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Agenda

• MLE Practice

• Two-parameter Estimation

• Properties of Estimators

– Biased Estimators

– Consistent Estimators
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MLE for exponential distribution

Given 𝑛 samples 𝑥1, … , 𝑥𝑛 from an Exponential distribution 
with unknown parameter  𝜃
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The likelihood function of independent observations 𝑥1, … . , 𝑥𝑛 is

ℒ 𝑥1, … . , 𝑥𝑛 𝜃 =ෑ

𝑖=1

𝑛

𝜃𝑒−𝜃𝑥𝑖

Find the MLE መ𝜃
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log 𝑎𝑏 = log 𝑎 + log 𝑏
log 𝑎/𝑏 = log 𝑎 − log(𝑏)

log 𝑎𝑏 = 𝑏𝑙𝑜𝑔(𝑎)



General Recipe

1. Input Given 𝑛 iid samples 𝑥1, … , 𝑥𝑛 from parametric model with 
parameters 𝜃.
2. Likelihood Define your likelihood ℒ 𝑥1, … . , 𝑥𝑛 𝜃 .

– For discrete ℒ 𝑥1, … . , 𝑥𝑛 𝜃 = ς𝑖=1
𝑛 Pr 𝑥𝑖 ; 𝜃

– For continuous ℒ 𝑥1, … . , 𝑥𝑛 𝜃 = ς𝑖=1
𝑛 𝑓 𝑥𝑖 ; 𝜃

3. Log  Compute ln ℒ 𝑥1, … . , 𝑥𝑛 𝜃

4. Differentiate Compute 
𝜕

𝜕𝜃
ln ℒ 𝑥1, … . , 𝑥𝑛 𝜃

5. Solve for ෠𝜃 by setting derivative to 0 and solving for max.

Generally, you need to do a second derivative test to verify it is a 
maximum, but we won’t ask you to do that in CSE 312.
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Agenda

• MLE Practice

• Two-parameter Estimation

• Properties of Estimators

– Biased Estimators

– Consistent Estimators
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Next: 𝑛 samples 𝑥1, … , 𝑥𝑛 ∈ ℝ from Gaussian 𝒩(𝜇, 𝜎2). 
Most likely 𝜇 and 𝜎2? 



Two-parameter optimization
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Normal outcomes 𝑥1, … , 𝑥𝑛

Goal: estimate 𝜃1 = μ = expectation and 𝜃2 = 𝜎2 = variance

𝐿 𝑥1, … . , 𝑥𝑛 𝜃1, 𝜃2 =
1

2𝜋𝜃2

𝑛

ෑ

𝑖=1

𝑛

𝑒
−
𝑥𝑖−𝜃1

2

2𝜃2

ln 𝐿 𝑥1, … . , 𝑥𝑛 𝜃1, 𝜃2 =

log 𝑎𝑏 = log 𝑎 + log 𝑏
log 𝑎/𝑏 = log 𝑎 − log(𝑏)

log 𝑎𝑏 = 𝑏𝑙𝑜𝑔(𝑎)



Two-parameter optimization
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Normal outcomes 𝑥1, … , 𝑥𝑛

Goal: estimate 𝜃1 = μ = expectation and 𝜃2 = 𝜎2 = variance

𝐿 𝑥1, … . , 𝑥𝑛 𝜃1, 𝜃2 =
1

2𝜋𝜃2

𝑛

ෑ

𝑖=1

𝑛

𝑒
−
𝑥𝑖−𝜃1

2

2𝜃2

ln 𝐿 𝑥1, … . , 𝑥𝑛 𝜃1, 𝜃2 =

= −𝑛
ln(2𝜋 𝜃2)

2
−෍

𝑖=1

𝑛
𝑥𝑖 − 𝜃1

2

2𝜃2



Two-parameter estimation

ln 𝐿 𝑥1, … . , 𝑥𝑛 𝜃1, 𝜃2 = −𝑛
ln(2𝜋 𝜃2)

