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Variance - Properties

____________________________________________________________________________________________________________________________________________________________________________

 Definition. The variance of a (discrete) RV X is

Var(X) = E[(X — E(X))’| = T, px @) - (x — EX))’

____________________________________________________________________________________________________________________________________________________________________________

_______________________________________________________________________________________________________



Important Facts about Independent Random Variables

——————————————————————————————————————————————————————————————————————————————————————————————————————————————————————————————————————————————————————————

_________________________________________________________________________________________________________________________________________________________

——————————————————————————————————————————————————————————————————————————————————————————————————————————————————————————————————————————————————————————

_________________________________________________________________________________________________________________________________________________________

Corollary. If X, X, ..., X,, mutually independent,

n n

Var Z:Xi =zVar(Xi)

=1 l



Motivation: “Named’” Random Variables

Random Variables that show up all over the place.

— Easily solve a problem by recognizing it’s a special case of one of
these random variables.

Each RV introduced today will show:
— A general situation it models
— Its name and parameters
— Its PMF, Expectation, and Variance
— Example scenarios you can use it



Welcome to the Zoo! (Preview) & @) % 5o £2 W

PX=H) = PX=1)=pP(X=0)=1—p (X = k)-() k(1 - p)¥
a+b k
E[X] = EX]=p E[X] =np
(b—a)(b—a+2)
Var(X) = Var(X) = p(1 — p) Var(X) = np(1 —p)
K
P(X = kl)—(l— p)'p P(X = k)—( _1) "1 -p)T P(X =k) = ()((N)
E[X]=E ) E[X]=£ E[X]=n%
Var(X) = Var(x) = r(1—p) Var(x) = nK(N — K)(N —n)

p? N?2(N — 1)



Agenda

e Discrete Uniform Random Variables @&
* Bernoulli Random Variables

* Binomial Random Variables
 Geometric Random Variables

* Applications



Discrete Uniform Random Variables
X(SV)=1w, acl, -, b-1,bf

A discrete random variable X equally likely to take any (int.) value
between integers a and b (inclusive), is uniform.

Notation: X~ OniF (/%) ‘Example: value shown onone
( jh L 2 keX(I) rollofafairdie  Owf(l,é)
PMF: P(y= k)= {7 i

o O.W.

-

S L
Expectation: apas a:

Variance:

P(X=i)
010 016 0.22
|4 4 & & 4. 4
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22-sded die : X~ omi £ l,22)
pr(xl‘(;)-‘- l/Z.L

)-23

EIxJ= 2—; , VrOO= 2,2

Discrete Uniform Random Variables

A discrete random variable X equally likely to take any (int.) value
between integers a and b (inclusive), is uniform.

Notation: X ~ Unif(a, b) ‘Example: value shown onone |

. _ o 1 roll of a fair die is Unif(1,6):
PMF: Pr(X =1i) = p— P X =) = 1/6
. +b e« E[X]=7/2
Expectation: E| X| = aT . V:Er(]X) =/ 35/12
Variance: Var(X) = (b_a)(lbz_aﬂ)

P(X=i)
010 016 0.22
|4 4 & & 4. 4

0 1 2 3 4 5 6 7




Agenda

* Discrete Uniform Random Variables
* Bernoulli Random Variables @

* Binomial Random Variables
 Geometric Random Variables

* Applications



Bernoulli Random Variables Tadicater RVs

A random variable X that takes value 1 (“Success’) with probability p,
and 0 (“Failure”) otherwise. X is called a Bernoulli random variable.

Notation: X ~ Ber(p)
PMF:Pr(X =1)=p,Pr(X=0) =1 —p
Expectation: E[X1=1'p+O (1-p) =

7_ i . 5
Variance: Vo [X)= ’:IX 1- EDJ - P P épollev.com/hunterrmz
:Pﬂ-P) ~ Mean Variance

CT* J=(%p+ 0 (-p) 71’ .

a
b p

=P c p p(1—p)
Id p

<



Bernoulli Random Variables

A random variable X that takes value 1 (“Success’) with probability p,
and 0 (“Failure”) otherwise. X is called a Bernoulli random variable.

