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Announcements

Office Hours:
Kushal will be doing Tuesday Office Hours at 7 pm.
Justin will be doing Wednesday Office Hours at 7 pm.

Links will be updated on the calendar and on the pinned Ed post.



= Probability Mass Function



Try It Yourself

There are 20 ball s, numbered 1, 2,
Youo!l | dr athree subset. (iee. wsthout e=placement)

m  size three subsets of pi8 hc %t ,~ is uniform measure.
Let @ be the largest value among the three balls.

If outcome is tltlp then® p B
Write down the pmf of .



Try It Yourself

There are 20 ball s, numbered 1, 2,
Youo!l | dr athree subset. (iee. wsthout e=placement)
Let @ be the largest value among the three balls.

A (6 ( )7()i(f)”&,0’(bCT[
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Good check: if you sum upry w do you get 17?
Good check: isf] (0w Ttfor all of? Is it defined for allof?



~ | Cumulative Distribution Function



Describing a Random Variable

The most common way to describe a random variable is the PMF.
But thereds a second representat|

The cumulative distribution function (CDF) gives the probabilitgd

More formally, ~({ dd( ) o)

Often written O(®) "~ W
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Try It Yourself

What is the CDF of where @ be the largest value among the three
balls? (Drawing 3 of the 20 without replacement)
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t;«‘ Fill out the poll everywhere so

Kushal knows how long to expla
Go to pollev.com/cse312su2l




Try It Yourself

What is the CDF of where @ be the largest value among the three
balls? (Drawing 3 of the 20 without replacement)
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Try It Yourself

What is the CDF of where @ be the largest value among the three
balls? (Drawing 3 of the 20 without replacement)

T E&E o
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Good checks: ISO( W) T1?I1s’O(Hb) p? If not, something is wrong.
Is"O w increasing? If not, something is wrong.
Is"O w defined for all real number inputs? If not, something is wrong.



Two descriptions

PROBABILITY MASS FUNCTION CUMULATIVE DISTRIBUTION FUNCTION
Defined for all g inputs. Defined for all a4 inputs.
Usual Imoptihaes wo seoUasabhmotihaes womeo
extra case. ot her wi sed0 extr a
Bn@ p Non-decreasing function
m n@ p n O p
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Expectation

Expectation
The oOexpectationd (or oOoexpectisd

Intuition:

The weighted average of values thato can take on, weighted by the
probabllity you see them.



Coin Tosses

Flip a fair coin twice (independently)

Let @ be the number of heads.

m YNWYOO'NO'Q,~ isa uniform measure.
_ EGE T
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Biased Die Rolls Be

We roll a biased die such that it shows a 6 with probability, and values
1,2,¢é,5 each —with probability

Let w be the value of the die. What isvM[®]?
-tp —tuv —tt1 —to —tc¢ —tp
¢ —t(u T 0 ¢ p ¢ — T

M @ is not just the most likely outcome!



Activity!

Let w be the result of the roll of a fair die. What isM [®]?

Let wbe the sum of two (independent) die rolls. What 4[] ?

Fill out the poll everywhere so

Kushal knows how long to expla
Go to pollev.com/cse312su2l




Activity! 36

75
Letw be eres/ul\tofj_t roll of a fair die. What isv [®]?

pt- vt- tt- ot- ¢gt- pt-

r\ —_—

— 08

-

M[®] is not necessarily a possible outcome from our samples.
This Is fine as the expectation is an average and not exact value.



Activity!

Let wbe the sum of two (independent) die rolls. What 4[] ?

—'t'S_ —to —tt1 —tuv —te —txy —ty —tw —tpm —tpp —tpc

X

Do you see a relation betweerM [®] and M[®]?

wigl e tv[el /= 2x



Important Note
M [®] is not random. It is a number. X > ando
You do not need to run an experiment to know what it is.

VVVVV

that the expected value of the die roll will beo®
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Linearity of Expectation

Linearity of Expectation
For any two random variables wand

M= 4 ov=E vd

Note: & and cwdo not have to be independent

Extending this to n random variables¢ hid 8 hd
M[@ @w E ©] Mo X

]
c(exil = Z efx]

This can be proven by induction.



Linearity of Expectation - Proof

Linearity of Expectation

For any two random variables wand
i g M vl

Note: & and cwdo not have to be independent




Linearity of Expectation

Linearity of Expectation

For any two random variables wand
ML 49 v vl

More generally, for random variables & and ®and scalars ¢fwand o:

Mie= ot o M= A




Fishy Business

Say you and your friend go fishing everyday.
AYou catch X fish, wittM[®)] o
AYour friend catches Y fish, witM[®] ¥

AHow many fish do both of you bring on an average day?



Fishy Business

Say you and your friend go fishing everyday.
AYou catch X fish, wittM[®)] o
AYour friend catches Y fish, witM[®] ¥

Z=XEY

AHow many fish do both of you bring on an average day?

Let Z be ther.v.representing the total number of fish you both catch
Mo Ml o M Mo o x pm



Fishy Business

Say you and your friend go fishing everyday.
AYou catch X fish, wittM[®)] o
AYour friend catches Y fish, witM[®] ¥

AHow many fish do both of you bring on an average day?

Let Z be ther.v.representing the total number of fish you both catch
M[w M[w @ M Mo o x pTm

AYou can sell each for $10, but you need $15 for expenses. What is your
average profit?

g[mzf/!?ja 0gz] - 15 = 100-5 -g5



Fishy Business

Say you and your friend go fishing everyday.
AYou catch X fish, wittM[®)] o
AYour friend catches Y fish, witM[®] ¥

AHow many fish do both of you bring on an average day?

Let Z be ther.v.representing the total number of fish you both catch
M[w M[w @ M Mo o x pTm

AYou can sell each for $10, but you need $15 for expenses. What is your
average profit?

Mlprtwp ) p#fw] puv pmmmpu Yu



@
A

Coin Tosses @ﬁ.

If we flip a coin twice, what is the expected number of heads that come
up?
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A

Coin Tosses @ﬁ.

If we flip a coin twice, what is the expected number of heads that come
up?

Let @ be the r.v. representing the total number of heads

_ EW&E T

n (@ |- EWE p

- E&E ¢
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Coin Tosses @ﬁ]

If we flip a coin twice, what is the expected number of heads that come
up?

Let @ be the r.v.representing the total number of heads

(_ E&E

n (@ |- EXE p

- EW&E ¢
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Repeated Coin Tosses @%ﬂ

Now what if the probability of flipping a heads wasp and that we

wanted to find the total number of heads flipped when we flip the coin
n times?

If wis ther.v.representing the total number of heads that come up.
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Repeated Coin Tosses gl

Now what if the probability of flipping a heads wasp and that we
wanted to find the total number of heads flipped when we flip the coin

n times?
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Indicator Random Variables

For any evento, we can define the indicator random variableo for 0

o p EMOAITAAOCO ~@ p £O@),
T I OEAOxE "~ m p ~0
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Repeated Coin Tosses ¢ontd) 7l

The probability of flipping a heads isp and we wanted to find the total
number of heads flipped when we flip the coinn times?






