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Agenda

e Continuous Random Variables a
* Probability Density Function
e Cumulative Distribution Function

Often we want to model experiments where the outcome is
not discrete.



Example - Lightning Strike

Lightning strikes a pole within a one-minute time frame
* T =time of lightning strike
* Every time within [0,1] is equally likely

— Time measured with infinitesimal precision.

0] T =0.71237131931129576 ...

___________________________________________________________________________________



Lightning strikes a pole within a one-minute time frame
* T =time of lightning strike
* Every point in time within [0,1] is equally likely

P(T >0.5) =%
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Lightning strikes a pole within a one-minute time frame
* T =time of lightning strike
* Every point in time within [0,1] is equally likely

| -

Y 0.2 0.5

P(0.2<T<05)=05-02=0.3



Lightning strikes a pole within a one-minute time frame
* T =time of lightning strike
* Every point in time within [0,1] is equally likely

Y 0.5

P(T=05)=0



Bottom line

* This gives rise to a different type of random variable
e P(T=x)=0forallx € [0,1]
* Yet, somehow we want

~P(Te[01]) =1

—P(T € [a,b]) =b —a

e How do we model the behavior of 77



Definition. A continuous random variable X is defined by a
 probability density function (PDF) fx: R — R, such that

Non-negativity: fy(x) = 0 forallx € R




Probability Density Function - Intuition
Non-negativity: fy(x) = O forallx € R

Normalization: f:: fx(x)dx =1



Probability Density Function - Intuition
Non-negativity: fy(x) = O forallx € R

Normalization: f:: fx(x)dx =1

b
P(a <X <b) =j fx(x) dx
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Probability Density Function - Intuition
Non-negativity: fy(x) > O forallx € R

Normalization: f_JrOZO fx(x)dx =1

b
Pla< X <b) =j fx(x) dx

y Density # Probability
fx()#0 PX=y)=0



Probability Density Function - Intuition
Non-negativity: fx(x) > Oforallx € R

Normalization: fj;o fx(x)dx =1
b

Pla<X<bh)= f fx(x) dx
a

y
P(X=y)=P(ySXSy)=J fx(x)dx =0
y

€ €
y=—3 vy P(X ~y) P(y 2SXSy+2)

V5
RERS [ 5 ax = e

3
Vo
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Probability Density Function - Intuition

Non-negativity: fy(x) = 0 forallx € R

PX=y) _ ;
P =) Normalization: fjozo fx(x)dx =1
b
Pla<X<b)= J fx(x) dx
a
y
P =9)=PG<X<y) = fbddr=0
y
y 74

€ € V7
P =p(y-s<x<y+d)=[ "f@ar~eh)
Vo

P(X = y) N efx(y) _ fx)
P(X=z) e€fx(z) [fx(2) 3




_____________________________________________________________________________________________________________________________________________________________________

Definition. A continuous random variable X is defined by a
“probability density function (PDF) f: R — R, such that

Non-negativity: fy(x) = 0 forallx € R

Normalization: fjozo fx(x)dx =1

i b
P(aSXSb)=f fx(x) dx

! y
P<X=y>=P(ysxs;v>=jfx<x>dx=o
| y

€ € iy
PEEYAP(y-gsXsy+o)=| A~ efy()
' 2

PE =Y efO) _H®)
PX=z) ¢€fx(2) [fx(2) 14







PDF of Uniform RV

X ~ Unif(0,1) Non-negativity: fy(x) = 0 forallx € R

o ()_1 ___________ x 6[01] _____ Normalization: ffozo fx(x)dx =1

=10 xe01] |
1
+ 00 il
f(x)dsz fx(x)dx=1-1=1
// J—OO ¥ 0 i
>
0 1
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Probability of Event

X ~ Unif(0,1) Non-negativity: fy(x) = 0 forallx € R

0,1] Normalization: fjozo fx()dx =1

>
<
~
N
—/
I
—
&=
=
R
=
=

b
Pla<X<bh) =j fx(x) dx

1.1f0<aand b <1

—— 2.1fa<0and 0 <b =<1 po: pollev/rachel312
Pla<X<b)=b A. All of them are correct

