- Wik, =0 e ,
R A S

a2 PM\Q\\ ,
AN\WW@W\U’TB'

‘ ( .
} E’& ?,g‘»' N QA @/ad)&z O\JQ,\/V&&Q,\} D\S‘WW&L ‘\Q,q (]@U‘/Q §S'W3,

(e Wodd S Qo Mov\Q\agL\
Joint Distributions | cesein?



Our Goal

Set a target — | want my margin of error to be 2%. That is, at least 95%
of the time, your poll’s estimate of the fraction of people in favor will be

within 2 percentage points of the true value.
So...how many people are you going to need to interview?




Using the CLT

What are we looking for? Well we have a margin of error:

P(p—.02<p<p+.02) = .95
BT RARRPIIZD .
That says we're within the 2% margin of error at least 95% of the time.

What is that probability? Well let's setup to use the CLT. Subtract the
expectation and divide by the standard devation.

p(202P o PP PHO2D ) g5
pA-p)/n — {p(1-p)/n ~ Jp(1-p)/n
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Handling \/p(1 — p)

Justification 1: If we make a mistake, we want it to be making n bi ger
(since we're trying to say “take n at least this big, and you'll be sate”)

The bl?ger the standard deviation, the bigger n will need to be to
control 1t. So assume the biggest pOSS|bIe standard deviation.

Justification 2:

As \/p(1 —p) - p) gets bigger, the interval gets smaller (it’s in the

denominator), so assuming the biggest value of /p(1 — p) gives us the
most restricted interval. So no matter what the true interval is we have a

subset of it. And if our probability is at least .95 then the true probability
s at least .95.

What's the maximum of \/p(1 — p)?
LA




Worst value of p

Calculus time!

a [ 7 _
1
p—p*
1-2p=0-p=1/2

(1-2p)=0

Second derivlative test will
confirmp = E IS @ maximizer

Or just plot it.

H(-9)=vi7-




Doing the algebra

N,
P p—.02—p < p+.02—p
Jp(1-p)/n p(uz;qm/ml —p)/n

\Vn-.02 <\/_02 N 0.1
©(W % m)byCLTZN( )

—\J11-.02 J11-.02
> P £_>/174 <7 5)/174)
= P(—.04yn < Z < .04/n)
—  —~
= ®(.04yn) — (1 - @(.04yn)) = 20(.04yn) — 1

20(.04y7) — 1 2 .95 > d(.04yn) = =2
=t \_.N\_/




Using the &-table

®(.04yn) = 975

d-table says:
.04y/n = 1.96

————
Jn = 49

C n=2401. gives 95% confidence interval of +/- 2%.

o
(\/

.e. 95% of the time, our poll gets a value within 2% of the true value.

—




CLT Wrap-up

It's not ideal that we had an approximation symbol in the middle (that “=" isn't

really a guarantee at this point, it's an approximation)
Observation 1: with our current tools, we wouldn't get an answer in a

reasonable amount of time.

{ But using a binomial would be even hard@

@anges, the distribution of a binomial changes. Wolfram alpha isn't even
enough here (unless you have 2+ hours to spare to guess and check values).

You need a computer program to get the exact value.
Qou’re computer scientists! You can write that program. But it takes time.

Observation 2: if you need an absolute guarantee, you won't get one. The tool
you want is a “concentration inequality/tail bound.” We'll see those next week.




CLT Wrap-up

Use the CLT when:

1. The random variable you're interested in is the sum of independent
random variables.

2. The random variable you're interested in does not have an easily
accessible or easy to use pmf/pdf (or the question you're asking doesn't
lend it self to easily using the pmf/pdf)

3. You only need an approximate answer, and the sum is of at least a
moderate number of random variables.




‘ Joint Distributions



Today

A somewhat out-of-place lecture.

When we introduced multiple random variables, we've always had them
be independent.

Because it's hard to deal with non-independent random variables.

Today is a crash-course in the toolkit for when you have multiple

random variables and they aren’t independent.
\/\/-\, -

Going to focus on discrete RVs.
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Joint PMF, support

For two (discrete) random variables X, Y their joint pmt
\ /
fryxy) =PX=xnY =y)

When X, Y are mdepen@ th;\?X Y(x y) = fX(x)fy(y)

(@(X“xﬂ\‘ﬂs /\)(X INE %p




xamples /\__jﬁ/\/\
Roll a blue die and a red die. Each @

die is 4-sided. Let X be the blue
die’s result and Y be the red die's -1/16 1/16 1/16 1/16
3/16 O 0 1/16

result.
Each die (individually) is fair. But
not all results are equally likely

when looking at them both Y= 0 2/16 0 2/16

together.
fry(1,2) = 3/16. HO\ 1/16 3/16 O
CDUQ QQ ”5> — 2 xv U\ Wi %/((4
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Marginals

What if | just want to talk about X7
Well, use the law of total probability:

P(X = k) = Zpartition {E;} IP)(X — klEi)P(Ei)

and use E; to be possible outcomes for Y For the dice example
EX O R RESK L= OPC 2D,

=Y, PX=knY=4¢)
fx(k) = Z? 1fXY(k £)

- fX(klz IS called the ‘marginal” distribution for X (because we “marginalized” Y)
e same pmf we've always used; the name emphasizes we have gotten rid
of one of the variables.




