CSE 312
Foundations of Computing i

Lecture 13: Poisson wrap-up
Continuous RV



Announcements

PSet 4 due today

PSet 3 returned yesterday

Midterm general info is posted on Ed
— In your section. Closed book. No electronic aids.

Practice midterm is posted

— Has format you will see, including 2-page “cheat sheet”.
— Other practice materials linked also

Midterm Q&A session next Tuesday 4pm on Zoom
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Agenda

* Wrap-up of Poisson RVs @

e Continuous Random Variables

* Probability Density Function

e Cumulative Distribution Function

Often wWents where the outcome is
not discrete:



Poisson Random Variables

______________________________________________________________________________________________________________________________________________________________________

Definition. A Poisson random variable X with parameter 4 = 0 is such
thatforalli =0,1,2,3 ..,

PX=i)=e" =
.

General principle:
* Events happen atan averagerate * Poisson approximates Binomial when n is large,
of AWH = p is small, and nﬂé moderate
- Disjoint time intervals independent * Sum of independent Poisson is still a Poisson
 Number of events happ‘eﬁng ata
time unit X is distributed according

i(A = A
to Poi(1) tg(?ﬂ\/w [?‘@:7? .




Sum of Independent Poisson RVs
 Theorem. Let X~Poi(4;) and Y ~Poi(1,) such that 1 = ; + 4,.
letZ =X+Y. Forallz=0,1,23..,
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_____________________________________________________________________________________________________________________________________________________________________

More generally, let X; ~Poi(4,), -+, X;,~Poi(4,,) such that 4 = X; ;.
Let Z = Zin'



Sum of Independent Poisson RVs
Theorem. Let X~Poi(4;) and Y ~Poi(1,) such that A = 1; + 1.
letZ=X+Y.Forallz=0,123..,

PZ=2z)=e " —

_____________________________________________________________________________________________________________________________________________________________________

P(Z=1z)=7? pollev.com/paulbeame028
1. PZ=2)=32 P(X=j,Y=2—)) All of.them are .right
2. P(Z=2)=32P(X =j,Y =z —)) 'Cr)heI f|r§t 3 ahre right

3. P(Z=2) =S oP(Y =z jIX = ) P(X = j)c Y15 T8N

4. P(Z=2)=3_PY =z—j|X=))

oONnwz



Proof 2 X)) Y i) [
AN 1%
P(Z = z) @(X Y = g ) )  Law of total proba lity W

" Binomial
Theorem
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Don’t be fooled by this picture: Poisson RVs are discrete

0.3

g Only integer values
= / occur for both
0

binomial and Poisson

0.2
0.15 )
0.1
0.05
0

-1 1 j (]\ (ST\ ‘Z} /? ?_r ‘f\l 11 13 15
as n — oo, Binomial(n, p = A/n) = poi(A)



Agenda

* Wrap-up of Poisson RVs

e Continuous Random Variables @&
* Probability Density Function

e Cumulative Distribution Function

Often we want to model experiments where the outcome is
not discrete. ( —

—




Example - Lightning Strike @ZX jg&
.

Lightning strikes a pole within a one-minute time frame [+

b
* T =time of lightning strike JL C;jmb
 Every time within [0,1] is equally likely JL= \“[O vl
— \
— Time measured with infinitesimal precision. J:’ \?
| | |
| | |
0 T =0.71237131931129576 ... 1
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Lightning strikes a pole within a one-minute time frame
* T =time of lightning strike
 Every point in time within [0,1] is equally likely

P(T = 0.5) = ;é

—

0.5 1
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Lightning strikes a pole within a one-minute time frame
* T =time of lightning strike
* Every point in time within [0,1] is equally likely

P(0.2<T<05)=05-0.2=0.3
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Lightning strikes a pole within a one-minute time frame
* T =time of lightning strike
* Every point in time within [0,1] is equally likely

0 0.5

P(T=05)=20
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Bottom line

This gives rise to a different type of random variable
P(T =x) =0forallx € [0,1]

* Yet, somehow we want

- P(Tef01) =1

— P(T €la,b])=b—a

* How do we model the behavior of T?

First try: A discrete approximation
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Recall: Cumulative Distribution Function (CDF)

Probability Mass Function

Cumulative Distribution Function

PMF CDF
Px Fx
1
3/4
1/2
1/4 —
-1 0] 1 2 3 -1 (0] 1 2 3
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A Discrete Approximation

Probability Mass Function Cumulative Distribution Function

PMF CDF
. s
Px F X :=’_: """"""""""""

123
nnn

S|~
e
S |
—



Definition. A continuous random variable X is defined by a
probability@unction (PDF) fx: R = R, such that

Non-negativity: fy(x) = Oforallx € R
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Probability Density Function - Intuition
Non-negativity: fy(x) = Oforallx € R