2
−෍

𝑖=1

𝑛
𝑥𝑖 − 𝜃1

2

2𝜃2

We need to find a solution መ𝜃1, መ𝜃2 to

𝜕

𝜕𝜃1
ln 𝐿 𝑥1, … . , 𝑥𝑛 𝜃1, 𝜃2 = 0

𝜕

𝜕𝜃2
ln 𝐿 𝑥1, … . , 𝑥𝑛 𝜃1, 𝜃2 = 0
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MLE for Expectation
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ln 𝐿 𝑥1, … . , 𝑥𝑛 𝜃1, 𝜃2 = −𝑛
ln(2𝜋 𝜃2)

2
−෍

𝑖=1

𝑛
𝑥𝑖 − 𝜃1

2

2𝜃2

𝜕

𝜕𝜃1
ln 𝐿 𝑥1, … . , 𝑥𝑛 𝜃1, 𝜃2 =



MLE for Expectation
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ln 𝐿 𝑥1, … . , 𝑥𝑛 𝜃1, 𝜃2 = −𝑛
ln(2𝜋 𝜃2)

2
−෍

𝑖=1

𝑛
𝑥𝑖 − 𝜃1

2

2𝜃2

𝜕

𝜕𝜃1
ln 𝐿 𝑥1, … . , 𝑥𝑛 𝜃1, 𝜃2 =

1

𝜃2
෍

𝑖

𝑛

(𝑥𝑖 − 𝜃1) = 0

መ𝜃1 =
σ𝑖
𝑛 𝑥𝑖
𝑛

In other words, MLE of expectation is 
the sample mean of the data, 
regardless of 𝜃2

What about the variance?



MLE for Variance
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ln 𝐿 𝑥1, … . , 𝑥𝑛 ෠𝜃1, 𝜃2 = −𝑛
ln(2𝜋 𝜃2)

2
−෍

𝑖=1

𝑛
𝑥𝑖 − ෠𝜃1

2

2𝜃2

𝜕

𝜕𝜃2
ln 𝐿 𝑥1, … . , 𝑥𝑛 𝜃1, መ𝜃1 =

መ𝜃𝟐 =
1

𝑛
෍

𝑖=1

𝑛

𝑥𝑖 − መ𝜃1
2 In other words, MLE of variance is what’s 

called the population variance of the data 
set.

−
𝑛

2𝜃2
+

1

2𝜃2
2෍

𝑖=1

𝑛

𝑥𝑖 − መ𝜃1
2

= −𝑛
ln 2𝜋

2
− 𝑛

ln 𝜃2
2

−
1

2𝜃2
෍

𝑖=1

𝑛

𝑥𝑖 − ෠𝜃1
2

= 0



Likelihood – Continuous Case
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Definition. The likelihood of independent observations 𝑥1, … . , 𝑥𝑛 is

𝐿 𝑥1, … . , 𝑥𝑛 𝜃 =ෑ

𝑖=1

𝑛

𝑓(𝑥𝑖|𝜃)

Normal outcomes 𝑥1, … , 𝑥𝑛

መ𝜃𝝈𝟐 =
1

𝑛
෍

𝑖=1

𝑛

𝑥𝑖 − መ𝜃𝜇
2

መ𝜃𝜇 =
σ𝑖
𝑛 𝑥𝑖
𝑛

MLE estimator for 
expectation

MLE estimator for 
variance



Agenda

• MLE Practice

• Two-parameter Estimation

• Properties of Estimators

– Biased Estimators

– Consistent Estimators
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When is an estimator good?
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Definition. An estimator of parameter 𝜃 is an unbiased estimator

𝔼 መ𝜃𝑛 = 𝜃.

Distribution
𝑝(𝑥|𝜃)

samples 𝑋1, … , 𝑋𝑛
from 𝑝(𝑥|𝜃)

Algorithm መ𝜃𝑛

Parameter 
estimate
“The model”

𝜃 = unknown parameter



Example – Coin Flips

Coin-flip outcomes 𝑥1, … , 𝑥𝑛, with 𝑛𝐻 heads, 𝑛𝑇 tails
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Recall: መ𝜃 =
𝑛𝐻

𝑛

Fact. መ𝜃 is unbiased

i.e., 𝔼 ෠𝜃 = 𝑝, where 𝑝 is the probability that the coin turns out heads. 



