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Agenda

e Joint Distributions @&

— Cartesian Products
— Joint PMFs and Joint Range
— Marginal Distribution

* Conditional Expectation and Law of Total Expectation



Cartesian Product

Definition. Let A and B be sets. The Cartesian product of A and B is
~ denoted

AXB={(ab):a€ADbeE B}

____________________________________________________________________________________________________________________________________________________________________________

 Example.

If A and B are finite sets, then |A X B| = |A| - |B]|.

The sets don’t need to be finite! You can have R X R (often denoted R?)



Joint PMFs and Joint Range X% , Y P(X=a, Y- b)

Definition. Let X and Y be discrete random variables. The Joint PMF
of X and Y is £ XY ndeperdnt

J
pxy(a,b) =Pr(X =aY =b) = Be/X=a) P (V= b)

____________________________________________________________________________________________________________________________________________________________________________

Definition. The joint range of py y is
QX,Y) ={(c,d) : pxy(c,d) > 0} € Q(X) x Q(Y)

____________________________________________________________________________________________________________________________________________________________________________

Note that

pxy(s,t) =1
(5,0)eEQ(X)Y)



o o (a, - A Y:b
Example: Weird Dice " o B, Y= fﬁ
ipx}, (1,3) = Prx=, V=3)
Suppose | roll two fair 4-sided die independently. Let X be the value of the first die,
and Y be the value of the second die. pCx=1,Y= 3)

TPz P(Y=3)

1 2 3 4

QX) = {1,2,3,4}and Q(Y) = {1,2,3,4} ='m*="
1, 116 | 1/16 | 116 | 116

In this problem, the joint PMF is 2 116 | 116 | 116 | 1/16

1/16, x,y € Q(X,Y) 3 116 | 116 | 116 | 1/16

pxy (X, ¥) ={ -
0, otherwise 4| 116 | 116 | 116 | 116

and the joint range is (since all combinations have non-zero probability)
QX Y) =aX) x Q) = 4 (1), (L), .. , (M3 (4,43



Example: Weirder Dice s, (1)) = % (0 =1, W :3) A
Pow [__:?'_'.>= PIIMM’-?),W« :()—:o

Suppose | roll two fair 4-sided die independently. Let X be the value of the first die,
and Y be the value of the second die. Let U = min(X,Y) and W = max(X,Y)

QW) = {1,2,3,4} and QW) = {1,2,3,4}

QU,W) = {(u,w) € QU) x QW) : u < w} = Q) x QW)

____________________________________________________________________________________________

Poll: pollev.com/hunter312
What ispyw(1,3) =Pr(U=1,W =3)?

042 1/16 RO, Y3 U X=3,Y=10)
dib- 2/16 = Pt Y= 3) & (X3 V1)
¢ 1/2 = Q(X= DP(Y=3d+ ROEDPe(Y= |)

-
-

'd. Notsure Vie + Ve = Yk

In Jcml;

Pav (%,8) £ pos (o)

1 2 3 4
V1o | P IZ.//6 l 2/
o ‘/(6 /¢ | Uig
O & | Yis |
5 O o | i,




Example: Weirder Dice

A

Suppose | roll two fair 4-sided die independently. Let X be the value of the first die,

and Y be the value of the second die. Let U = min(X,Y) and W = max(X,Y)
QW) = {1,2,3,4} and QW) = {1,2,3,4}

QU W) = {(w,w) € QU) X QW) : u < w} = QU) x QW)

The joint PMF py w(u,w) = Pr(U = u, W = w) is uw 1 2 3 4
2/16, (u,w) € QU) x Q(W) wherew > u | 116 Y6 | 216 | 20
puwu,w) = {1/16,  (u,w) € QU) X QW) wherew =u 2, 0 1116 | 2/16 | 2/16
/t‘ 0, otherwise
3 0 0 116 | 2/16
Sauccnct Sorm o F =
4 O 0 0 116




Example: Weirder Dice ﬁ

Suppose | roll two fair 4-sided die independently. Let X be the value of the first die,
and Y be the value of the second die. Let U = min(X,Y) and W = max(X,Y)

Suppose we didn’t know how to compute Pr(U = u) directly. Can we figure it out if
we know py (U, w)?

