

E. 5 Fill out the poll everywhere because

it’s fun
Go to pollev.com/312




’ Birthday Paradox



With a probabilistic lens...

Let's say we have n people in a room. Then, we are looking for the value
of n such that the probability that 2 of the n people sharing a birthday is
greater than 0.5.

So, what's the probability that at least 2 of n people share a birthday?

Let's maintain the following assumption: there are 365 possible
birthdays, that are equally likely.



Suppose there are n people in a room. What is the probability that at
least 2 of the n share a birthday, if there are 365 equally likely birthdays?

< < |
P(at least 2 people in the room share a birthday)'y

1 — P(no one in the room shares a birthday) (complementation)

- O O OO OO OO0

Q-



What's our sample space?

[P(no one in the room shares a bi‘rthdaX)

Our sample space is the set of possible birthdays that the n people can
have.

- Birthdays can be repeated (i.e., are drawn ‘with replacement’)

|| = number of possible birthday assignments = 365"

L~



What's our sample space and event?

[P(no one in the room shares a birthday)

The event E is the set of birthday assignments such that no one shares a
birthday with another.

365!

|E| = P(365,n) = Ges—r)

<\

Note that order matters here: since, our sample space accounts for
order (when we assign birthdays with repetition).



Going back to our calculation...

Suppose there are n people in a room. What is the probability that at
least 2 of the n share a birthday, if there are 365 equally likely birthdays?

P(at least 2 people in the room share a birthday)

1 — P(no one in the room shares a birthday) (complementation)

1 365! [ €]
(365—n)!-365M 72:/

L)




Let's graph that out...




Let's graph that out...

y
UF /'_._—'m
s
| “ ~ ...
.: We hit a 50%
06 L o chance with just
. 23 people!
2
I; — ..
0.2F N
_’P‘,‘ A 1 l 1 | 1 " | X
20 40 60 80 100 120

......



Let's graph that out...

Even more surprisingly, we get a
probability of over 99% with just

v
, 57 peoplel
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Why?

It turns out that human brains find thinking about probabilities difficult!

Our brains are a bit selfish! When it comes to the probability that
someone shares our birthday, that would be % - not quite so likely. But
we were looking at any pair’s birthday.

In a group of n, we have (%) pairs of people, which grows quadratically

with n. So P(E) — 1 very quickly © But our brains prefer to think about
probabilities linearly rather than exponentially... so here we are.






Dice Rolls

Suppose | had a two, fair, 6-sided dice that we roll once each. What is
the probability that we see at least one 3 in the two rolls.

P(roll = one 3) =1 — P(roll < one 3) [complementation]
=1 —P(no 3s rolled)

—1 lways to roll no 3s in two dice rolls|
Q2]
5-5 25 11
-1 —-=——=1-="==

6-6 36 36



