
Expectation CSE 312 Summer 21

Lecture 9



Announcements

Office Hours:

Kushal will be doing Tuesday Office Hours at 7 pm.

Justin will be doing Wednesday Office Hours at 7 pm.

Links will be updated on the calendar and on the pinned Ed post.



Probability Mass Function



Try It Yourself

There are 20 balls, numbered 1,2,ê,20 in an urn.

Youõll draw out a size-three subset. (i.e. without replacement)

ɱ size three subsets of ρȟȣȟςπ , ᴖ is uniform measure.

Let ὢbe the largest value among the three balls. 

If outcome is τȟςȟρπthen ὢ ρπȢ

Write down the pmf of ὢ.



Try It Yourself

There are 20 balls, numbered 1,2,ê,20 in an urn.

Youõll draw out a size-three subset. (i.e. without replacement)

Let ὢbe the largest value among the three balls. 

ὴ ὼ
Ⱦ ifὼɴ ᴓ,σ ὼ ςπ

π ÏÔÈÅÒ×ÉÓÅ

Good check: if you sum up ὴ ὼ do you get 1? 

Good check: is ὴ ὼ πfor all ὼ? Is it defined for all ὼ?



Cumulative Distribution Function



Describing a Random Variable

The most common way to describe a random variable is the PMF.

But thereõs a second representation:

The cumulative distribution function (CDF) gives the probability ὢ ὼ

More formally, ᴖ ‫ȡὢ‫ ὼ

Often written Ὂ ὼ ᴖὢ ὼ

Ὂ ὼ Вȡ ὴ Ὥ



Try It Yourself

What is the CDF of ὢwhere ὢbe the largest value among the three 
balls? (Drawing 3 of the 20 without replacement)

Fill out the poll everywhere so 

Kushal knows how long to explain

Go to pollev.com/cse312su21



Try It Yourself

What is the CDF of ὢwhere ὢbe the largest value among the three 
balls? (Drawing 3 of the 20 without replacement)

Ὂ ὼ

π ÉÆὼ σ
ỗỘȾ ÉÆσ ὼ ςπ

ρ ÏÔÈÅÒ×ÉÓÅ



Try It Yourself

What is the CDF of ὢwhere ὢbe the largest value among the three 
balls? (Drawing 3 of the 20 without replacement)

Ὂ ὼ

π ÉÆὼ σ
ỗỘȾ ÉÆσ ὼ ςπ

ρ ÏÔÈÅÒ×ÉÓÅ

Good checks: Is Ὂ Њ π? Is Ὂ Њ ρ? If not, something is wrong.

Is Ὂ ὼ increasing? If not, something is wrong.

Is Ὂ ὼ defined for all real number inputs? If not, something is wrong.



Two descriptions

PROBABILITY MASS FUNCTION

Defined for all ᴙinputs.

Usually has òπotherwiseó as an 
extra case.

В ὴ ὼ ρ

π ὴ ὼ ρ

Вȡ ὴ ᾀ Ὂ ὼ

CUMULATIVE DISTRIBUTION FUNCTION

Defined for all ᴙinputs.

Usually has òπotherwiseó and ρ
otherwiseó extra cases

Non-decreasing function

π Ὂ ὼ ρ

ÌÉÍ
ᴼ
Ὂ ὼ π

ÌÉÍ
ᴼ
Ὂ ὼ ρ



Expectation



Expectation

Intuition: 

The weighted average of values that ὢcan take on, weighted by the 
probability you see them.

The òexpectationó (or òexpected valueó) of a random variable ὢis:

╧

▓ɴ ╧

▓ẗᴖ╧ ▓

Expectation



Coin Tosses 

Flip a fair coin twice (independently)

Let ὢbe the number of heads.

ɱ ὝὝȟὝὌȟὌὝȟὌὌ, ᴖ is a uniform measure.

ὴ ὼ

ÉÆὼ π

ÉÆὼ ρ

ÉÆὼ ς

ὢ ẗπ ẗρ ẗς π ρ



Biased Die Rolls 

We roll a biased die such that it shows a 6 with probability , and values 

1,2,ê,5 each with probability .

Let ὢbe the value of the die. What is ὢ?

ẗφ ẗυ ẗτ ẗσ ẗς ẗρ

ς ẗυ τ σ ς ρ ς τ

ὢ is not just the most likely outcome!



Activity!

Let ὢbe the result of the roll of a fair die. What is ὢ?

Let ὣbe the sum of two (independent) die rolls. What is ὣ?

Fill out the poll everywhere so 

Kushal knows how long to explain

Go to pollev.com/cse312su21



Activity!

Let ὢbe the result of the roll of a fair die. What is ὢ?

φẗ υẗ τẗ σẗ ςẗ ρẗ

σȢυ

ὢ is not necessarily a possible outcome from our samples.

This is fine as the expectation is an average and not exact value.



Activity!

Let ὣbe the sum of two (independent) die rolls. What is ὣ?