(7/16, u=1

by 156 u=2 uw g 2 3 4
UANSS ™ ) 3/16, =3 _—
K1?16, . BU=0= Y & 17116 | 216 | 216 | 2/16

k PO=H=S/, 2; 0 1/16 | 2/16 | 2/16 )
M“VS“/‘“K PUFof O GV:3)~%(, - 3(: 0 o | 116 | 216 ;

PelU=W):le > 4




Marginal PMF

Definition. Let X and Y be discrete random variables and py v (a, b)
~their joint PMF. The marginal PMF of X

px(@) = ) pry(ab)

b,EQ(Yl

Similarly, py(b) = ZaEQ(X) pxy(a,b)

p(_Y)

Visual (for continuous X and YV)




Definition. Let X and Y be discrete random variables and py v (a, b)
their joint PMF. The expectation of some function g(x, y) with inputs

XandY
Elgtnl= ) ) g(abpsy(ab)

aeQ(X) beQ(Y)

____________________________________________________________________________________________________________________________________________________________________________
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Brain Break
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Agenda

* Joint Distributions
— Cartesian Products
— Joint PMFs and Joint Range
— Marginal Distribution

* Conditional Expectation and Law of Total Expectation 4
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Conditional Expectation

____________________________________________________________________________________________________________________________________________________________________________

 Definition. Let X be a discrete random variable then the conditional
~expectation of X given event A is

o x € Q(X) B
Notes: |
* (anbe phrased as a “random variable version” Recall: Y:a, i5 an evert
E[X|Y = y]

* Linearity of expectation still applies here

ElaX + bY +c| Al = aE|X | A] + bE|Y | A] + ¢ 3



Law of Total Expectation Lre:  #(x:sd = Y., PelXx [A) ROA)

Law of Total Expectation (event version). Let X be a random variable
and let events A4, ..., A, partition the sample space. Then,

E[X] = ) E[X|AJPr(4)

Law of Total Expectation (random variable version). Let X be a
random variable and Y be a discrete random variable. Then,

EIXI= ) EIX|Y =yIPr(¥ = y)
y €Q(Y)



Proof of Law of Total Expectation

Follows from Law of Total Probability and manipulating sums

E[X] = 2 x Pr(X = x)

x €Q(X)

2 xz: Pr(X = x |A;)Pr(4;) (b)iri)

x €eQX) i=1

— Pr(4;) xPr(X =x|A4;)]
; erQ(X)

= ) Pr(4) E[X|4]

(change order of sums)

(def of cond. expect.)
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I% Yf—'""/ caSer 4o compulc,; EEX"‘“—H]’- 4/221

Example: Flipping Coins
P PPINg e Y=y o EIXIY=41=9/

Suppose wanted to analyze flipping a random number of coins. Suppose someone
gave us Y ~ Poi(5) fair coins and we wanted to compute the expected number of

heads X from flipping those coins. ""—,E f Iy 10(Y=4)
T 2, EIXIY=41%(Y=4
X~ B (Y, %) ELxd LA ’ |
TY o — ’ CsY
= Z_: W/Z e}-s 5/l
%;O 3
F ) o hed L Compute,
= 2.5
C I \/OW con&km en OHA/ /[\

Crerts and wie LTE? Yy Weltrom Alpha,
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Example: Computer Failures

Suppose your computer operates in a sequence of steps, and that at each step i
your computer will fail with probability p (independently of other steps). Let X be
the number of steps it takes your computer to fail. What is E'[X]?

D@‘\' Coveed, *DAKV/ UJ'“ CLBCuSS thén\y

17



Reference Sheet (with continuous RVs)

Discrete Continuous
Joint PMF/PDF pxy(x,y) =P(X =x,Y =y) fxy(x,y) # PX =xY =y)
; X Y
Joint CDF Fyy(x,y) = 2 Z Pxy(t,s) Fyy(x,y) = f f fiy(t, s)dsdt
t=x s=vy —00 v —00
Normalization Z Z Dy () = 1 j J’ foy(ty)dxdy = 1
Marginal [
PMFg/PDF pX(x) Z Px, ]"(x y) fx(x) = ) fxly(x, y)dy
Expectation ElgiX,Y)] = Z Z g, y)pxy(x,y) Elg(X,Y)] = f r g,V fyy(x,y)dxdy
¥ —o0J -0
Conditional b (| y) = Pxy(x,¥) oy = fxy(x,¥)
PME/PDF XY py(¥) I fr ()
Conditional ] — ”
ExPectation EIX|Y=y]= Zx:xl?xw(x | y) EIX|Y=yvy]= ]_mfolY(x | v)dx
IndePendenCE vx,y, px,v(x: y) = px(X)py(¥) Vx,y, fx,r(x: y) = fx(X)fy ()