Normalization: f_JroZo fx(x)dx =1

O €A

18



Probability Density Function - Intuition
Non-negativity: fy(x) = Oforallx € R

Normalization: fjozo fx(x)dx =1

b
Pla<X <)) =J fx(x) dx

P—
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Probability Density Function - Intuition
Non-negativity: fy(x) = Oforallx € R

Normalization: f:: fx(x)dx =1

________________________________________________________________________________



Probability Density Function - Intuition
Non-negativity: fy(x) = Oforallx € R

Normalization: fjozo fx(x)dx =1

b
Pla< X <)) =j fx(x) dx

y
P<x=y)=P(ysxsw=jfx(x)dx=o
y

y+3

y =5 };’y+§ p(@zP(y—%SXSy+§)= yjf)i(ﬂdxzei)
fiazy -

—_—

tileor
What fy (x) measpﬁ':%\s&\%ﬁlocal rate at which probability accumulates
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Probability Density Function - Intuition

Non-negativity: fy(x) = Oforallx € R
P(X = y) B

PX~z)

Normalization: f_JroZo fx(x)dx =1

b
Pla< X <)) =j fx(x) dx

y
P<x=y)=P(ysxsw=jfx(x)dx=o
y

Y

z y+£
T P =p(y-gsxsy+s)=[ A drx ef0)

— 2

m

2

PX~y) (efx@) [
P(X ~z) efx(2) fx(2) 2




Definition. A continuous random variable X is defined by a
~ probability density function (PDF) fx: R — R, such that

. 'Non-negativity: fx(x) > O0forallx € R

" Normalization: f_t: fx(x)dx =1

@Xﬁ b) =j fx(x) dx

. y
P(X=y)=P(y§XSy)=j fx(x)dx =0
: y

i Ve
PN =P(y-c<X<y+z)= | @ dxxefy )

: Y2

P~y kO _ ) |
PO =D i@ @ 5







PDF of Uniform RV

X ~ Unif(0,1) Non-negativity: fy(x) = O0forallx € R

1, x € [0,1] Normalization: f_JroZo fx()dx =1

__________________________________________________________________
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Probability of Event

X ~ Unlf(O 1)

>

Non-negativity: fy(x) = Oforallx € R

{1, x € [0,1] Normalization: f_JroZo fx()dx =1

g b
_________________________________________________________ i P(aSXSb)=JfX(x)dx

1.f0<aanda<bh <1

Pla<X<b)=b—-a /

2.fa<0and0 <b SNl/PoII pollev/paulbeame028
Pla<X<b)=hb A. Allofthem-are orrect
3.Ifa20andb>1 .
Pla<X < —a C. Only1isright

4.1fa < 0 and b > \/D Only 1and 2 are right

JZQ LP(a<X<b)—1

o —=
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Probability of Event

X ~ Unif(0,1) Non-negativity: fy(x) = Oforallx € R
\ L o 1,xE[O,1] _____ Normalization: fjozo fx(x)dx =1
D=0 xeo1] | b
S | P(asxszo)=jfx(x)dx
1 a

y
P(x=y)=P<ysxsw=j f (o) dx = 0

y
PX = y)~efy(y) =€
; I P(X = y) N efx(y) _fx )
O' ! PX~z) e€fx(z) [fx(2)
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£ Unif Density # Probability
FPIF @1 RATIREnTD) A fx(x) > 1is possible!

X ~ Unif(0,0.5) O
2, x € [0,0.5]
A —
fx () {o, x & [0,0.5]
2 .
+ 00 1
/'j fX(x)dxzij(x)dxzz-O.Szl
1 : —o !
M ﬂ Probability on [0,0.5] accumulates at
: twice the rate compared to Unif(0,1)
p— S——.

|

0 > \ﬁ 1 28



Uniform Distribution

X ~ Unif(a, b)

! =1
b—a

| poa=0-a

b
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Example. T ~ Unif(0,1) Probablllty Density Function

____________________________________________________________




Cumulative Distribution Function

Definition. The cumulative distribution function (cdf) of X is

Fy(@) =P(X <a) = [ fyx(x)dx
e o 1 5

By the fundamental theorem of Calculus fy(x) = %Fx(x)

<« )

Therefore: P(X € [a, b]) = Fx}bg Fy(a)

-

dra_ = J¢.

@s monotone increasing, since fX(x) > 0. That is Fy(c) < Fy(d) forc < d

lim,,_o Fy(a) =P(X < —0) =0 limg,,;e Fx(a) =P(X < +0) =1
31



From Discrete to Continuous

Discrete Continuous
PMF/PDF px(0) =P(X =x) <[ fx(x) # P(X =x) =0
coF FeG) = ) pe(® B = | f©de
— t=x 7
Normalization _ sz(x) =1 j fx(x)dx =1
Expectation | E[g(0)] = ) g() px(x) | Elg(X)] = j 90 fr () dx