Consistent Estimators & MLE

18

Definition. An estimator is unbiased if 𝔼 መ𝜃𝑛 = 𝜃 for all 𝑛 ≥ 1.

Distribution
ℙ(𝑥|𝜃)

samples 𝑋1, … , 𝑋𝑛
from ℙ(𝑥|𝜃)

Algorithm መ𝜃𝑛

Parameter 
estimate

𝜃 = unknown parameter

Definition. An estimator is consistent if lim
𝑛→∞

𝔼 መ𝜃𝑛 = 𝜃.

Theorem. MLE estimators are consistent.
(But not necessarily 
unbiased)



Example – Consistency 
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Normal outcomes 𝑋1, … , 𝑋𝑛 iid according to 𝒩(𝜇, 𝜎2)

෡Θ𝜎2 =
1

𝑛
෍

𝑖=1

𝑛

𝑋𝑖 − ෡Θ𝜇
2

Assume: 𝜎2 > 0

෡Θ𝜎2 converges to 𝜎2, as 𝑛 → ∞.

MLE – Biased!

෡Θ𝜎2 is “consistent”



Why is the estimator consistent, but biased?
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𝔼(෡Θ𝜎2) =
1

𝑛
෍

𝑖=1

𝑛

𝔼 𝑋𝑖 − ෡Θ𝜇
2

linearity

=
1

𝑛
෍

𝑖=1

𝑛

𝔼 𝑋𝑖 −
1

𝑛
෍

𝑗=1

𝑛

𝑋𝑗

2

=
1

𝑛
෍

𝑖=1

𝑛

𝔼 𝑋𝑖
2 −

2

𝑛
𝑋𝑖෍

𝑗=1

𝑛

𝑋𝑗 +
1

𝑛2
෍

𝑗=1

𝑛

𝑋𝑗 ෍

𝑘=1

𝑛

𝑋𝑘

…



Why is the estimator consistent, but biased?
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𝔼(෡Θ𝜎2) =
1

𝑛
෍

𝑖=1

𝑛

𝔼 𝑋𝑖 − ෡Θ1
2

linearity

=
1

𝑛
෍

𝑖=1

𝑛

𝔼 𝑋𝑖 −
1

𝑛
෍

𝑗=1

𝑛

𝑋𝑗

2

= 1 −
1

𝑛
𝜎2

…

=
𝑛 − 1

𝑛
𝜎2



Why is the estimator consistent, but biased?
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𝔼(෡Θ𝜎2) =
1

𝑛
෍

𝑖=1

𝑛

𝔼 𝑋𝑖 − ෡Θ1
2

linearity

=
1

𝑛
෍

𝑖=1

𝑛

𝔼 𝑋𝑖 −
1

𝑛
෍

𝑗=1

𝑛

𝑋𝑗

2

= 1 −
1

𝑛
𝜎2

…

=
𝑛 − 1

𝑛
𝜎2

Therefore:                  
1

𝑛−1
σ𝑖=1
𝑛 𝔼 𝑋𝑖 − ෡Θ1

2
=

𝑛

𝑛−1
𝔼 ෡Θ𝜎2 = 𝜎2

→ 𝜎2 for 𝑛 → ∞

Bessel’s correction



Example – Consistency 
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Normal outcomes 𝑋1, … , 𝑋𝑛 iid according to 𝒩(𝜇, 𝜎2)

෡Θ𝜎2 =
1

𝑛
෍

𝑖=1

𝑛

𝑋𝑖 − ෡Θ𝜇
2

Assume: 𝜎2 > 0

𝑆𝑛
2 =

1

𝑛 − 1
෍

𝑖=1

𝑛

𝑋𝑖 − ෡Θ𝜇
2

Sample variance – Unbiased!

෡Θ𝜎2 converges to 𝜎2, as 𝑛 → ∞.

MLE – Biased!

෡Θ𝜎2 is “consistent”