Notation: X ~ Ber(p)
PMF:Pr(X=1)=p,Pr(X=0)=1—-p

Expectation: E[X| =p  Note: E[X?] =p

Variance: Var(X) = E[X?] — E[X]? =p —p? =p(1 — p)

' Examples:
* Coinflip
* Randomly guessing on a
MC test question
* Aserverin a cluster fails
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Agenda

Discrete Uniform Random Variables
Bernoulli Random Variables
Binomial Random Variables @&
Geometric Random Variables
Applications
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Binomial Random Variables iid= Dndependent ani Identically Distibuted

Y., Yq_,.../ Yn /VBU{p-) 'I]A

A discrete random variable X that is the number of successes in n
independent random variables Y; ~ Ber(p). X is a Binomial random

variable where X =) . Y; n\ kg TR
e ; Poll;
:  #of heads in n coin flips pollev.com/hunter312
» #of1sinarandomly generatedn . Pr(X = k)
bit string a. pk(l _ p)n—k
* #of servers that fail in a cluster of | b np
n computers | i n\_ k ot
« # of bit errors in file written to disk ¢ (k)p (1 - p)
« #of elementsin a bucket of a i d. (nfk)pk(l — p)nk

large hash table
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Yz ~ B(/’[\D)
EEYJJ:_P

Vs (Y- )= P(1-P)
A discrete random variable X that is the number of successes in n

independent random variables Y; ~ Ber(p). X is a Binomial random
variable where X =) Y;

Notation: X ~ Bin(n, p)

Binomial Random Variables

PMF: Pr(X = k) = (?)p*(1 — p)»* Fels
r(. ) (k)p ( p) . pollev.com/hunter312
Expectation: ~ Mean Variance
Variance: Z p p - |
o~ ¥ np 0. np np(l—p)
Egx1=E[ &Yl SR ¢ np np? |
Vo (3= Var (50, 3 < T Var(Y)= Ziz p0P=NP(P d mp  mPp
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Binomial Random Variables

A discrete random variable X that is the number of successes in n

independent random variables Y; ~ Ber(p). X is a Binomial random
variable where X = )", Y;

Notation: X ~ Bin(n, p)

PMF: Pr(X = k) = (7)p*(1 —p)"*
Expectation: E[X| = np

Variance: Var(X) = np(1 — p)
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Mean, Variance of the Binomial

IfY,,Y,, ..., Y, ~ Ber(p) and independent (i.i.d), then
X=2%i-1Y, X~Bin(np)

Claim E[X] = np

n
E|IX|=E ZE ElY;] =np

=1

=
|
[

l -.< ]

Claim Var(X) = np(1 — p)

n n
Var(X) = Var Z v, | = Z Var(Y;) = nVar(¥,) = np(1 — p)
=1 =1
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Binomial PMFs

P(X=k)
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Binomial PMFs

PMF for X ~ Bin(30,0.5) PMF for X ~ Bin(30,0.1)
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Olo (1LOoOoOoIl -
T

Success w/ prob 0441, Buil w/ prol, 0.091

Sending a binary message of length 1024 bits over a network with probability 0.999
of correctly sending each bit in the message without corruption (independent of
other bits). Let X be the number of corrupted bits. What is E[X]?

Example

Y~ Bin (1024, 0-601) I . i

- Poll:
 pollev.com/hunter312
— = 1024 0.001 = |- o4 a 1022.99
):D(] 024 ;b. 1.024
f ;c. 1.02298
From lusk shde d. 1
e. Notenough
information to
compute

_______________________________________________________



Brain Break
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Agenda

Discrete Uniform Random Variables
Bernoulli Random Variables

Binomial Random Variables

Geometric and other Random Variables @
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I 1 Fv.al Ll Set suce
Geometric Random Variables # dials ankl Yok suces

I(l Y.:K, ‘H'éﬂ
,Y':Yzz_“; ~l :o /\ Yl‘(.:‘

A discrete random variable X that models the number of independent
trials Y; ~ Ber(p) before seeing the first success. X is called a Geometric
random variable with parameter p.