Marginals

0 =B fr 0
>0 -1/16 1/16  1/16 1/16
1 2 1 4

2) = — Ly
fx) ==+ 0+ —+—=— ‘ 316 0 ) e

0 2/16 0 2/16

0 1/16 3/16 0O
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leferentuc\:ic{:;& jﬁ%(\ >) 4
éRoII two fair dice\independentlyB

Let U be the minimum of the two fU,

rolls and V be the maximum @ ‘
GAre >Are U, and V independent? ) O
i
Write the joint distribution in the 2 | L
table @ﬂ (< | fé @ @
What’sﬁ(i)i (the marginal for \Q—Z— 'é— @
S = 2 s
?5\\&1. corfcseD) D = 16 \/6 PA
S
3 O



Different dice

Roll two fair dice independently. = = =
Let U be the minimum of the two -
rolls and V be the maximum

(L ifz=1 It
16
% ifz =2 2/16 1/16 0 0
VA :{ 3 : .
fu(@) o fz=3 2/16 2/16 1/16 0
1 .
e MZ=4 2/16 2/16 2/16 1/16
0 otherwise / / / /



Joint Expectation

Expectations of joint functions

For a function g(X,Y), the expectation can be written in terms of
the joint pmf.

ElgXnl= ) ) 9@y fxy@y)

xEQNx YEQy

This definition hopefully isn't surprising at this point (|ts the valle of Joi

times the probability g takes on that value), but it's good to



Conditional Expectation
SeR Tl B >

Waaaaaay back when, we said conditioning on an event creates a new
probability space, with all the laws holding.

So we can define things like “conditional expectations” which is the
expectation of a random variable in that new probability space.




Conditional Expectations

All your favorite theorems are still true.
For example, linearity of expectation still holds

E[(aX + bY + ¢) |E] = aE|X|E] + BE|Y|E] + ¢




Law of Total Expectation

Let A4, A5, ..., A} be a partition of the sample space, then

EIXI= ) EIXIAJP(4)

Let X, Y be discrete random variables, then
> EXIY=ylP(¥ =)
yEQy

Similar in form to law of total probability, and the proof goes that way
as well.



LTE

You will flip 2 (independent, fair coins). Call the number of heads X.
Then (independently of the coin flips) draw a geometric random
variable Y from the distribution Geo(X + 1).

What is E[Y]?



LTE

You will flip 2 (independent, fair coins). Call the number of heads X.
Then (independently of the coin flips) draw a geometric random
variable Y from the distribution Geo(X + 1).

What is E[Y]?

E[Y
= E[Y]|X = 0]P(X = 0) + E[Y|X = 1]P(X = 1) + E[V|X = 2]P(X = 2)
=E[Y|X =0]-; +E[Y|X=1]-2+E[Y|Xx =2] -
11,111 17

0o+1 4 1+1 2 2+1 4 12



Analogues for continuous

Everything we saw today has a continuous version.

There are "no surprises’— replace pmf with pdf and sums with integrals.

Discrete Continuous
Joint PMF/PDF pxy(x,y) =P(X =x,Y =y) fxy(x,y) # PX =x,Y =y)
- X [y
Joint CDF Fy ()= ) ) pry(6,9) Fay = [ [ fotsdsde
t<x S<y =G0 ¥=0
Normalization Z Z Px,y(er’) =1 f J- fxy(,y)dxdy =1
X y -0 v -0
Marginal _ ®
Marginal px(x) = pr,y(x, y) fo(x) = f_mfx,y(x, y)dy
Expectation E[g(X,Y)] = Zzg(x' Voxy(xY) | E[g(X,Y)] = f f 9, ) fyy(x,y)dxdy
X v -0 J -0
Conditional b 1o Cx [ y) = Pxy(X,y) fly) = fxy(x,¥)
PME/PDF ol py(¥) Iy fr ()
Conditional E[X | Y = — “
=yl= ) xpx v(x ) =y]= f
S Z - EXIY =31 = | xfuv(x| )ix
Independence Vx,y,0xy(x,¥) = px(X)py (V) vx,y, fxy(x,y) = fx(X)fy(¥)




Covariance

We sometimes want to measure how “intertwined” X and Y are — how
much knowing about one of them will affect the other.

If X turns out “big” how likely is it that Y will be “big” how much do they
“vary together”

Covariance

Cov(X,Y) = E[(X — E[X])(Y — E[Y])] = E[XY] — E[X]E[Y]




Covariance

Var(X +Y) = Var(X) + Var(Y) + 2Cov(X,Y)

That's consistent with our previous knowledge for independent
variables. (for X, Y independent, E[XY] = E|X]E[Y]).

You and your friend are playing a game, you flip a coin: if heads you pay
your friend a dollar, if tails they pay you a dollar. Let X be your profit
and Y be your friend'’s profit.

What is Var(X +Y)?



Covariance

You and your friend are playing a game, you flip a coin: it heads you pay
your friend a dollar, if tails they pay you a dollar. Let X be your profit
and Y be your friend'’s profit.

What is Var(X + Y)?

Var(X) = Var(Y) = E[X?| - (E[X])?=1-0%2=1
Cov(X,Y) = E[XY] — E[X]E[Y]
E[XY]=--(-1-D+-(1--1) =-1
Cov(X,Y)=—-1-0-0=—1.
Var(X+Y)=1+1+2--1=0



