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ReviewCartesian Product
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Definition. Let ὃand ὄbe sets. The Cartesian product of ὃand ὄis 
denoted

ὃ ὄ ὥȟὦḊὥᶰὃȟὦɴ ὄ

Example.
ρȟςȟσ τȟυ ρȟτȟρȟυȟςȟτȟςȟυȟσȟτȟσȟυ

If ὃand ὄare finite sets, then ὃ ὄ ὃẗὄ.

4ÈÅ ÓÅÔÓ ÄÏÎȭÔ ÎÅÅÄ ÔÏ ÂÅ ÆÉÎÉÔe!  You can have ᴙ ᴙ(often denoted ᴙ )



Joint PMFs and Joint Range
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Definition. Let ὢand ὣbe discrete random variables. The Joint PMF  
of ὢand ὣis

ὴȟ ὥȟὦ 0Òὢ ὥȟὣ ὦ

Definition. The joint range of ὴȟ is

ɱὢȟὣ ὧȟὨ Ḋὴȟ ὧȟὨ πṖɱὢ ɱὣ

Note that

ȟᶰ ȟ

ὴȟ ίȟὸ ρ



Example: Weird Dice

Suppose I roll two fair 4-sided die independently. Let ὢbe the value of the first die, 
and ὣbe the value of the second die. 

ɱὢ ρȟςȟσȟτand ɱὣ ρȟςȟσȟτ

In this problem, the joint PMF is

ὴȟ ὼȟώ
ρȾρφȟὼȟώɴ ɱὢȟὣ
πȟ ÏÔÈÅÒ×ÉÓÅ

and the joint range is (since all combinations have non-zero probability)

ɱὢȟὣ ɱὢ ɱὣ
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X\Y 1 2 3 4

1 1/16 1/16 1/16 1/16

2 1/16 1/16 1/16 1/16

3 1/16 1/16 1/16 1/16

4 1/16 1/16 1/16 1/16



Example: Weirder Dice

Suppose I roll two fair 4-sided die independently. Let ὢbe the value of the first die, 
and ὣbe the value of the second die.  Let Ὗ ÍÉÎὢȟὣ and ὡ ÍÁØὢȟὣ

ɱὟ ρȟςȟσȟτand ɱὡ ρȟςȟσȟτ

ɱὟȟὡ όȟύ ᶰɱὟ ɱὡ Ḋό ύ ɱὟ ɱὡ

U\W 1 2 3 4

1

2

3

4

Poll:  pollev.com/hunter312
What is ὴȟ ρȟσ 0ÒὟ ρȟὡ σȩ
a. ρȾρφ
b. ςȾρφ
c. ρȾς
d. .ÏÔÓÕÒÅ



Example: Weirder Dice

Suppose I roll two fair 4-sided die independently. Let ὢbe the value of the first die, 
and ὣbe the value of the second die.  Let Ὗ ÍÉÎὢȟὣ and ὡ ÍÁØὢȟὣ

ɱὟ ρȟςȟσȟτand ɱὡ ρȟςȟσȟτ

ɱὟȟὡ όȟύ ᶰɱὟ ɱὡ Ḋό ύ ɱὟ ɱὡ

The joint PMF ὴȟ όȟύ 0ÒὟ όȟὡ ύ is

ὴȟ όȟύ
ςȾρφȟ όȟύ ᶰɱὟ ɱὡ ×ÈÅÒÅύ ό

ρȾρφȟ όȟύ ᶰɱὟ ɱὡ ×ÈÅÒÅύ ό
πȟ ÏÔÈÅÒ×ÉÓÅ

U\W 1 2 3 4

1 1/16 2/16 2/16 2/16

2 0 1/16 2/16 2/16

3 0 0 1/16 2/16

4 0 0 0 1/16



Example: Weirder Dice

Suppose I roll two fair 4-sided die independently. Let ὢbe the value of the first die, 
and ὣbe the value of the second die.  Let Ὗ ÍÉÎὢȟὣ and ὡ ÍÁØὢȟὣ

3ÕÐÐÏÓÅ ×Å ÄÉÄÎȭÔ ËÎÏ× ÈÏ× ÔÏ ÃÏÍÐÕÔÅ 0ÒὟ ό directly. Can we figure it out if 
we know ὴȟ όȟύ ?

ὴ ό
U\W 1 2 3 4

1 1/16 2/16 2/16 2/16

2 0 1/16 2/16 2/16

3 0 0 1/16 2/16

4 0 0 0 1/16

χȾρφȟ ό ρ
υȾρφȟ ό ς
σȾρφȟ ό σ
ρȾρφȟ ό τ



Marginal PMF
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Definition. Let ὢand ὣbe discrete random variables and ὴȟ ὥȟὦ
their joint PMF. The marginal PMF  of ὢ

ὴ ὥ

ᶰ

ὴȟ ὥȟὦ

Visual (for continuous ὢand ὣ)

Similarly,  ὴ ὦ Вᶰ ὴȟ ὥȟὦ



Joint Expectation
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Definition. Let ὢand ὣbe discrete random variables and ὴȟ ὥȟὦ
their joint PMF. The expectation of some function Ὣὼȟώwith inputs 
ὢand ὣ

ὉὫὢȟὣ

ᶰ ᶰ

Ὣὥȟὦὴȟ ὥȟὦ



Brain Break
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Conditional Expectation
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Definition. Let ὢbe a discrete random variable then the conditional 
expectation of ὢgiven event ὃis

Ὁὢ ὃ

ᶰ

ὼ0Òὢ ὼὃ

Notes:
Å#ÁÎ ÂÅ ÐÈÒÁÓÅÄ ÁÓ Á ȰÒÁÎÄÏÍ ÖÁÒÉÁÂÌÅ ÖÅÒÓÉÏÎȱ

Ὁὢὣ ώ

ÅLinearity of expectation still applies here
Ὁὥὢ ὦὣ ὧὃ ὥὉὢ ὃ ὦὉὣ ὃ ὧ