Notation: X ~ Geo(p) Exampless |

PMF: P(X" k)= ('-wa P ~» #of coinflips until first
Expectation: ExxJ=Vp  Gowdin L9) head

. -+ #ofrandom guesses on
Variance: MC questions until you

get one right
* #of random guesses at a
password until you hit it



Geometric Random Variables .. .,

A discrete random variable X that models the number of independent
trials Y; ~ Ber(p) before seeing the first success. X is called a Geometric
random variable with parameter p.

Notation: X ~ Geo(p) Exampless |

PMF:Pr(X = k) = (1 —p)*1p ~+ #of coinflips until first
’ head
* #of random guesses on
" : MC questions until you
Variance: Var(X) = —Zp get one right
~ + #ofrandom guesses at a
password until you hit it

Expectation: E[X] = %

<



Example: Music Lessons

Your music teacher requires you to play a 1000 note song without mistake. You
have been practicing, so you have a probability of 0.999 of getting each note
correct (independent of the others). If you mess up a single note in the song, you
must start over and play from the beginning. Let X be the number of times you
have to play the song from the start. What is E| X |?

X’\’ ()CO (p) P © Prole OQPIQY'/I:) JMJ co(/ec,-l.ly
U Y: :H-"C()V/ec‘- noley 1N N P/Ly oF He, 5@4\1

\~o Bin (1000, 0.991)
p=Pr(Y=1000) = (1) oat4 - 000t

~ 0.9677

X~ Geo (05477)

I
ELX) = /63677 2. 714
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Negative Binomial Random Variables

A discrete random variable X that models the number of independent
trials ¥; ~ Ber(p) before seeing the rt"* success. Equivalently, X =

‘-1 Z; whereZ; ~ Geo(p). X is called a Negative Binomial random
variable with parameters 7, p.

Notation: X ~ NegBin(r,p) Similayr o Geolp) buf
PMF: PF(X — k) — (f:l)pr(l . p)k_r Wa}‘—inj Qor v SUlLenes
Expectation: E| X| = % X= ). ‘-f C, Zi~Geolp)
Variance: Var(X) = r(1-p)

p2
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Hypergeometric Random Variables

A discrete random variable X that models the number of successes in n
draws (without replacement) from N items that contain K successes in
total. X is called a Hypergeometric RV with parameters N, K, n.

Notation: X ~ HypGeo(N, K, n) Svample . Balls in bin

K\(N—-K
n-— 4, 2 blee ., 4 qreen
PMF: Pr(X = k) = (")((N) ‘) 3 re J
) 1;(, X‘::I:L ved, WN.S drapn ‘N H draws
Expectation: E| X | = n— wW/6 veplacemut
Variance: Var(X) = nK(N_K)(N_n) X~ Hyp Geo (4,3,H)

N?(N-1)
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Hope you enjoyed the zoo! (3 @) k% 5o £2 T

5 "y
PX =k) = PX=1)=pP(X=0)=1-p POX = ) = (k) k(1 — p)*
a+ b
ElX] = E[X]=p E[X] =np
(b—a)(b—a+2)
Var(X) = Var(X) = p(1 — p) Var(X) = np(1 —p)
K
P(X = kl) =1 -p)Fp PX=k)= ( _ 1) "1 -p)T P(X =k) = l )((N)
E[X] =5 - E[X] =£ E[X]=n%
= 1 — - —
Var(X) Var(X) = ( 2 p) Var(X) = nK(NNZ(Z)ENl) n)
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Preview: Poisson

Model: # events that occur in an hour
— Expect to see 3 events per hour (but will be random)
— The expected number of events in t hours, is 3t
— Occurrence of events on disjoint time intervals is independent
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