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Parameter Estimation - Workflow

Parameter
/ estimate
Distribution . ) 2
P(x|0) Algorithm f—— 0 _
Vel ] )

6 = unknown parameter

Maximum Likelihood Estimation (MLE). Given data x4, ..., x,, find 5
0 =0(xq,...,xXn) (“the MLE”) such that L(xl, .,xn|@ is maximized!

0 =\|argmax\L(xq, ...., x,|60)
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Likelihood of Different Observations

T . Lok

Definition. The likelihood of independent observations

n

P(x;; 6) (Discrete case)

L=1

-
f(xi;0) (continuous case)

i - Maximum Likelihood Estimation (MLE). Given data x4, ...., x,,,/find
9 (“the MLE”) of model such that L(x4, ...., x,,|8 ) is maximized!

— =

6 = (argmax\L(xq, ...., x,|60)

| M
5 aL(.xl’ ----,xnlg) . 'ln (Xl, ----)Xn|0) _ ')
Usually: 50|V9C T 0 or A= = 0 [+check it’s a max!] 3




n samples x4, ..., x,, € R from Gaussian N(ﬁ, @ Most likely p?

@estimator for
expectation is the
sample mean

g, =%
¢ n




Next: . samples x4, ..., x,, € R from Gaussian V' (1, 02).
Most likely 1 and 042

05

0

&)
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Two-parameter optimization

Normal outcomes x4, ..., x,

Goal: estimate 6; = p = expectation and 6, = ¢ = variance




Two-parameter estimation

In2m 6,) < (x; — 6;)?
- VU1
InL(xq,....,%x,|01,0,) = — > 2 _z 129
" 2

We need to find a solution 6, 6, to

-—D-’.

0
~ aTllnL(Xl,....,angl,Hz) =0

d
¢ aTzlnL(xl,....,xnlgl,Hz) =0



MLE for Expectation

J 1 >
a—gllnL(xl,....,xnlgl,Hz) — H_ —

_______________________________

5 Sy In other words, MLE of expectation is
— 2Lt (again) the sample mean of the data,
’ ~ regardless of 0,

What about the variance?



MLE for Variance Y

/ n 2
A In(2m 6,) x; — 60 |
L, om0, 02) = =1 = \ —Z( 12921) [oniterT
_____________________________________________________________________________ 4z\§l=1 -
In 92 1 A \2
VAN (’l:_'e};k
—— i—1 [J
n

_~> population variance of the data.
. (Note that this is not called sample variance!)
i —— ——




Summary: MLE of Normal Distribution

n

L(xp, oo, X0 0) = f(x;]60)  (continuous case)

MLE estimator for
expectation

MLE estimator for
variance



When is an estimator good? Parameter
] estimate

“The_model”
Distribution .
5 (x]0) fr Algorithm
C\ nknown parameter A (%l - '><1/| 2
'? e

Defmltlon An estimator of parameter 6 is an unbiased estimator

@Hn) = 0.

(7%%1193 :8 \,>/Q\

CovAtt \/onwo\ 1




Example - Coin Flips

i.e., E(8,) = p, wherepis the probaz/ility that the coin turns out head.
b

\ !

Ny e ) E[ZXI) n- p
E<T> ’t< 2\@\ S A P

—_— V4

Is MLE always an unbiased estimator?  NOT!

—
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Consistent Estimators &@ Parameter

estimate

Distribution samples X4, ..., X,

Px|0) | from P(x|6) Algorithm —— 0

6 = unknown parameter

_________________________________________________________________________________________________________________________________________________________

Definition. An estimator is unbiased if [E(én) =@ foralln = 1.
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Example - Consistency

Normal outcomes X, ..., X,, iid according to N'(1,0%)  Assume: ¢ > 0
‘/ [/W\W/C < e

7)) S Ve~ — N
prulation variance - Biased! § L ) > Sample variance — Unbiased!

0,2 converges to same value as S7, . e@s n — oo,
B

0,2 and SZ are “consistent”
Only S unbiased

14



This Photo by


https://en.wikipedia.org/wiki/Sword-billed_hummingbird
https://creativecommons.org/licenses/by-sa/3.0/

Why is the estimator consistent, but biased’

Ilneary @ n & & JD > | =

el el {1

n [ n
. 2
:E:HEAXi-—;{X}:E:)G'+

=1 L j=1

:|H
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Why is the estimator consistent, but biased?

linearity
N / 1 n N 2 1 n [ 1 n
E(8,2) =£zIE[(Xi—®M) ]z_EE _ZXJ
=1 = n1=1

1
=(1__)02 — g% forn » o
n, —

Therefore: IE(Sn)—— i [E[(X u)] (® 2) =

-’
Bessel’s correction 17



AN /A
Estimation — Confidence Intervals g 2

o 1

-2 SEYN

Unbiasedness/consistency are not sufficient by th}emsele&k/

* WewantP(0, =6) =1
— At leastasn — o

— Note that ©,, is continuous for Gaussian, so P(0,, = 8) = 0
* Relaxation: Find smallest A such that ]P(|@n — 9‘ < A) =P

foragivenp = 23 €% >29¢

— We say that A gives us the p-confidence interval

— e.g., 95%-confidence interval means p = 0.95
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Mean Estimator for Normal - Known Variance

Normal outcomes( Xl,)... , Xy, iid according to V' (1, 02),@

PO
: = Q: which distribution?

T~ A: Normal!

« Expectation i(n 1) = U
S

E
\

. 1 2 o
= varlancer?nc :7

N (0,1)




Mean Estimator for Normal - Known Variance

Normal outcomes: X;, ..., X,, iid according to V' (u, %), known ¢“.

~ nX; 0, —
@M:Zl—l : & “~J\r(o,1)
n og/\/n

(e / =

IP(—Z w— F < Z) =d(z) —P(-2)=1- 2613(7@

— o/\n| —

Y
0
0
I
0

-—

Equivalently: IP(@EM— ,u| <zo/\n)=1- ZCD(—@ = 0.98

f—q

E.g., ®(—1.96) ~ 5% — Estimate is within A.= .mg \/1 of 11 with probability ~
95% (i.e., “Ais the 95%-confidence interval’’) T
L na

20



Mean Estimator for Normal — Unknown Variance

Normal outcomes: X;, ..., X,, iid according to V' (i, 0%), unknown o“.

P (|0, -l < Z)=1- 20(-2) /

Still true, but not that|useful,.as we cannot evaluate o
What about using S, @ stead?

t-distribution witl‘Qn -1 Ejegrees of freedom

21




Student’s t-Distribution Parametrized byy = degrees of freedom

n—|

----------------------------------------------------------

Notation: ¥, (z) cdf of t-
distribution with v dof’s.

005

0
-4 3 5] 1) 0 il 7 3 4

Student,"The probable error of a mean". Biometrika 1908. 22



Student?

”’Student” was a pseudonym for William
Gosset

* Worked for A. Guinness & Son
* Investigated e.g. brewing and barley yields
* Wasn’t allowed to publish with real name

Source: Wikipedia
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Mean Estimator for Normal — Unknown Variance

Therefore: IP’(|@” — | < zSp/Vn) =1-— qun_l(—\z)_\

E.g., W5 1(0.05) =~ 2.26 — Estimate is within 2.26S5,, /v/n of u with
probability = 95% X
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