3.fa=z0and b > 1 . Only1, 2, 4 are right

B
Pla<X<b)=b—a ¢ only1isright
4.1fa<0andb >1 D. Only 1and 2 areright

0 a b 1 Pla<X<b)=1
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Probability of Event

X ~ Unif(0,1) Non-negativity: fy(x) = 0 forallx € R
o ()_1 ___________ x 6[01] _____ Normalization: [ fy(x) dx = 1
=00, xeo1] b
e | p(agxszo)zjfx(x)dx
1 a

iy
P<X=y>=P(ysxsw=jfx<x>dx=o
iy

PX =y)=efy(y) =€
PX=y) efx(y)_ fx(y)

P(X = z) N €fx(2) B fx(2)
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f if Density # Probability
FRIF @ LA EIGE (3 A fx(x) > 1is possible!

X ~ Unif(0,0.5)

>
<
piy
=
| —
I

+00 1
/ J fx(x) dX:J fx(x)dx=2-05=1
- 0

Intuition: P(X = x) = fy(x) - € for small e

|
o) >
I

0o 0.5 1
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Uniform Distribution

_ x € |a,b]
X) = -
X ~ Unif(a, b) f (o) Y
R S ——
1
+00
b—a [ Awa=t-a——=1
() >
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Example. T ~ Unif(0,1) Probablllty Density Function

>
& X
g Cumulative Distribution Function
A
 + 0 <0
Fr(x)=P(T<x)=4? 0<x<1
x b i 1<x
o ——
0 1
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Cumulative Distribution Function

Definition. The cumulative distribution function (cdf) of X is
Fy(a) = P(X < a) = [°, fx(x) dx '

By the fundamental theorem of Calculus fy (x) = C%F(x)
Therefore: P(X € [a,b]) = F(b) — F(a)
Fy is monotone increasing, since fy(x) = 0. Thatis Fy(c) < Fx(d) forc < d

Lim,,_, Fy(a) =P(X < —00) =0 Lim,,,, Fy(a) =PX < +x) =1
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From Discrete to Continuous

Discrete Continuous
PMF /PDF px(z) = P(X = x) fx(@)#P(X=2)=0
CDF Fx (z) = > 1<o Px (1) = fi”oo fx (t)di
Normalization | ) _px(z) =1 f fx (x)dz =1
Expectation | E[g(X)] =>_, g(z)px () Elg(X)] = f_oo (z)fx (z) dx




Expectation of a Continuous RV

Definition. The expected value of a continuous RV X is defined as

E(X) = f ) ool

Definition. The variance of a continuous RV X is defined as

Var(X) = j oofX(x) (x — IE(X))2 dx = E(X?) — E(X)?



Definition.

Expectation of a Continuous RV e j”"fx(x),x -

Example. T ~ Unif(0,1)

A i (1, =xe€[01] !
1 fT(x)_{o, x &[01] |
0 >
0 1
[01] |
R M 1.1
' oA E(T) =-12 ==
1 | ( ) 2 2
\ ;
Y
5 > Area of triangle
0 1
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Uniform Distribution

X € [a,b
Y ~ Unif(a. b We also say that X fx(x): b —a [ |
~ Unif(a, b) follows the uniform 0 else
distribution [is L]
4 uniformly distributed
1 ——
0 >

a b
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Uniform Density - Expectation {

X ~ Unif(a, b)

E(X) = j fx(x) - x dx

1 P 1 [x?
=b—ajaxdx =b—a<2)
_(b—a)(a+b) a+b

- 2b-a) 2

b
1 Y — g%
b—a 2

a
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Uniform Density - Variance

X ~ Unif(a, b)

E(X?) = J+oofx(x) - x? dx
b

1 bzd 1 (xF
_b—afax *Th—a\3
a

_(b—a)(b* +ab+a®) b*+ab+a’
B 3(b —a) ; 3

b3_a3
~3(b—a)
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Uniform Density - Variance b2 + ab + a2

E(X?) = ——
X ~ Unif(a, b)

Var(X) = E(X?) — E(X)*
_b2+ab+a2 a’ + 2ab + b?
~ 3 a 4

Ab?% + 4ab + 4a®> 3a® + 6ab + 3b?
N 12 N 12
b? —2ab +a* (b— a)?
12 T 12

E(X)

a+b

29