ẗς ẗσ ẗτ ẗυ ẗφ ẗχ ẗψ ẗω ẗρπ ẗρρ ẗρς

χ

Do you see a relation between ὢ and ὣ?

ὣ ςẗ ὢ



Important Note

ὢ is not random. It is a number.

You do not need to run an experiment to know what it is.

In the die roll example, on experimentation the random variable ὢcan 
take values ρȟςȟσȟτȟυȟφ, whereas we know before any roll of the die 
that the expected value of the die roll will be σȢυ



Linearity of Expectation



Linearity of Expectation

Extending this to n random variables, ὢȟὢȟȣȟὢ
ὢ ὢ Ễ ὢ ὢ ὢ Ễ ὢ

This can be proven by induction.

For any two random variables ὢand ὣ:

╧ ╨ ╧ ╨

Note: ὢand ὣdo not have to be independent

Linearity of Expectation



Linearity of Expectation - Proof

╧ ╨ ɫὖ‫ ὢ‫ ὣ‫
ɫὖ‫ὢ‫ ɫὖ‫ὣ‫
╧ ╨

For any two random variables ὢand ὣ:

╧ ╨ ╧ ╨

Note: ὢand ὣdo not have to be independent

Linearity of Expectation



Linearity of Expectation

For any two random variables ὢand ὣ:

╧ ╨ ╧ ╨

More generally, for random variables ὢand ὣand scalars ὥȟὦand ὧ:

ὥ╧ ὦ╨ ὧ ὥ ╧ ὦ ╨ ὧ

Linearity of Expectation



Fishy Business

Say you and your friend go fishing everyday.

ÅYou catch X fish, with ὢ σ

ÅYour friend catches Y fish, with ὣ χ

ÅHow many fish do both of you bring on an average day?



Fishy Business

Say you and your friend go fishing everyday.

ÅYou catch X fish, with ὢ σ

ÅYour friend catches Y fish, with ὣ χ

ÅHow many fish do both of you bring on an average day?

Let Z be the r.v. representing the total number of fish you both catch
ὤ ὢ ὣ ὢ ὣ σ χ ρπ



Fishy Business

Say you and your friend go fishing everyday.

ÅYou catch X fish, with ὢ σ

ÅYour friend catches Y fish, with ὣ χ

ÅHow many fish do both of you bring on an average day?

Let Z be the r.v. representing the total number of fish you both catch
ὤ ὢ ὣ ὢ ὣ σ χ ρπ

ÅYou can sell each for $10, but you need $15 for expenses. What is your 
average profit?



Fishy Business

Say you and your friend go fishing everyday.

ÅYou catch X fish, with ὢ σ

ÅYour friend catches Y fish, with ὣ χ

ÅHow many fish do both of you bring on an average day?

Let Z be the r.v. representing the total number of fish you both catch
ὤ ὢ ὣ ὢ ὣ σ χ ρπ

ÅYou can sell each for $10, but you need $15 for expenses. What is your 
average profit?

ρπὤρυ ρπὤ ρυ ρππρυ ψυ



Coin Tosses

If we flip a coin twice, what is the expected number of heads that come 
up?



Coin Tosses

If we flip a coin twice, what is the expected number of heads that come 
up?

Let ὢbe the r.v. representing the total number of heads

ὴ ὼ

ÉÆὼ π

ÉÆὼ ρ

ÉÆὼ ς



Coin Tosses

If we flip a coin twice, what is the expected number of heads that come 
up?

Let ὢbe the r.v. representing the total number of heads

ὴ ὼ

ÉÆὼ π

ÉÆὼ ρ

ÉÆὼ ς

╧ ɫὖ‫ὢ‫ ẗπ ẗρ ẗς



Repeated Coin Tosses

Now what if the probability of flipping a heads was p and that we 
wanted to find the total number of heads flipped when we flip the coin 
n times?

If ὣis the r.v. representing the total number of heads that come up.

ὣ В Ὧẗᴖὣ Ὧ В Ὧẗ ὴ ρ ὴ

Ὧẗ
ὲ

Ὧ
ὴ ρ ὴ



Repeated Coin Tosses

Now what if the probability of flipping a heads was p and that we 
wanted to find the total number of heads flipped when we flip the coin 
n times?

ὣ В Ὧẗᴖὣ Ὧ В Ὧẗ ὴ ρ ὴ

В Ὧẗ ὴ ρ ὴ

ὲὴВ ὴ ρ ὴ Ὧ ὲ

ὲὴВ ὴ ρ ὴ

ὲὴὴ ρ ὴ ▪▬



Indicator Random Variables

For any event ὃ, we can define the indicator random variable ὢfor ὃ

ὢ
ρ ÉÆÅÖÅÎÔ!ÏÃÃÕÒÓ
π ÏÔÈÅÒ×ÉÓÅ

ᴖὢ ρ ᴖὃ
ᴖὢ π ρ ᴖὃ

ὢɱ



Repeated Coin Tosses (contd)

The probability of flipping a heads is p and we wanted to find the total 
number of heads flipped when we flip the coin n times?




